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NOTICES 


When  Government  drawings,  specifications,  or  other  data  are 
used  for  any  purpose  other  than  in  connection  with  a  definitely 
related  Government  procurement  operation,  the  United  States 
Government  thereby  incurs  no  responsibility  nor  any  obligation 
whatsoever,  and  the  fact  that  the  Government  may  have  formulated, 
furnished,  or  in  any  way  supplied  the  said  drawings,  specifications, 
or  other  data,  is  not  to  be  regarded  by  implication  or  otherwise  as 
in  any  manner  licensing  the  holder  or  any  other  person  or  corporation, 
or  conveying  any  rights  or  permission  to  manufacture,  use,  or  sell 
any  patented  invention  that  may  in  any  way  be  related  thereto. 
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INTRODUCTION 


This  Appendix  contains  the  reprints  published  under  JSEP  in  the  time 
October  1987  to  September  1988. 

In  addition  to  the  reprints  contained  herein,  there  are  19  papers  al¬ 
ready  accepted  for  publication  during  the  next  contract  period,  12  papers 
submitted  and  9  papers  in  preparation. 
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JSEP  REFEREED  JOURNAL  PAPERS 

PUBLISHED  SEPTEMBER  1987  TO  SEPTEMBER  1988 

1.  M.W.  Ganz,  R.T.  Compton,  Jr.,  “The  Effects  of  Gaussian  Inter¬ 
ference  on  Communication  Systems  with  Adaptive  Arrays,”  IEEE 
Transactions  on  Aerospace  and  Electronic  Systems,  Vol.  AES-23,  No. 

5,  pp.  654-  663,  September  1987. 

2.  A.S.  Al-Ruwais,  R.T.  Compton,  Jr.,  “Adaptive  Array  Behavior  with 
Periodic  Phase  Modulated  Interference,”  IEEE  Transactions  on  Aerospace 
and  Electronic  Systems,  Vol.  AES-23,  No.  5,  pp.  602-611,  September 
1987. 

3.  M.W.  Ganz,  R.T.  Compton,  “Protection  of  a  Narrow-Band  BPSK 
Communication  System  with  an  Adaptive  Array,”  IEEE  Transactions 
on  Communications,  Vol.,  COM-35,  No.  10,  pp.  1005-1011,  October 
1987. 

4.  R.G.  Rojas,  “Comparison  Between  Two  Asymptotic  Methods,”  IEEE 
Transactions  on  Antennas  and  Propagation,  Vol.  AP-35,  No.  12, 
December  1987. 

5.  R.  Paknys  and  N.  Wang,  “Excitation  of  Creeping  Waves  on  a  Circular 
Cylinder  with  a  Thick  Dielectric  Coating,”  IEEE  Transactions  on 
Antennas  and  Propagation,  Vol.  AP-35,  No.  12,  pp.  1487-1489, 
December  1987. 

6.  R.G.  Rojas,  “Weiner-Hopf  Analysis  of  the  EM  Diffraction  by  an 
Impedance  Discontinuity  in  a  Planar  Surface  and  by  an  Impedance 
Half-Plane,”  IEEE  Transactions  on  Antennas  and  Propagation,  Vol. 
AP-36,  No.  1,  pp.  71-83,  January  1988. 

7.  A.  Altintas,  P.H.  Pathak,  M.C.  Liang,  “A  Selective  Modal  Scheme 
for  the  Analysis  of  EM  Coupling  Into  or  Radiation  from  Large  Open- 
Ended  Waveguides,”  IEEE  Transactions  on  Antennas  and  Propaga¬ 
tion,  Vol.  AP-36,  No.  1,  pp.  84-96,  January  1988. 

8.  R.T.  Compton,  Jr.,  “The  Bandwidth  Performance  of  a  Two-element 
Adaptive  Array  with  Tapped  Delay-Line  Processing,”  IEEE  Trans¬ 
actions  on  Antennas  and  Propagation,  Vol.  AP-36,  No.  1,  pp.  5-  14, 
January  1988. 
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9.  R.T.  Compton,  “The  Relationship  Between  Tapped  Delay-Line  and 
FTT  Processing  in  Adaptive  Arrays,”  IEEE  Transactions  on  Anten¬ 
nas  and  Propagation,  Vol.  AP-36,  No.  1,  pp.  15-26,  January  1988. 

10.  R.G.  Rojas,  “Scattering  by  an  Inhomogeneous  Dielectric/Ferrite  Cylin¬ 
der  of  Arbitrary  Cross-Section  Shape  -  Oblique  Incidence  Case,” 
IEEE  Transactions  on  Antennas  and  Propagation,  Vol.  AP-36,  No. 

2,  pp.  238-245,  February  1988. 

11.  E.H.  Newman,  “An  Overview  of  the  Hybrid  MM/Green’s  Function 
Method  in  Electromagnetics,”  Proceedings  of  the  IEEE,  Vol.  76,  No. 

3,  pp.  270-282,  March  1988. 

12.  E.H.  Newman,  J.L.  Blanchard,  “TM  Scattering  by  an  Impedance 
Sheet  Extension  of  a  Parabolic  Cylinder,”  IEEE  Transactions  on  An¬ 
tennas  and  Propagation,  Vol.  AP-36,  No.  4,  pp.  527-534,  April  1988. 

13.  R.G.  Rojas,  “Electromagnetic  Diffraction  of  an  Obliquely  Incident 
Plane  Wave  Field  by  a  Wedge  with  Impedance  Faces,”  IEEE  Transac¬ 
tions  on  Antennas  and  Propagation,  Vol.  AP-36,  No.  7,  pp.  956-970, 
July  1988. 

14.  R.G.  Rojas,  “Generalized  Impedance  Boundary  Conditions  for  EM 
Scattering  Problems,”  Electronics  Letters,  Vol.  24,  No.  17,  pp.  1093- 
1094,  August  18,  1988. 

15.  E.H.  Newman,  “Simple  Examples  of  the  Method  of  Moments  in  Elec¬ 
tromagnetics,”  IEEE  Transactions  on  Antennas  and  Propagation, 
Vol.  AP-31,  No.  3,  pp.  193-200,  August  1988. 
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JSEP  RELATED  BOOK  SECTIONS 
PUBLISHED  SEPTEMBER  1987  TO  SEPTEMBER  1988 


1.  P.H.  Pathak,  “Techniques  for  High-Frequency  Problems,”  in  Antenna 
Handbook  (Theory,  Applications  and  Design),  ed.  Y.T.  Lo  and  S.W. 
Lee,  (0-442-25843-7),  Van  Nostrand  Reinhold  Publishers,  New  York, 
1988. 

2.  R.G.  Kouyoumjian,  section  on  RCS  in  Antenna  Theory,  J.D.  Kraus, 
McGraw-Hill  Publishers,  New  York,  1988. 

3.  E.H.  Newman,  section  on  Moment  Methods  in  Antenna  Theory  by 
J.D.  Kraus,  McGraw  Hill  Publishers,  New  York,  1988. 
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JSEP  RELATED  REFEREED  JOURNAL  PAPERS 
ACCEPTED  FOR  PUBLICATION 
SEPTEMBER  1087  TO  SEPTEMBER  1088 

1.  C.W.  Chuang  and  P.H.  Pathak,  “Ray  Analysis  of  Modal  Reflection  for 
Three-Dimensional  Open-Ended  Waveguides,”  IEEE  Transactions  on 
Antennas  and  Propagation. 

2.  A.  Nagamune  and  P.H.  Pathak,  “An  Efficient  Plane  Wave  Spectral 
Analysis  to  Predict  the  Focal  Region  Fields  of  Parabolic  Reflector 
Antennas  for  Small  and  Wide  Angle  Scanning,”  IEEE  Transactions 
on  Antennas  and  Propagation. 

3.  S.  Barkeshli,  P.H.  Pathak  and  M.  Marin,  “An  Asymptotic  Closed 
From  Microstrip  Surface  Green’s  Function  for  the  Efficient  Moment 
Method  Analysis  of  Mutual  Coupling  in  Microstrip  Antenna  Arrays,” 
IEEE  Transactions  on  Antennas  and  Propagation. 

4.  L.  Ersoy  and  P.H.  Pathak,  “An  Asymptotic  High  Frequency  Analy¬ 
sis  of  the  Radiation  by  a  Source  on  a  Perfectly  Conducting  Convex 
Cylinder  with  an  Impedance  Surface  Patch,”  IEEE  Transactions  on 
Antennas  and  Propagation. 

5.  R.  Rojas  and  P.H.  Pathak,  “Diffraction  of  EM  Waves  Normally  Inci¬ 
dent  on  the  Edge  of  a  Thin  Dielectric /Ferrite  Half-Plane  and  Related 
Configurations,”  IEEE  Transactions  on  Antennas  and  Propagation. 

6.  A.K.  Dominek  and  L.  Peters,  Jr.,  “RCS  Measurements  of  Small  Cir¬ 
cular  Holes,”  IEEE  Transactions  on  Antennas  and  Propagation. 

7.  O.M.  Buyukdura,  S.D.  Goad  and  R.G.  Kouyoumjian,  “A  Spherical 
Wave  Representation  of  the  Dyadic  Green’s  Function  for  a  Wedge,” 
IEEE  Transactions  on  Antennas  and  Propagation. 

8.  R.  Tiberio,  R.  Manara,  G.  Pelosi  and  R.G.  Kouyoumjian,  “High  Fre¬ 
quency  EM  Scattering  of  Plane  Waves  from  Double  Wedges,”  IEEE 
Transactions  on  Antennas  and  Propagation. 

9.  R.  Tiberio,  G.  Pelosi,  R.  Manara  and  P.H.  Pathak,  “High  Frequency 
Scattering  from  a  Wedge  with  Impedance  Faces  Illuminated  by  a  Line 
Source,”  IEEE  Transactions  on  Antennas  and  Propagation. 


10.  P.H.  Pathak  and  M.C.  Liang,  “On  a  Uniform  Asymptotic  Solution 
Valid  Across  Smooth  Caustics  of  Rays  Reflected  by  Smoothly  In¬ 
dented  Boundaries,”  IEEE  Transactions  on  Antennas  and  Propaga¬ 
tion. 

11.  C.W.  Chuang  and  M.C.  Liang,  “A  Uniform  High  Frequency  Asymp¬ 
totic  Analysis  of  the  Diffraction  by  an  Edge  in  a  Curved  Screen  for 
Near  Grazing  Incidence,”  J.  Radio  Science. 

12.  J.H.  Richmond,  “Scattering  by  a  Conducting  Elliptic  Cylinder  with 
Dielectric  Coating,”  J.  Radio  Science. 

13.  E.H.  Newman,  R.J.  Marhefka,  “Overview  of  Moment  Method  and 
Uniform  Theory  of  Diffraction  Method  at  the  Ohio  State  University,” 
Proceedings  of  the  IEEE. 

14.  G.  Turhan  and  D.L.  Moffatt,  “K-Pulse  Estimation  and  Target  Iden¬ 
tification  of  Low-Q  Radar  Targets,”  Wave  Motion. 

15.  C.W.  Chuang,  “Generalized  Admittance  for  a  slotted  Parallel  Plate 
Waveguide,”  IEEE  Transactions  on  Antennas  and  Propagation. 

16.  R.  Tiberio,  G.  Pelosi,  G.  Manara  and  P.H.  Pathak,  “A  UTD  Diffrac¬ 
tion  Coefficient  for  a  Wedge  with  Impedance  Faces  Illuminated  by  a 
Lin'*  Source,”  J.  Radio  Science. 

17.  C.W.  Chuang,  P.H.  Pathak,  “Efficient  Hybrid  Combination  of  Asymp¬ 
totic  High  Frequency  and  Modal  Techniques  for  Analyzing  the  EM 
Scattering  by  Open  Ended  Semi-Infinite  Circular  and  Rectangular 
Waveguides  with  Simple  Interior  Terminations,”  IEEE  Transactions 
on  Antennas  and  Propagation. 

18.  S.  Barkeshli  and  P.H.  Pathak,  “A  Useful  Uniform  Asymptotic  Ap¬ 
proximation  for  for  the  Pl»nar  Microstrip  Green’s  Function,”  IEEE 
Transactions  on  Antennas  and  Propagation. 

19.  M.  Marin,  S.  Barkeshli  and  P.H.  Pathak,  “Efficient  Analysis  of  Pla¬ 
nar  Microstrip  Geometries  Using  a  Closed  Form  Asymptotic  Repre¬ 
sentation  of  the  Grounded  Dielectric  Slab  Green’s  Function,”  IEEE 
Transactions  of  Microwave  Theory  and  Techniques. 
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JSEP  RELATED  PAPERS 
SUBMITTED  FOR  PUBLICATION 
SEPTEMBER  1987  TO  SEPTEMBER  1988 


1.  E.H.  Newman  and  J.  Blanchard,  “Numerical  Generation  of  Parabolic 
Cylinder  Functions,”  IEEE  Transactions  on  Antennas  and  Propaga¬ 
tion. 

2.  E.H.  Newman,  “Generation  of  Wideband  Data  from  the  Method  of 
Moments  by  Interpolating  the  Impedance  Matrix,”  IEEE  Transac¬ 
tions  on  Aiitennas  and  Propagation. 

3.  P.H.  Pathak  and  A.  Altintas,  “An  Efficient  High  Frequency  Analy¬ 
sis  of  Modal  Reflection  and  Transmission  Coefficients  for  a  Class  of 
Waveguide  Discontinuities,”  J.  Radio  Science. 

4.  K.D.  Trott,  P.H.  Pathak  and  F.  Molinet,  “A  Uniform  GTD  Type 
Analysis  of  EM  Plane  Wave  Scattering  by  a  Fully  Illuminated  Per¬ 
fectly  Conducting  Cone,”  IEEE  Transactions  on  Antennas  and  Prop¬ 
agation. 

5.  S.  Barkeshli  and  P.H.  Pathak,  “Radially  Propagating  and  Steepest 
Descent  Path  Representation  of  the  Planar  Microstrip  Dyadic  Green’s 
Function,”  IEEE  Transactions  on  Antennas  and  Propagation. 

6.  M.  Marin,  S.  Barkeshli  and  P.H.  Pathak,  “On  the  Location  of  Sur¬ 
face  and  Leaky  Wave  Poles  for  the  Grounded  Dielectric  Slab,"  IEEE 
Transactions  on  Antennas  and  Propagation. 

7.  M.  Marin,  S.  Barkeshli  and  P.H.  Pathak,  “Efficient  Analysis  of  Planar 
Microstrip  Geometries  llsing  a  Closed-Form  Asymptotic  Representa¬ 
tion  of  the  Green’s  Function,”  IEEE  Transactions  on  Antennas  and 
Propagation. 

8.  P.H.  Pathak  and  R..I.  Burkholder,  “Modal,  Ray  and  Beam  Techniques 
for  Analyzing  the  EM  Scattering  by  Open-Ended  Waveguide  Cavi¬ 
ties,”  IEEE  Transactions  on  Antennas  and  Propagation. 

9.  .J.H.  Richmond,  “Axial  Slot  Antenna  on  Dielectric-Coated  Elliptic 
Cylinder,”  IEEE  Transactions  on  Antennas  and  Propagation. 


10.  R.  Rojas  and  Z.  Al-Hekail,  “Generalized  Impedance/Resistive  Bound¬ 
ary  Conditions  for  EM  Scattering  Problems,”  Radio  Science,  August 
1988. 

11.  H.T.  Kim  and  N.  Wang,  “UTD  Solution  for  the  Electromagnetic 
Scattering  by  a  Circular  Cylinder  with  Thin  Lossy  Coatings,”  IEEE 
Transactions  on  Antennas  and  Propagation. 

12.  S.  Barkeshli  and  P.H.  Pathak,  “An  Efficient  Exact  Integral  Represen¬ 
tation  for  the  Planar  Microstrip  Green’s  Function,”  J.  Radio  Science. 
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JSEP  RELATED  PAPERS 
IN  PREPARATION  FOR  PUBLICATION 
SEPTEMBER  1087  TO  SEPTEMBER  1988 


1.  E.H.  Newman,  “Plane  Wave  Scattering  by  a  Material  Coated  Parabolic 
Cylinder.” 

2.  E.H.  Newman  (edited  by),  IEEE  Press  Collection  of  Reprints  “Appli¬ 
cation  of  the  Moment  of  Methods  in  EM  Radiation  and  Scattering.” 

3.  J.H.  Richmond,  “On  Variational  Properties  of  the  Moment  Method.” 

4.  M.C.  Liang,  P.H.  Pathak  and  C.W.  Chuang,  “An  Analysis  of  the 
Scattering  by  an  Open-Ended  Dielectric  Filled  Cavity  in  a  Ground 
Plane,”  IEEE  Transactions  on  Antennas  and  Propagation. 

5.  K.C.  Hill  and  P.H.  Pathak,  “A  UTD  Analysis  of  the  Diffraction  of 
Surface  Rays  by  an  Edge  in  an  Edge  in  an  Otherwise  Smooth  Convex 
Surface  for  Non-Grazing  Angles  of  Incidence,”  J.  Radio  Science. 

6.  H.  Ly,  H.  Shamansky  and  R.G.  Kouyoumjian,  “Closed  Form  Solu¬ 
tions  for  the  Elements  of  the  Voltage  Matrix  in  the  Moment  Method 
Solution  of  Linear  Antennas,”  IEEE  Transactions  on  Antennas  and 
Propagation. 

7.  R.G.  Rojas,  Ling  Miao  Chou  and  P.H.  Pathak,  “Generalized  Impedance 
Boundary  Conditions  for  the  Diffraction  by  a  Dielectric  Half  Plane 
on  a  Conducting  Ground  Plane,”  J.  Radio  Science. 

8.  R.G.  Rojas  and  P.H.  Pathak,  “Diffraction  by  the  Edge  of  a  Thin 
Dielectric/Ferrite  Half  Plane  and  Related  Configurations  for  the  Case 
of  Skew  Incidence  at  the  Edge,”  IEEE  Transactions  on  Antennas  and 
Propagation. 

9.  R.J.  Burkholder,  C.W.  Chuang  and  P.H.  Pathak,  “An  Analysis  of  the 
EM  Scattering  by  an  S- Shaped  Open  Ended  Waveguide  with  an  Inte¬ 
rior  Termination,”  IEEE  Transactions  on  Antennas  and  Propagation. 
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JSEP  RELATED  CONFERENCES/ORAL  PRESENTATIONS 
SEPTEMBER  1987  TO  SEPTEMBER  1988 

1.  S.  Barkeshli  and  P.H.  Pathak,  “An  Efficient  Moment  Method  Analysis 
of  Finite  Phased  Arrays  of  Microstrip  Dipoles  Using  an  Asymptotic 
Closed  Form  Approximation  for  the  Planar  Microstrip  Green’s  Func¬ 
tion,”  1988  IEEE  AP-S  International  Symposium  and  URSI  Sympo¬ 
sium  in  Syracuse,  New  York,  during  June  6-10,  1988. 

2.  P.H.  Pathak  and  M.C.  Liang,  “On  a  Uniform  Asymptotic  Solution 
Valid  Across  Smooth  Caustics  of  Rays  Reflected  by  Smoothly  In¬ 
dented  Boundaries,”  1988  IEEE  AP-S  International  Symposium  and 
URSI  Symposium  in  Syracuse,  New  York  during  June  6-10,  1988. 

3.  M.C.  Liang,  P.H.  Pathak  and  C.W.  Chuang,  “A  Generalized  UTD 
Analysis  of  the  Diffraction  by  a  Wedge  with  Convex  Faces  to  Include 
Surface  Ray  Effects  and  Grazing  Angles  of  Incidence/ Diffraction,” 
1988  IEEE  AP-S  International  Symposium  and  URSI  Symposium  in 
Syracuse,  New  York  during  June  6-10,  1988. 

4.  R.G.  Rojas,  L.M.  ('hou  and  P.H.  Pathak,  “Diffraction  by  a  Mag¬ 
netic  Dielectric  Half-Plane  Using  Generalized  Impedance/ Resistive 
Boundary  Conditions,”  1988  IEEE  AP-S  International  Symposium 
and  URSI  Symposium  in  Syracuse,  New  York  during  June  6-10,  1988. 

5.  N.  Wang,  “A  Simple  Pulse-Galerkin  Formulation  for  the  Scattering 
by  a  Coated  Cylinder,”  1988  IEEE  AP-S  International  Symposium 
and  URSI  Symposium  in  Syracuse,  New  York  during  June  6-10, 1988. 

6.  S.  Kato  and  N.  Wang,  “Scattering  of  a  Plane  Wave  from  a  Coated 
Circular  Cylinder  at  Oblique  Incidence  -  GTD  Solution,”  1988  IEEE 
AP-S  International  Symposium  and  URSI  Symposium  in  Syracuse, 
New  York  during  June  6-10,  1988. 

7.  E.H.  Newman,  “Generation  of  Wideband  Data  from  the  Method  of 
Moments  by  Interpolating  the  Impedance  Matrix,”  1988  IEEE  AP- 
S  International  Symposium  and  URSI  Symposium  in  Syracuse,  New 
York  during  June  6-10,  1988. 
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JSEP  RELATED  M.Sc.  THESES  AND  PH.D.  DISSERTATIONS 


Dissertations; 


1.  S.  Barkeshli,  “Efficient  Approaches  for  Evaluating  the  Planar  Mi¬ 
crostrip  Green’s  Function  and  Its  Applications  to  the  Analysis  of  Mi¬ 
crostrip  Antennas,”  Summer  1988. 

2.  M.C.  Liang,  “A  Generalized  Uniform  GTD  Ray  solution  for  the  Diffrac¬ 
tion  by  a  Perfectly-Conducting  Wedge  with  Convex  Faces,”  Summer 
1988. 


Theses: 


1.  S.  Kato,  “A  GTD  Solution  to  Scattering  of  Plane  Waves  at  Oblique 
Incidence  by  a  Dielectric  Coated  Circular  Cylinder,”  Spring  1988. 

2.  M.  Kragalott,  “Method  of  Moments  Solution  to  TM  Scattering  by  a 
General  Cylinder,”  Summer  1988. 
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I.  INTRODUCTION 
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The  performance  of  a  bandlimited  binary  phasC'Shift-kcyed 
(BPSK)  communication  system  is  examined  when  the  received  BPSK 
signal  is  corrupted  by  both  thermal  noise  and  a  directional  Gaussian 
noise  interfering  signal.  The  system  uses  an  LMS  adaptive  array  to 
suppress  this  interference.  The  effects  of  signal  power  levels,  arrival 
angles,  bandwidths,  and  the  array  bandwidth  are  examined.  The 
performance  of  a  system  that  uses  tapped  delay  lines  for  the  array 
weights  is  also  examined.  It  is  shown  that  the  performance  of  a 
system  with  tapped  delay  lines  is  not  affected  by  the  interference 
bandwidth  for  a  single  interferer. 
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Adaptive  arrays  can  be  used  to  protect  communication 
systems  from  interference.  This  protection  is  achieved 
when  the  array  steers  pattern  nulls  on  the  interfering 
signals  and  pattern  beams  on  desired  signals. 

Methods  for  employing  the  LMS  adaptive  array  [1]  in 
several  types  of  digital  communication  systems  have  been 
developed.  Th'  's  include  conventional  binary 
phase-shift-key  mg  (BPSK)  [2],  quadrature  phase-shift- 
keying  (QPSK)  [3],  and  binary  frequency-shift-keying 
(FSK)  {4,  S],  Recently  the  authors  have  examined  the 
performance  of  each  of  these  communication  systems 
with  adaptive  arrays  when  the  desired  signal  is  corrupted 
by  CW  interference.  In  (6)  the  performance  of  the  LMS 
array  with  BPSK  signaling  and  CW  interference  has  been 
examined  using  the  bit  error  probability  at  the  receiver 
output  as  the  performance  measure.  The  results  presented 
in  (7]  show  that  the  performance  of  BPSK,  QPSK,  FSK, 
and  binary  differential  PSK  systems  with  CW  interference 
are  similar.  These  systems  generally  perform  best  when 
the  array  input  bandwidth  is  as  small  as  possible  and 
when  the  interference  arrives  from  an  angle  outside  the 
main  beam  of  the  quiescent  array  pattern.  In  [7]  and  [8] 
the  effects  of  the  array  bandwidth  on  system  performance 
are  more  closely  examined. 

In  this  paper  we  calculate  the  performance  of  a  BPSK 
communication  system  with  an  LMS  adaptive  array  when 
the  desired  signal  is  corrupted  by  both  thermal  noise  and 
a  directional  Gaussian  interference  signal.  In  general,  the 
performance  of  an  adaptive  array  is  poorer  with 
broadband  interference  than  with  CW  interference  [9]. 
Also,  the  degradation  with  broadband  interference  is 
largest  when  the  interference  power  is  large  and  when  the 
interference  arrives  near  endfire.  Here,  we  examine  the 
effects  of  the  interference  bandwidth,  the  array 
bandwidth,  the  signal  power  levels,  and  the  signal  arrival 
angles.  We  show  that,  for  a  fixed  input  interference 
power,  the  system  performance  becomes  worse  as  the 
interference  bandwidth  increases,  up  to  the  point  where 
the  interference  bandwidth  exceeds  the  desired  signal 
bandwidth. 

In  (I]  and  [9-11]  the  use  of  tapped  delay  lines 
(TDLs)  behind  the  elements  in  an  LMS  array  was 
suggested.  The  TDL  LMS  array  can  reject  broadband 
interference  since  the  weights  can  be  set  to  optimize 
performance  over  a  band  of  frequencies.  In  this  paper,  we 
also  examine  the  performance  of  the  communication 
system  with  a  TDL  LMS  array.  We  show  that,  with  a 
single  broadband  interference  source,  this  array  achieves 
the  same  performance  as  the  standard  LMS  array  with  a 
zero-bandwidth  interferer. 

In  Section  II  we  describe  the  BPSK  communication 
system,  the  LMS  array,  and  the  TDL  LMS  array.  In 
Section  III  we  present  the  results  from  the  performance 
calculations.  Finally,  in  Section  IV  we  present  the 
conclusions. 
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11.  PROBLEM  FORMULATION 

Consider  the  BPSK  communication  system  shown  in 
Fig.  1.  In  this  system  the  baseband  NRZ-L  [121  signal  is 
filtered  so  that  the  signal  at  the  filter  output  satisfies  the 
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where  pj,  p,,  and  p„  are  the  desired,  interfering,  and 
noise  powers  at  the  output  of  the  detector  LPF  and 
erfc(x)  is  the  complementary  error  function  defined  by 

erfcU)  =  — ^  I  exp(  -  jr^/2)£/r,  (2) 

V2'ir  h 

We  now  determine  the  performance  of  the 
communication  system  described  above  when  we  add  an 
LMS  adaptive  anay  to  the  system  at  the  detector  input.  A 
three-element  LMS  adaptive  array  is  shown  in  Fig.  2. 
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Nyquist  pulse  shaping  criterion  ( l.^|.  In  order  to  achieve 
the  same  bit  error  probability  as  unfiltered  BPSK  in  white 
Gaussian  noise  with  no  inters)  mbol  interference  (iSIt  the 
baseband  bandwidth  of  the  system  must  be  at  least  L27' 
Hz  (the  Nyquist  bandwidth),  where  T  is  the  bit  duration 
[141.  For  simplicity,  we  assume  here  that  the  transmitted 
signal  occupies  the  Nyquist  equivalent  channel  with  this 
minimum  bandwidth.  Therefore,  the  (double  sideband) 
radio  frequency  signal  that  is  transmitted  across  the 
channel  has  a  rectangular  spectrum  of  width  l/'F  Hz. 

The  baseband  transmit  and  detector  filters  required  to 
produce  a  rectangular  signal  spectrum  are  not  physically 
realizable  However,  good  approximations  to  many  of  the 
members  of  the  raised  cosine  family  of  filters  are 
realizable  and  can  be  used  to  obtain  signals  that  satisfy 
the  Nyquist  pulse  shaping  criterion.  Some  of  the  practical 
aspects  of  the  design  of  narrowband  BPSK  sysiem.v  are 
discussed  by  Bayless  et  al.  |1.5|  and  Feher  |16|. 

At  the  receiving  end.  the  detector  filter  output  is 
sampled  at  the  end  of  each  bit  interval  and  a  bit  decision 
is  made  based  upon  the  sign  of  the  sample  Since  we 
have  assumed  that  the  baseband  signal  occupies  the 
rectangular  Nyquist  equivalent  channel,  the  detector  filter 
is  an  ideal  low-pass  filter  (LPF)  with  a  cutoff  trequency 
of  1'2T  Hz.  The  baseband  signal  at  this  filler  output 
consists  of  a  series  of  sme  (i.e.,  sin(T)/.r)  pulses  centered 
about  the  sampling  instants.  The  sine  pulse  corresponding 
to  the  Lth  bit  has  zero  crossings  at  the  sampling  instants 
for  every  other  bit.  Therefore  there  is  no  ISI  for  this 
signaling  method. 

When  the  desired  signal  is  corrupted  by  zero-mean 
Gaussian  noise  and  zero-mean  Gaussian  interference,  the 
bit  error  probability  P{e)  al  the  detector  output  is  given 
by 
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(REFERENCE 

SIGNAL) 

Fig  2  LMS  adiiplive  array. 

The  signals  that  arrive  at  the  element  inputs  are  filtered 
by  ideal  bandpass  filters  (BPFs)  which  limit  the  thennal 
noise  at  the  array  input  and  reject  out-of-band 
interference.  We  denote  by  A'  the  vector  composed  of  the 
analytic  signals  at  the  BPF  outputs;  that  is,  X  =  lx,(f) 
.ij(i)  -G(i)l'.  where  superscript  T  denotes  the  transpose. 
We  similarly  define  the  weight  for  the  array  by  W,  where 
W  =  |ii  I  u  -  11  ,|‘.  The  array  output  signal  s(/)  is  the 
weighted  sum  of  the  array  input  signals, 

A(f)  =  W.V,  (3) 

We  assume  that  the  desired,  interfering,  and  thermal 
noise  signals  at  the  array  input  are  uncorrelated  zero- 
mean  signals.  We  divide  the  input  signal  vector  into  its 
desired  signal,  interference,  and  noise  components. 

AT  =  AT,/  +  X,  +  X„  (4) 

where  A',  =  (c/(f)  d(t  -  T,,)  cHi  -  2T,,)],  X,  =  | /(/) 
id -  2T,)\,  and  Af„  =  |«|(/)  Uvl')  In 

these  expressions  r/(t)  and  id)  are  the  analytic  desired  and 
interfering  signals  at  the  output  of  the  BPF  at  the  first 
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element  and  n,(f),  iiiU),  and  AiU)  are  the  noise  signals  at 
the  BPF  outputs.  and  T,  are  the  interelement  time 
delays  for  the  desired  and  interfering  signals, 
respectively. 

We  assume  that  the  thermal  noise  signals  at  the  input 
to  each  BPF  is  white  with  a  two-sided  PSD  of  •ri/2 
everywhere.  The  noise  signals  at  the  filter  outputs  are 
mutually  uncorrelated  Gaussian  random  processes  each 
with  power  We  define  the  autocorrelation  function  for 
the  thermal  noise  process  at  the  output  of  the  7th  BPF  as 

R^{7)  =  Eln*(t)njit  +  t)] 


(<if) 

(W/Hz) 

2r/T 

Eb' 

_ 1 _ 

"d  “(r/.l 


Fig.  3.  PSD  of  transmitted  signal. 


=  (T^  sinc('iTBT)  exp{7(«)jT)  (5) 

where  £[  •]  denotes  the  expected  value,  the  asterisk 
denotes  the  complex  conjugate,  B  is  the  BPF  bandwidth 
in  Hz,  and 

o’  =  '(]B.  (6) 

The  output  of  the  LMS  array  is  subtracted  from  a 
locally  generated  reference  signal,  fit),  to  produce  an 
error  signal,  eit).  The  steady-state  LMS  weights 
minimize  the  mean-square  value  of  this  error  signal.  Tlie 
steady  state  LMS  weight  vector  is  given  by  [1], 

W  =  (7) 

where  <l>  is  the  covariance  matrix, 

<I»  =  E[X*X'^\.  (8) 

S,  the  reference  correlation  vector,  is  given  by 

S  =  E[X*P(t)\.  (9) 


the  relative  bandwidth  Bj  of  the  desired  signal  as  the  ratio 
of  the  signal  bandwidth  to  the  center  frequency,  that  is. 


(2tt/T) 


(14) 


The  autocorrelation  function  for  the  desired  signal  is 
the  inverse  Fourier  transform  of  the  PSD  shown  in  Fig. 
3.  This  autocorrelation  function  is  given  by 


/?i(T)  =  E[d*(t)dit  +  T)] 

Efy  i  'itt\ 

=  —  sine  I  —  1  expfywjT).  (15) 

The  interference  is  assumed  to  be  a  zero-mean 
Gaussian  random  process  with  a  PSD  that  is  constant  in  a 
bandwidth  Awj  centered  about  the  desired  signal  center 
frequency.'  We  define  £,  to  be  the  interference  energy 
received  by  each  element  during  each  bit  interval.  We 
define  the  relative  bandwidth  of  the  interference  as 


Since  the  desired,  interference,  and  noise  signals  are 
independent  zero-mean  signals  we  can  separate  the 
covariance  matrix  into  three  components, 

<I>  =  «I»j  +  <&,  +  <l>„  (10) 

where  «!»,  =  EiXfXj],  and  <I»„  = 

E\X*X],\.  These  matrices  are  given  by 
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where  /?,/(t),  and  /?,(t)  are  the  autocorrelation  functions 
for  the  desired  and  interfering  signals,  respectively. 

Fig.  3  shows  the  power  spectral  density  (PSD)  of 
(lit).  This  spectrum  is  centered  about  the  frequency  Wj 
and  the  signal  bandwidth  is  1/T  Hz.  The  PSD  is  equal  to 
W/Hz  everywhere  in  this  region,  where  £*  is  the 
received  energy  per  bit  at  each  element  input.  We  define 


Bj  =  (16) 

If  the  interference  bandwidth  is  wider  than  the  bandwidth 
of  the  element  BPFs,  we  replace  the  numerator  in  (16) 
with  the  BPF  bandwidth  so  that  B,  represents  the  relative 
bandwidth  of  the  interference  at  the  BPF  outputs.  The 
autocorrelation  function  for  the  interference  is  given  by 

B;(t)  =  E[I*^t)ht  +  ^)] 

=  (tJ  sine  expfyw.T)  (17) 

where  a}  is  the  power  in  the  interfering  signal  at  the 
output  of  each  element  BPF. 

We  assume  one-half  wavelength  spacing  between 
elements  at  the  desired  signal  center  frequency.  We 
further  assume  that  the  desired  signal  is  incident  from  an 
angle  of  0^  (measured  from  the  broadside  direction)  and  a 
single  interfering  signal  is  incident  from  angle  0,.  For  the 
desired  and  interfering  signals  the  interelement 
propagation  delays  are  given  by 

Tj  =  (£/c)  sin  Qj  (18) 


Ml  is  shown  in  (7)  that  the  signal  power  levels  al  the  array  output  do 
not  change  appreciably  even  if  the  interference  and  desired  signal  center 
frequencies  differ  by  a  few  percent. 
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and 

r,  =  (L/C)  sin  0,  (19) 

respectively,  where  L  is  the  element  spacing  and  c  is  the 
propagation  velocity. 

The  interelement  propagation  delays  produce 
corresponding  interelement  phase  shifts.  For  one-half 
wavelength  element  spacing  these  phase  shifts  are  given 


by 

<t)j  =  IT  sin 

(20) 

and 

<{),  =  TT  sin  0, 

(21) 

respectively. 

Using  (11),  and  (14)-(21)  we  can  show  that  the 
desired  signal,  interference,  and  noise  covariance  matrices 
are  given  by 


the  array  output  using  (9).  It  is  straightforward  to  show 
that  the  power  in  the  desired,  interfering,  and  noise 
signals  are  given  by 


(26) 

2 

(27) 

(28) 

where  *  denotes  the  conjugate  transpose. 

From  these  power  levels  we  can  determine  pj,  p,,  and 
p„,  the  power  levels  at  the  output  of  the  detector  filter. 

The  desired  signal  power  at  this  filter  output  is  given  by 

Pj  =  (29) 


(22) 


(23) 


(24) 


where  /  is  the  3  x  3  identity  matrix.  The  three  matrices 
given  in  (21  )-(24)  are  added  to  determine  the  covariance 
matrix  *I>. 

We  assume  the  reference  signal  is  perfectly  correlated 
with  the  desired  signal  at  the  input  to  the  first  element 
input  and  uncorrelated  with  the  interference  and  noise. 
Methods  for  generating  a  reference  signal  for  the  array 
with  phase-shift-keyed  modulation  are  described  in  [2] 
and  |3|.  The  reference  correlation  vector,  from  (9),  is 
given  by 

^  =  fL  (  RJT,i)  ]  (25) 

where  p.  is  a  constant  which  is  determined  from  the 
amplitudes  of  the  reference  signal  and  the  desired  signal. 

Now  that  we  have  determined  <I>  and  S  we  can 
determine  the  array  weights  using  (7)  and  the  signals  at 


The  factor  of  1  /4  in  this  equation  is  caused  by  the  power 
loss  of  I  /2  that  occurs  during  both  the  multiplication 
(i.e.,  the  heterodyning  to  baseband)  and  filtering 
processes  in  the  detector. 

The  noise  power  at  the  detector  output  is  given  by 


The  ratio  \ITB  in  this  equation  is  the  ratio  of  the  detector 
filter  bandwidth  (l/2r  Hz)  to  the  baseband  noise 
bandwidth  {BH  Hz).  This  ratio  is  the  fraction  of  the 
thermal  noise  signal  that  is  not  rejected  by  the  detector 
filter. 

If  the  baseband  interference  bandwidth  is  less  than  or 
equal  to  the  detector  LPF  bandwidth  (i.e.,  if  B,  ^  fl,,), 
then  p,  =  P,/4.  However,  if  the  interference  bandwidth  is 
greater  than  the  detector  filter  bandwidth  then  we  must 
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calculate  the  portion  of  the  interference  power  at  the  array 
output  that  lies  in  the  frequency  band  to  which  the 
detector  is  sensitive.  We  note  that  the  interference  PSD  at 
the  array  output  is  not  necessarily  white  in  this  passband 
since  the  array  acts  as  a  transversal  Filter  to  the  interfering 
signal  [7J.  We  can  calculate  the  interference  power  at  the 
array  output  in  the  frequency  band  of  interest  using  (27) 
and  (12).  However,  for  the  interference  autocorrelation 
function  R-ij)  in  (12)  we  use  the  autocorrelation  function 
of  the  portion  of  the  interference  that  lies  in  the  band  of 
frequencies  to  which  the  detector  is  sensitive.  This 
autocorrelation  function  is  given  by 

/?,(t)  =  (T? 

With  this  substitution  in  (12)  when  B,  >  Bj,  p,  is  equal 
to  P,/4,  where  P,  is  given  by  (27).  Once  we  have  found 
Pd.  Pn  and  p„  we  can  use  (1)  to  calculate  P(e). 

Before  we  present  the  results  of  performance 
calculations  for  the  system  described  above  we  describe  a 
modified  LMS  array  that  offers  improved  performance  in 


some  signal  environments.  As  we  shall  show  in  Section 
III,  the  conventional  LMS  array  (i.e.,  the  array  described 
above)  often  has  difficulty  nulling  interference  with 
nonzero  bandwidth.  Improved  performance  against 
broadband  interference  can  be  achieved  if  TDL  filters  are 
used  as  the  weighting  elements  for  the  array.  Fig.  4  is  a 
block  diagram  of  a  three-element  TDL  LMS  array.  For 
this  array  each  element  weight  is  implemented  by  a  TDL 
with  a  single  quarter-wavelength  delay  element  and  two 
complex  weights.  Compton  [11]  examined  the  optimum 
delay  line  length  and  number  of  taps  for  suppression  of  a 
single  broadband  interferer.  This  study  indicated  that  the 
length  of  the  delay  lines  is  not  critical  as  long  as  it  is  less 
than  X/4fi,  where  X  is  the  signal  wavelength  and  B  is  the 
bandwidth.  Also,  extremely  short  delay  lines  should  be 
avoided  since  they  require  a  larger  dynamic  range  for  the 
weights.  Compton  also  shows  that,  with  a  single 
interferer  with  B;  s  0.5,  an  array  with  2-tap  TDL 
weights  has  essentially  the  same  output  signal-to- 
interference-plus-noise  ratio  (SINK)  that  a  conventional 
LMS  array  has  with  narrowband  (B,  ==  0)  interference. 


DESIRED 

SIGNAL 


Fi|.  4.  Tapped  delay  line  LMS  array. 
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For  the  array  shown  in  Fig.  4  we  define  the  signals  at 
the  tap  outputs  hy  .V]  through  .1^.  These  signals  are  given 


by 

.V|(f)  -=  cUt)  +  lit)  r  (32) 

fil/)  =  +  in  -  «i(f)  (33) 

Vi(f)  =  dn  -  2Tj)  r  in  ~  2T,)  +  ndt)  (34) 

x^ii)  =  v,(f  -  &)  (33) 

inn  =  -i^n  -  ?>)  (36) 

Vf,(n  =  v,(t  -  6)  (37) 


where  5  is  the  delay  produced  by  each  delay  line. 

The  6x6  covariance  matrices  for  the  desired, 
interfering,  and  noise  signals  are  given  by 


III.  RESULTS 

I"  this  section  we  present  the  results  from 
(vrlormance  calculations  for  communication  systems  that 
use  conventional  LMS  array  and  the  TDL  LMS  array 
with  directional  Gaussian  interference.  Pig.  5  shows  the 
performance  ol  the  system  using  a  conventional  LMS 
array  for  =  U".  0,  =  80°,  Bj  =  0.1.  fi  =  l/T,  and 
EiJt]  =  8  dB.’  For  a  given  value  of  E,/r\  the  total 
interference  power  at  the  array  input  is  the  same  for  each 
B,  value.  From  Fig.  5  we  see  that  P(e)  increases  slightly 
with  however,  the  system  performance  is 
approximately  equal  for  each  of  the  interference 
bandwidths  considered.  For  the  cases  shown  in  this  figure 
the  interference  is  located  outside  the  main  beam  of  the 
quie.scent  antenna  pattern.  In  these  cases  the  array 


<t>,  = 


= 

^  f! 


RjW) 

•  Tj ) 

fijh) 

/?,,(7-,-6) 

.Rj{2Tj 


/?,/(  ~T,i) 

/?,/(«) 


RJ-Tj) 


fij(Tj)  R,(0) 

Rj{  —  Tj  +  8)  Rj{  —  2Tj  +  8) 

/?,/<?»  /?,,(- 7-,, +  8) 

RjT,,  +  b)  R,i(h) 


R,,i  -8) 
/?,/(?',,  -  8) 
/?,/(27-,-8) 
/?,/(0) 
RjiTj) 

RjilT,,) 


R,,(-T,r-h)  RJ-2T, 


/?,;(- 8) 

RJ-T,) 

«,/(0) 


Rj-T,,-b) 

Rj-b) 

RJ-Tj) 


«,(()) 

RA-T,) 

R, 

(-27,) 

RA-b) 

RA  T,-b) 

RA  -  27,  -  E 

R,iT,) 

/?,(()) 

R 

'A-T,) 

RAT,-b] 

1  RA-b) 

R,i-T,-b 

R,i2T,) 

rat,) 

/?,(0) 

/?,(27, -8)  /?,(7, -8) 

RA -b) 

R,(b) 

RA-T,  +  b) 

RA 

-27, +  8) 

/?,(0) 

RA-l) 

R,i-2T,) 

RAT,  +  8) 

R,(b) 

RA 

-T,  +  b) 

RAT,) 

/?,(()) 

Ra-t,) 

RA2r,^b) 

RiiT,  +  8) 

RAb) 

RA2T,) 

rat,) 

«,(()) 

/?„(0)  C 

1  0  R„ 

(-8) 

0 

0  \ 

0  /?„(())  0 

0 

R,A  -b) 

0  ' 

0  0 

1  /?„(()) 

0 

0 

R,A  -  S) 

Rjb)  0 

'  0  R 

„(0) 

0 

1 

0  R„t 

8)  0 

0 

/?„(0) 

«  f 

0  0 

R,Ab) 

0 

0 

/?„(0)  / 

(38) 


(.34) 


(40) 


We  now  can  calculate  the  covariance  matrix  for  the 
composite  input  signal  using  (10). 

Fhe  reference  correlation  vector  is  given  by 


.V  -  (1 
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(41) 


Now  that  we  have  determined  <l>  and  .S  we  can 
determine  the  array  weights  for  the  TDL  LMS  array  using 
(7)  and  the  signals  at  the  array  output  using  (3).  We  (hen 
can  calculate  the  bit  error  probability  for  the  detector 
exactly  as  we  did  for  the  system  using  the  conventional 
LMS  array. 


effectively  suppresses  the  interference  for  each  of  the  B, 
values  shown. 

Fig.  6  shows  the  system  performance  when  0,  is 
reduced  to  40°.  All  other  parameters  are  the  same  as 
those  of  Fig.  3.  From  Fig.  6  we  see  that  the  system 
performance  becomes  worse  as  the  interference  bandwidth 
increases.  This  sensitivity  to  interference  bandwidth 
becomes  most  pronounced  when  the  input  INR  is  greater 
than  about  10  dB.  Fig.  7  shows  the  performance  when  0, 
is  reduced  further  to  10’.  We  see  here  that  Pic)  increases 
by  more  than  3  orders  of  magnitude  at  large  values  of 

■'Niilc  Iti.il  i|  IS  Ihc  per  clciiicnl  sicn.il-to  iumsc  r.iliii  iSNRi  The 
Ihrec-clcnicnl  array  ssilh  no  inlcrlercncc  pros  ides  a  4  77  dB  S.VR 
iiiiproscincnt  Hence  lire  /'(ci  saluc  .il  the  lell  hand  side  ol  the  curses 
represenis  the  Bt’.SK  deles  lor  sshen  ihe  anas  oiilpiil  SNR  is  12  77  dB 
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Fig  5.  Performance  of  (hree-element  LMS  array  for  several 
interference  bandwidths.  (0^  =  0°,  6,  =  80°,  “  0.1.  fl  *  MT,  E^l 

T|  =  8  dB.) 


(dB) 

Fig.  6.  Performance  of  a  ifaree-eleiiieiit  LMS  array  for  several 
interference  bandwiths.  (0y  «  (T,  0,  •  40°,  •  0.1,  B  »  \IT,  E^l 

11  >  8  dB.) 

£,/ti  for  each  of  the  interference  bandwidths  considered.^ 
The  increase  in  P(e)  for  INR  values  below  about  10  dB 
is  caused  by  the  insertion  loss  for  the  deaiied  signal  that 
occurs  when  the  array  forms  the  null  oa  the  interference. 
An  array  with  more  elements  would  have  better  resolution 
and  would  be  better  able  to  steer  pattern  nulls  and 
maxima  close  together. 

’The  smallest  bandwidth  considered  is  labeled  0*  to  indicate  a  very 
small  but  finite  interference  bandwidth.  If  the  interference  bandwidth 
were  truly  0.  the  interference  would  be  a  CW  eignal  Md  not  an  crgodic 
Gaussian  random  process  as  we  have  aseunied. 


Fig.  7.  Performance  of  three-element  LMS  array  for  several 
interference  bandwidths  (6^  =  0°,  6,  =  10°,  0^  0.1,  B  =  MT.  E^l 

11-8  dB  ) 

Two  somewhat  conflicting  processes  occur  as  we 
move  the  interference  arrival  angle  from  80°  to  10°.  First, 
the  system  performance  generally  decreases  as  we  move 
the  desired  and  interfering  signals  closer  together.  This 
decrease  is  caused  by  the  increase  in  insertion  loss  for  the 
desired  signal  as  we  move  the  pattern  null  closer  to  the 
desired  signal  direction.  The  second  process  that  occurs 
as  we  move  the  interference  closer  to  the  broadside 
direction  is  the  improved  ability  of  the  array  to  steer  a 
broadband  null  on  the  interference.  This  ability  is  a  result 
of  the  reduced  interelement  propagation  time  for  the 
interference  for  small  9,  values.  In  the  limiting  case, 
when  9i  =  0°  (and  Tf  =  0),  the  array  can  steer  an 
infinite  bandwidth  null  on  the  interference. 

From  Figs.  6  and  7  we  see  that  the  system 
performance  becomes  worse  as  the  interference  bandwidth 
increases.  However,  in  each  of  the  cases  shown  in  these 
figures,  the  interference  lies  totally  within  the  bandpass  of 
both  the  input  BPFs  and  the  detector  LPF.  In  order  to 
better  understand  the  effects  of  the  array  input  bandwidth 
and  the  interference  bandwidth  on  the  system 
performance,  we  examine  this  performance  for  4  cases; 

Case  A:  Brf  =  0.1,  0*  s  B,  s  0.075,  B  =  l/T. 

Case  B:  =  0.01,  0*  s  B,  s  0.075,  B  =  l/T. 

Case  C:  Brf  =  0. 1,  0*  s  B,  s  0.075,  B  =  20/T. 

Case  D:  B^  =  0.01,  0*  s  B,  s  0.075,  B  =  20/r. 

In  each  case  Bj  ~  40°,  0(  =  60°,  and  Ej/r\  =  8  dB. 
In  case  A  the  array  bandwidth  is  equal  to  the  desired 
signal  bandwidth  and  the  interference  bandwidth  is 
always  less  than  the  array  bandwidth.  For  Case  B  the 
desir^  signal  bandwidth  is  reduced  by  a  factor  of  10. 

The  array  input  bandwidth  is  also  reduced  by  this  factor 
since  B  »  I/T  in  both  cases  A  and  B.  In  case  B  some  of 
the  interference  signal  is  blocked  by  the  input  BPFs  when 
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B,  IS  greater  than  0.01.  B  =  20iT  tor  cases  C  and  D.  The 
other  variables  are  the  same  as  in  cases  A  and  B, 
respectively. 

Fig.  8  shows  the  system  performance  for  case  A. 

From  this  figure  we  see  that  the  system  becomes  sensitive 
to  the  bandwidth  of  the  signal  for  values  of  E,fr\  greater 
than  approximately  10  dB. 


E,  /T)  (dB) 


fii!  H  tVrloriiuiKi' of  itiR'coIcnicnl  LMs  arras  for  so  sera  I 
inlorfcroni.0  handssulths,  case  A 

Fig.  0  shows  the  results  for  case  B.  The  two  curves  in 
this  figure  that  show  the  performance  when  B,  =  0'  and 
B,  -  0  ()l  are  the  same  as  the  corresponding  curves  in 
Fig  8  For  these  cases  the  interference  is  passed  entirely 
bs  the  input  BPFs  and  we  see  'he  same  performance  that 


Ej/T)  (dB) 

J  li!  '>  f’crturnidncu  t»f  ihrcc-cicment  LMS  array  for  several 
iniciicrcnte  bandsMlhs.  case  B 


we  had  for  case  A  for  these  B,  values.’  For  the  other 
cases  shown  in  this  figure  the  input  BPFs  reject  some  of 
the  interference  and  the  performance  improves  as  the 
interference  bandwidth  increases.  Therefore,  for  the 
minimum  bandwidth  system  (i.e.,  when  B  =  l/T)  a 
fixed-power  interference  signal  is  most  disrupting  when 
its  bandwidth  is  equal  to  the  desired  signal  bandwidth. 

Fig.  10  shows  the  results  for  Case  C.  As  in  Case  A. 
the  interference  is  passed  by  both  the  input  BPFs  and  the 


E|/t;  (dB) 


F'lj:  III  l’crf<irtiiaiite  ul  thrce  olcmonl  I..M.S  array  fur  .several 
inlcrfcrence  bandvsiltis.  ease  C. 

detector  filter.  The  only  difference  between  Cases  A  and 
C  is  the  increase  in  the  array  bandw  idth  by  a  factor  of  20 
for  Case  C.  We  see  that  this  increase  has  two  effects. 
First,  a  large  hump  appears  in  the  P(e)  versus  £,/ti 
curves.  This  hump  is  caused  by  the  larger  thermal  noise 
power  at  the  BPF  outputs  for  the  larger  value  of  filter 
bandwidth.  As  the  input  interference  power  increases,  the 
array  does  not  begin  to  form  a  null  on  the  interference 
until  the  interference  and  noise  power  levels  at  the  BPF 
outputs  are  approximately  equal.  In  case  C.  the  residual 
interference  power  at  the  array  output  when  r|  is 
between  approximately  .“i  and  25  dB  causes  the  hump  in 
the  curves.  The  second  effect  that  we  note  is  the 
movement  of  the  point  where  the  curves  begin  to  diverge. 
In  case  C.  where  the  noise  power  at  the  BPF  outputs  is 
13  dP  higher  than  it  is  in  case  A.  the  E,<t\  value  where 
the  curves  begin  to  diverge  is  approximately  13  dB  higher 
than  it  is  in  case  A 

Fig.  1 1  shows  the  results  lor  case  D.  For  this  case  the 
interference  is  always  passed  by  the  input  BPFs.  but  it  is 
partially  rejected  by  the  detector  l.PF  when  B,  -■  0.01. 
When  B,  increases  above  0.01  twii  conllicting  processes 
occur.  First,  the  total  mteilercnce  power  at  the  array 

■“Wc  nole  ttial  Ihc  array  pcrlormantc  is  essentially  inileisendeni  ol  H , 
for  Bj  <  (I  I  |V1 
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Fig  1 1  Peformance  of  three-element  LMS  array  for  several 
interference  bandwidths.  case  D. 


Fig  12  Performance  of  three-element  tapped  delay  line  LMS  array 
for  case  A. 


output  increases  since  the  array  has  more  difficulty 
nulling  a  broadband  interfering  signal.  Second,  the 
detector  LPF  rejects  some  of  the  interference.  The  first  of 
these  effects  causes  an  increase  in  P(e)  while  the  second 
effect  causes  a  decrease  in  P{e).  From  Fig.  1 1  we  see 
that  the  second  effect  is  dominant  for  the  case  D  signal 
scenario.  P{e)  is  highest  when  the  interfering  bandwidth 
is  equal  to  the  desired  signal  bandwidth. 

We  next  examine  the  performance  of  the  three- 
element  TDL  LMS  array  with  Gaussian  interference.  As 
an  example  we  consider  the  same  signal  scenario  used  in 
case  A  above.  Fig.  12  shows  the  performance  of  the  TDL 
LMS  array  for  this  scenario.  From  this  figure  we  see  that 
this  array  achieves  the  same  performance  for  each  of  tlic 
B,  values  that  the  conventional  LMS  array  had  for 
B,  =  0.  These  results  support  the  conclusion  made  by 
Compton  in  [11]  that,  with  a  single  interference  signal 
(with  B,  less  than  approximately  0.5),  the  TDL  array 
performance  is  equal  to  that  of  the  conventional  array 
with  CW  interference. 


IV.  CONCLUSION 

In  this  paper  we  have  calculated  the  performance  of  a 
BPSK  communication  system  that  uses  an  LMS  adaptive 
array  to  protect  the  system  from  Gaussian  noise 
interference.  We  showed  that  the  system  performs  best 
when  the  interference  is  located  outside  the  main  beam  of 
the  quiescent  array  pattern.  The  system  is  most  vulnerable 
to  broadband  interference  when  the  interference  arrives 
from  a  direction  near  endfire  since  this  is  the  direction 
where  the  interelement  propagation  delay  for  the 
interference  is  largest.  We  found  that  the  system 
generally  performed  best  when  the  array  bandwidth  was 
as  small  as  possible.  The  interference  was  found  to  be 
most  effective  when  its  bandwidth  was  equal  to  the 
desired  signal  bandwidth.  This  was  found  to  be  true 
regardless  of  the  array  bandwidth.  Finally,  we  found  that 
the  performance  of  a  system  using  the  TDL  LMS  array  is 
not  dependent  upon  the  interference  bandwidth  for  a 
single  interfering  signal. 
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We  consider  a  least  mean  square  (LMS)  adaptive  array  (I] 
receiving  a  phase  modulated  interference  signal.  The  phase 
modulation  is  asatimwl  to  be  periodic  and  to  have  finite  bandwidth. 
Coder  these  assumptions,  we  determine  the  llme>varyiag  array 
weighu,  the  modulation  on  the  array  output  desired  signal,  and  the 
time-varying  output  interfercncc-to-noise  ratio  (INR)  and  SINR 
(signal-to-interfercnce-plos-noise  ratio). 

We  present  numerical  results  describing  the  behavior  of  a  2> 
element  adaptive  array  that  receives  an  taiteifcrcace  dgnal  with 
sinusoidai  phase  modulation.  We  show  how  each  signal  parameter 
(arrival  angle,  power,  modulation  index,  and  modulatioo  ftequency) 
affects  the  performance  of  the  array. 
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The  perfonnance  of  a  least  mean  square  (LMS) 
adaptive  array  [1]  can  be  affected  by  niodulation  on  an 
interference  si^.  For  example,  pulsed  interference  can 
make  the  weights  in  an  adaptive  array  vary  between  two 
sets  of  values,  one  when  the  interference  is  on  and  the 
other  when  it  is  off  [2].  Interference  modulation  has  two 
deleterious  effects  on  an  adaptive  array.  First,  it  can 
cause  the  array  to  modulate  the  desired  signal.  Second,  it 
can  make  the  array  output  SINR  (signal-to-interference' 
plus-noise  ratio)  vary  with  time.  In  a  digital 
communication  system,  such  SINR  variation  usually 
results  in  an  increased  bit  error  probability.  The  effects  of 
interference  modulation  on  an  array  are  usually  most 
significant  when  the  modulation  rate  is  close  to  the 
natural  response  speed  of  the  array  and  when  the 
interference  arrival  angle  is  close  to  that  of  the  desired 
signal  (2-4]. 

In  previous  studies,  the  authors  have  examined  the 
effects  of  pulsed  interference  [2],  interference  with 
sinusoidal  envelope  modulation  [3],  and  interference  with 
arbitrary  periodic  envelope  modulation  [4]  on  adaptive 
arrays.  E^h  of  these  studies  involved  envelope 
modulation  but  not  phase  modulation. 

The  puipose  of  the  present  paper  is  to  extend  the 
earlier  work  to  the  case  of  phase  modulated  interference. 
In  Section  II  of  this  paper,  we  formulate  the  problem  of 
an  adaptive  array  receiving  an  interference  signal  with 
periodic  phase  modulation.  We  solve  for  the  resulting 
time- varying  weights  in  the  array,  and  from  the  weights 
we  determine  the  output  desired  signal  modulation  and 
SINR  variation.  In  Section  III,  we  present  numerical 
results  for  a  2-element  array  that  receives  interference 
with  sinusoidal  phase  modulation.  We  show  how  the 
interference  modulation  parameters  affect  the  desired 
signal  modulation,  the  SINR  variation  and  the  bit  error 
probability  when  the  desired  signal  is  a  DPSK 
(differential  phase-shift  keyed)  communication  signal. 
Section  IV  contains  our  conclusions. 


II.  FORMULATION  OF  THE  PROBLEM 

Assume  an  adaptive  array  consists  of  J  isotropic 
elements  with  half  wavelength  spacing,  as  shown  in  Fig. 

I.  Let  Xf(t)  denote  the  analytic  signal  received  on  element 
).  The  signal  XjU)  is  multiplied  by  a  complex  weight  Wj 
and  then  sumined  to  produce  the  array  output  i(r).  The 
array  weights  are  controlled  by  LMS.  (least  mean  square) 
feedback  loops  [I],  which  obtain  each  weight  Wj  by 
integrating  the  pix^uct  of  XjO)  with  the  error  signal  iU)- 
The  error  signal  is  the  difference  between  a  reference 
signal  f(r)  and  the  array  ouqwt  i(r)  (1).  The  array 
weights  satisfy  the  differential  equation 

^  M>W  -  kS  (I) 
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where  W  =  [w,,  wj . is  the  weight  vector,  t  is 

time,  <!>  is  the  covariance  matrix, 

«I)  =  (2) 

5  is  the  reference  correlation  vector, 

S  =  £lX*r(f)l  (3) 

and  k  is  the  LMS  loop  gain.  In  these  equations,  X  is  the 
signal  vector, 

X  =  (4) 

T  denotes  transpose,  •  complex  conjugate,  and  £l  j 
expectation. 

We  assume  a  desired  signal  and  an  interference  signal 
are  incident  on  the  array,  and  also  that  independent 
thermal  noise  is  present  in  each  element  signal.  The 
signal  vector  then  contains  three  terms, 

X  =  X,y  +  X,  +  X„  (5) 


K  =  J  -  (9) 

We  assume  i|i^  is  a  random  variable  uniformly  distributed 
on  (0,2it). 

Next,  assume  a  phase  modulated  interference  signal 
arrives  from  angle  6,.  The  interference  signal  vector  is 

x,  =  (10) 

with 

(11) 

where  y,(t)  is  the  phase  modulation  as  received  on 
element  1.  A,  is  the  interference  amplitude,  and  ili,  is  the 
carrier  phase  angle.  The  variables  T,  and  4),  are  the 
interelement  time  delay  and  carrier  phase  shift. 


U.U)  = 


where  X^.  X,,  and  X,  are  the  desired,  interference,  and 
noise  vectors,  respectively. 

Let  the  desired  signal  be  a  CW  (single  frequency) 
signal  incident  from  angle  6,^  relative  to  broadside  (6  is 
defined  in  Fig.  1).  The  desired  signal  vector  is  then 


T,  =  —  sin  6, 

U>o 

and 

4),  =  uioT,  =  Tt  sin  6,. 


(12) 


(13) 


X,  =  (6) 


Fig  I  LMS  adaptive  array 

where  A^  is  the  amplitude,  Wo  is  the  carrier  frequency,  ili^ 
is  the  carrier  phase  angle,  and  is  a  vector  containing 
the  interelement  pha.se  shifts.  _ 


We  assume  4<,  is  a  random  variable,  uniformly  distributed 
on  (0.2tt)  and  statistically  independent  of  ijr,y. 

Finally,  we  assume  each  element  signal  contains  a 
zero-mean,  independent  Gaussian  thermal  voltage  d,(/)  of 
power  The  noise  vector  is 

=  (n|(/),  nylf) . 'iy(t)]'^  (14) 

where 

£|«/ (/)«*(/)]  =  cr-6,<.  1  ^  j.k  ^  J  (15) 

with  the  Kronecker  delta.  The  h/r)  are  assumed 
statistically  independent  of  both  Oij  and  vlr, . 

Under  these  assumptions,  the  covariance  matrix  in  (2» 
is  the  sum  of  a  desired,  an  interference,  and  a  noise  term. 

<I>  =  -f-  <I>,  -F  <l>„.  (16) 

The  desired  signal  term  is 

=  E[XSX]]  =  All's  uy  (17) 

The  interference  term  is 
<P.  =  E[XrXj\ 


=  A,' 


■'  "S,! 


1  e 

I  I 


A*,)  ^ilx»,ui  •  lA  lnli.l 


^ylx,n"i-  Ac*.  I 
.A  I  6 

I 


(18) 


f/rf  =  |1.  . 

where 

4)j  =  IT  sin  Orf 

and  where,  to  simplify  later  notation,  we  let 


where 

X/,v<ri  =  iSt-qT,)  -  y,{t-pT,)  (19) 

(8) 

'  and  where  p  and  q  are  integers  in  the  range  0  s  /?.  <7  s 
K.  The  noise  term  is 
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<I>,  =  a^l  (20) 

with  /  the  identity  matrix. 

To  compute  the  reference  correlation  vector  5  in  (3). 
we  must  specify  the  reference  signal  f(i).  In  practical 
applications,  the  reference  signal  is  derived  from  the 
array  output  [S-7].  To  make  the  array  perform  properly, 
it  must  be  a  signal  correlated  with  the  desired  signal  and 
uncorrelated  with  the  interference.  Here  we  assume  the 
reference  signal  to  be  a  replica  of  the  desired  signal, 

r(r)  = (21) 

where  Ar  is  its  amplitude.  Equation  (3)  then  yields 

S  =  A,A^Uy  (22) 


=  input  interference-to-noise  ratio  (INR)  per  clement 

(28) 

arid  where 

r'  =  ko^t  -  normalized  time.  (29) 

Also,  note  that  the  constant  ^  on  the  right  in  (27)  will 
just  appear  as  a  scale  factor  in  the  solution  for  W(t').  It 
has  no  effect  on  the  array  output  SINK  to  be  discussed 

below.  Hence  we  arbitrarily  set  =  1  to  eliminate  it. 

Eq.  (27)  is  then 


When  (16)  and  (22)  are  substituted  into  (1),  one  finds 
that  the  weights  satisfy  a  system  of  differential  equations 
with  a  constant  vector  5  on  the  right  but  with  time- 
varying  coefficients  due  to  <l>, .  This  equation  may  be 
solved  for  the  weights  as  follows. 

First,  we  write  the  interference  covariance  matrix  in  a 
more  compact  form.  We  define  the  J  vectors, 

Vo  =  [1.0.0 . o.or 

V,  =  [0.  0 . 0.  0)T 

Vj  =  [0.  0.  . 0.  OJT 

V*  =  10.0.0 . 0.  (23) 


+  (<*»2  +  i  i  e^W''‘v*Vj]W(r') 

=  (30) 

Next,  so  that  we  may  solve  (30),  we  make  the 
assumption  that  the  phase  modulation  >,(/)  is  a  periodic 
function  of  time.  If  y,!/)  is  periodic,  the  functions 
txp{ iXp^U'))  are  also  periodic,  so  each  of  them  may  be 
expanded  in  a  Fourier  series.  To  simplify  later  notation, 
we  also  include  the  constant  in  this  expansion.  Thus, 
we  write 

f  (31) 

/■  -* 


Note  that  these  J  vectors  form  an  orthonormal  set. 

V/Vf  =  8,*,  O^j.k^K.  (24) 

In  tdrms  of  these  vectors,  <t>,  in  (18)  may  be  written 

/(  K 

=  A:  'Z  Z  (25) 

pmQ  y  «  0 

so  ( 1 )  becomes 
dW  * 

—  +  k[Alu;ul  +  A?  2  Z  f'*'”'''v;vj 

ut  pmQ  qmO 

a^l]W  =  kA^A^VS .  (26) 

Next,  we  normalize  (26).  Dividing  by  ka^  gives 

+  14>2  +  i  Z  Z  e^*"'''’V*v;iW(r') 

at  pmO  qmO 

«  -  V^US  (27) 
tr 

where 
♦,  =  /  + 


where  is  the  /th  Fourier  coefficient  of  i  exp(jXf,^(t')) 
and  is  the  normalized  fundamental  frequency  of 
•y.W),  i.e.. 


(32) 


where  is  the  fundamental  frequency  of  *y,(r).  Note  that 
if  p  =  ^,  then  Xp,(f’)  =  0.  so  the  series  in  (31)  conuins 
only  a  zero  frequency  term,  i.e., 

fipp  -  (33) 

Also,  it  is  easily  shown  that 

flW  “ 

and 

flip*  flpq^  (35) 

where  T]  =  ka^f,,  with  T,  given  in  (12). 

In  addition  to  assuming  y,(t)  periodic,  we  also  assume 
that  the  bandwidth  of  the  interference  is  finite,  i.e.,  that 
(31)  contains  only  a  finite  number  of  nonzero  terms. 
Specifically,  suppose  the  coefficients  in  (31)  are  zero  for 
|/|  >  L,  where  L  is  some  integer.  Then 

i  .  2  fipqe^"^''.  (36) 

/-  -L 


=  input  signal-to-noise  ratio  (SNR)  per  element 


Since  (30)  is  a  linear  differential  equation  with 
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periodic  coefficients,  the  solution  for  W(/')  is  a  periodic 
function  of  time  after  any  initial  transients  have  died  out 
1 8).  In  this  paper,  we  do  not  consider  the  initial 
transients,  but  only  the  periodic  steady-state  solution. 

Once  initial  transients  arc  over,  IV(r')  can  be  written  as  a 
Fourier  series, 

ac 

mi')  =  2  (37) 

where  C„  is  a  vector  Fourier  coefficient.  Substituting  this 
series  into  (30)  and  enforcing  the  resulting  equation  for 
each  frequency  component  separately  gives 

L  K  K 
fm  -  L  p^O  q  =  0 

—  —  *  <  n  <  (38) 

Equation  (38)  is  an  infinite  system  of  vector  equations, 
one  for  each  n.  To  solve  for  the  C„,  we  assume  there  is 
some  integer  N  such  that  the  Fourier  coefficients  C„  are 
negligible  for  |n|  >  N,  i.e.,  we  assume  W(t')  can  be 
adequately  approximated  by  a  finite  sum, 

N 

W(t')  =  X  (39) 

n  *  -  Ai' 

Such  an  approximation  will  hold  because  the  feedback 
loops  controlling  the  array  weights  in  IV(/')  are  lowpass 
filter  loops  that  cannot  respond  above  a  certain  speed. 

If  we  set  C„  =  0  for  (n(  >  A(,  then  (38)  yields  a 
finite  system  of  equations  for  the  remaining  C„.  Each 
vector  C„  has  J  scalar  components,  so  the  result  is  a 
system  of  (2N  +  \  )J  linear  equations  in  the  unknown 
scalar  components.  One  could  solve  for  W(r')  by  solving 
this  system  of  equations  numerically.  However,  solving 
(38)  is  greatly  simplified  if  we  first  express  each  C„  in 
terms  of  its  components  along  the  vectors  V*  in  (23). 
(Since  each  C„  has  J  components,  the  J  orthonormal 
vectors  V*  can  be  used  as  basis  vectors.)  We  write 

K 

=  X  (40) 

*=o 

where  the  are  scalar  coefficients.  The  coefficient  a,,* 
is  the  component  of  C„  along  the  unit  vector  Vf . 
Substituting  (40)  into  (38),  multiplying  the  result  on  the 
left  by  V]  (for  a  =  0,  K)  and  using  (24)  yields 

K  L  K 

Jn^m^na  S  Qak^^nk  S  S  f/aq^tn  - 

*  =  0  /■=-/.  <f  =  0 

=  0^a:<K  (41) 

where 

Qok  =  ■  (42) 

Because  we  assume  C„  =  0  for  |n|  >  A',  the  coefficients 
a,,  in  (41)  are  nonzero  only  for  |n|  s  N.  The  variable 
Qai  is  readily  found  from  (23)  and  (28), 

Qok  =  ^k  +  (43) 


Also,  from  (7)  and  (23),  one  finds 

VlU^  =  OsosA.  (44) 

Equation  (41),  when  wrinen  out,  yields  a  finite  system  of 
equations  of  the  form, 

MA  =  B  (45) 

where  A  is  a  vector  containing  the  unknown  coefficients 

Onl. 

^  ~  IQ/V0*Om . 1)1  • 

t*)\-i)X . “(-V)i . (46) 

B  is  a  vector  obtained  from  the  right  side  of  (41),  and  M 
is  the  matrix  of  coefficients  obtained  from  the  left  side  of 
(41).  The  results  presented  below  have  been  obtained  by 
solving  (45)  numerically. 

For  this  method  to  yield  accurate  results,  N  must  be 
chosen  large  enough  that  at  least  2LJ  of  the  a„i  are 
essentially  zero  on  each  end  of  the  vector  A  in  (46).  If 
this  vector  has  2LJ  zeros  on  each  end,  the  solution 
obtained  from  (41)  will  yield  the  same  result  as  the 
solution  of  the  infinite  system  in  (38).  In  practice,  a 
suitable  value  of  N  may  be  determined  by  increasing  N 
until  the  additional  obtained  remain  negligible  and 
Until  the  in  the  middle  of  vector  A  are  unaffected  by 
further  increases  in  N.  Experience  shows  how  large  N 
must  be  in  specific  cases.  Once  the  a„t  have  been  found, 
the  C„  may  be  found  from  (40)  and  H'(/')  from  (39). 

Time-varying  weights  have  two  effects  on  array 
performance.  They  cause  the  array  to  modulate  the 
desired  signal,  and  they  cause  the  array  output  SINR  to 
vary  with  time.  These  effects  are  calculated  as  follows. 

Given  a  time-varying  weight  vector  W(t').  the  desired 
signal  component  of  the  array  output  is 

irf(t')  =  (47) 


where  u>o  =  Wo/ita^.  The  modulation  on  s^d)  is 
contained  in  the  term  AjW'^{t')Ud,  which  may  be  written 

AjW^U')Uj  =  (48) 

Then  ajW)  =  A^im^U' )Ua\  is  the  envelope  modulation 
and  T)^(f')  =  (W^(t')(y,^  is  the  phase  modulation.  We 
define  aj„U')  to  be  the  envelope  normalized  to  its  value 
in  the  absence  of  interference. 


aj^W) 


fld(t') 

AAwiu,\ 


(49) 


where  W„  is  the  steady-state  weight  vector  that  would 
occur  without  interference. 

Wo  =  (<trf  +  «!)„)- '5  -•  (50) 

(4>rf.  4>„,  and  S  are  given  in  (17),  (20).  and  (22).)  We 
present  our  results  below  in  terms  of  rather  than 

aj(i'),  because  it  is  easy  to  see  the  effect  of  the 
interference  by  comparing  OjJt')  with  unity. 

The  output  signal  powers  may  also  be  computed  from 
W(/').  The  output  desired  signal  power  is 
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Pjii')  =  Ul|irf(/')P]  =  (51) 

The  output  interference  power  is 

P,(r’)  =  iA?lWT(/')l/,(f’)|2  (52) 

where  U,(t‘)  is  the  vector  of  phasors  in  (II)  but  written 
in  terms  of  normalized  time  i'  =  kts^t.  The  output 
thermal  noise  power  is 


Because 

y_,0')  *  (-l)'y/(p') 

we  also  have  from  (34), 

//lO  “  /(*-/;01  “ 

To  truncate  the  series  in  (60),  we  use  the  fact  that 
J/(z)  *  0  for  1/|  >  r  +  1. 


(62) 

(63) 

(64) 


•*  • 

(53) 

From  these  quantities,  the  output  interference-to-noise 
ratio 


output  INR  = 


P.it') 

P.(f') 


and  the  output  SINR 


SINR  = 


^ I 

P,(/')  +  P„U') 


(54) 


(55) 


may  be  computed  as  functions  of  r'. 

in  the  next  section,  we  apply  these  equations  to  a  2- 
element  array  receiving  interference  with  sinusoidal  phase 
modulation. 


III.  A  2-ELEMENT  ARRAY 

Consider  an  array  with  two  elements,  soJ-2  and 
/(  =  1 .  Let  the  interference  have  sinusoidal  phase 
modulation. 

7,(/')  =  P  sin(u);;,i')  (56) 

where  p  is  the  maximum  phase  deviation  (or  modulation 
index)  and  is  the  normalized  modulation  frequency. 
From  (19)  and  standard  trigonometric  identities,  one  finds 
that 


Thus,  we  approximate 


I- -L 


(65) 


with 

Z.  =  {P'-i- 1}  =  {2psin^!^ -(■  1}  (66) 

where  {r}  denotes  the  smallest  integer  greater  than  or 
equal  to  r. 

With  these  assumptions,  we  have  solved  (41) 
numerically  for  the  a,i  and  then  computed  the  C,  and 
W{t‘)  from  (40)  and  (39).  From  IV(r'),  we  have 
calculated  the  envelope  and  phase  modulation  on  the 
output  desired  signal  from  (48)  and  (49)  and  the  output 
INR  and  SINR  from  (54)  and  (55). 

We  present  our  results  as  follows.  In  subsection  A 
below we  show  typical  curves  of  desired  signal 
modulation  and  output  INR  and  SINR  as  functions  of 
time.  In  subsections  B-E,  we  describe  the  effect  of  each 
interference  signal  parameter  on  the  desired  signal 
modulation.  In  subsection  F,  we  assume  the  array  is  used 
in  a  DPSK  communication  system  [  10]  and  show  how  the 
bit  error  probability  is  affected  by  the  phase  modulated 
interference. 

A.  Typical  Waveforms 


r  /  r\ 

^  "T’y  ■  t)  -  Ij 

(57) 

Fig.  2  shows  curves  of  the  normalized  envelope 
modulation  aj„(r')  for  the  specific  case  where  Dj  = 

where 

m 

p  =  2p  sin  1 -J-  j 

(58) 

d 

f 

1 

I 

1 

1 

« 

1 

1 

1 

_ l_ 

(and  r;  =  ka'T,).  Using  the  Fourier  scries  expansion  [91 

o 

1^ 

7C 

Mn  p  =  2 

/-  -X 

(59) 

where  y,(z)  is  the  Bessel  function  of  the  first  kind  of 

8 

. . 

order  /.  we  find 

(60) 

p> 

%* 

a  •  10* 

where 

b  aim  dobs  ddoVs  6.610 

TIMC 

*  -) 

/,0,  =  U,(p')e 

(61) 

Fi|.  2.  «*(»')  versus  time.  6.,  “  30“.  6,  «  4S°.  t,,  =  10  dB. 
t.  -  30dB./:  -  10>./;  -  10*. 
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I 

e,  =  45°,  =  10  dB.  4,  =  30  dB,/:  =  ^  =  10^ 

2-n 

=  ^  =  io»  and  for  p  =  10^.  10'.  10\  and  10', 

2ir 

These  parameter  values  have  been  chosen  to  illustrate  that 
the  envelope  modulation  on  the  desired  signal  can  be 
substantial,  especially  for  larger  values  of  p.  (The  reason 
that  a^„(i')  <  1  even  for  small  p,  when  there  is  little 
envelope  modulation,  is  that  a  2-element  array  has 
insufficient  resolution  to  separate  interference  at  0,  =  45° 
from  the  desired  signal  at  =  30°.  The  desired  signal  is 
on  the  edge  of  the  interference  null  and  suffers  the 
attenuation  seen  in  a^„(t').) 

It  turns  out  that  for  this  2-element  array,  phase 
modulated  interference  does  not  cause  phase  modulation 
on  the  desired  signal.  This  result  was  discovered  by 
calculating  Ti</(r')  for  numerous  values  of  0^,  4a.  6,.  4.. 

3,  and One  finds  that  ria(f')  does  not  change  with 
time  regardless  of  the  signal  parameters.  The  reason  for 
this  behavior  is  as  follows.  Both  the  amplitudes  of  the 
two  weights  are  equal  at  each  instant  of  time.  The  phase 
angle  of  each  weight  contains  a  term  constant  with  time, 
which  depends  on  the  interference  arrival  angle  (and  is 
different  on  each  element),  and  a  term  that  varies 
sinusoidally  with  time.  The  sinusoidally  varying  term  has 
the  same  amplitude  but  is  180°  out  of  phase  on  the  two 
elements.  When  a  desired  signal  is  passed  through  these 
weights,  the  phase  modulation  produced  on  Che  desired 
signal  by  one  weight  is  180°  out  of  phase  with  that 
produced  by  the  other  weight.  The  resulting  array  output 
signal  contains  only  envelope  modulation,  no  phase 
modulation. 

Figs.  3  and  4  show  typical  curves  of  the  output  INR 
and  SINR  as  functions  of  time,  over  one  period  and  for 
the  same  signal  parameters  as  in  Fig.  2.  The  figures  show 
that  as  3  increased,  the  average  output  INR  increases, 
the  SINR  decreases,  and  the  INR  and  SINR  variations 
with  time  are  more  pronounced.  The  reason  for  this 
behavior  is  that  at  low  3,  the  array  feedback  is  able  to 
track  the  incoming  phase  modulation.  But  as  3  increases. 


the  rate  of  change  of  the  interference  phase  becomes  too 
large  for  the  array  weights  to  follow. 

The  curves  above  were  intended  merely  to  illustrate 
typical  results.  In  general,  one  finds  that  the  array 
behavior  changes  substantially  as  the  signal  parameters 
4a.  ®i.  ii<  f  'm’  and  3  are  varied.  In  subsections  B-E, 
we  show  the  effect  of  each  of  these  parameters  on  the 
desired  signal  modulation.  Then,  in  subsection  F,  we 
show  how  bit  error  probability  is  affected  by  the  phase 
modulated  interference  when  the  array  is  used  with  a 
DPSK  communication  signal. 

To  characterize  the  desired  signal  modulation,  it  is 
helpful  to  define  the  following  quantities.  First,  let 
and  <!„,„  be  the  maximum  and  minimum  values  of 
during  the  modulation  period.  Then,  let 

...  _  ~  ^min 

m - -  (67) 

is  the  peak  value  of  the  envelope  during  the  period, 
and  m  is  the  envelope  variation  normalized  to  its  peak.  It 
may  be  thought  of  as  “fractional  modulation",  analogous 
to  percentage  modulation  in  AM.  In  subsections  B-E.  we 
describe  the  effect  of  each  signal  parameter  on  a^ax  and 
m. 

B.  The  Effect  of  Angle  of  Arrival 

Desired  signal  modulation  is  small  when  0,  is  far' from 
0,,.  When  0,  approaches  0^,  the  envelope  variation  m 
increases  and  the  peak  a^,  drops. 

Figs.  5  and  6  show  typical  curves  of  m  and  Oniax  as 
functions  of  0,  for  0,,  =  0°,  4^  =  10  dB,  4,  =  40  dB. 
f'„  =  10'.  and  /o  =  10*.  Four  curves  are  shown,  for 
3  =  2  X  10',  4  X  10',  8  X  10’,  and  10'.  It  is  seen 
how  m  increases  and  a^^^  drops  when  0,  approaches  6j . 
(When  0,  is  very  close  to  0,^,  m  drops  to  zero.  This 
peculiar  behavior  occurs  because  when  0,  =  Bj.  the 
desired  signal  is  nulled.  In  this  case  it  turns  out  that 
and  an„„  become  equal,  so  m  drops  to  zero.  However,  the 
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Fig.  5.  m  versus  9,.  9<  =  0°,  =  10  dB,  4,  =  40  dB,/i  =  10’, 

/i  =  lOV 

behavior  of  m  for  ft,  =  is  of  little  importance,  since 
the  desired  signal  is  nulled  anyway.) 

C.  The  Effect  of  Modulation  Index  and  Frequency 

The  envelope  peak  <2,^  is  largest  at  low  and  drops 
as increases.  The  variation  m  peaks  at  intermediate /^. 

Figs.  7  and  8  show  typical  results,  for  the  case  0^  = 
30».  e,  =  45“,  =  10  dB,  i  =  30  dB,/i  = 

10*  and  for  3  between  2  x  10^  and  10^.  At  high  /^, 
both  and  m  drop  off  because  the  array  has  a  limited 
speed  of  response  that  prevents  the  weights  from 
responding  to  the  modulation  when /!„  is  too  high.  At  low 
f'„,  m  is  also  small  because,  with  a  low  modulating 
frequency,  the  interelement  phase  shift  for  the 
interference  does  not  vary  with  lime.  To  see  this,  note 
that  only  the  interelement  phase  shift  affects  the  array 
weights.  (A  constant  carrier  phase  angle,  such  as  t{r,  in 
(10),  does  not  appear  in  the  interelement  phase  shift  and 
hence  has  no  effect  on  the  array  weights.)  In  order  for  the 
interelement  phase  shift  to  vary  with  time,  the 


F'g  1  O™,  versus/;  9<  -  30“,  9,  -  45*.  -  dB.  «  30  dB. 

fo  •  10* 


F'8  6.  On...  versus  9,.  9^  =  0".  =  10  dB,  t  =  40  dB,/;  =  10’, 

/i  =  10*. 

interference  phase  must  vary  rapidly  enough  to  change 
significantly  during  the  time  it  takes  for  the  interference 
to  propagate  across  the  array.  When  this  happens,  the 
result  is  a  time-varying  interelement  phase  shift.  (A  time- 
varying  interelement  phase  shift  is  electrically  equivalent 
to  a  time- varying  arrival  angle.)  The  feedback  then 
produces  time- varying  weights  in  response. 


D.  The  Effect  of  Interference-to-Noise  Ratio 

The  input  INR  has  only  a  small  effect  on  the  behavior 
of  a„,„,  but  greatly  affects  the  envelope  variation  m. 

Figs.  9  and  10  show  Om,,  and  m  versus  f’„  for  6^  = 
30',  e<  =  45',  e,  =  10  dB,  3  =  10", /i  =  10*  and  for 
values  of  4,,  the  input  INR,  between  20  and  45  dB.  As 
Fig.  9  shows,  is  relatively  unaffected  by  the  input 
INR.  However,  as  seen  in  Fig.  10,  the  peak  value  of  m 
increases  quickly  with  input  INR.  The  reason  is  that  the 
larger  the  INR,  the  higher  the  speed  of  response  of  the 
loops. 


Fig.  8.  m  versus/;.  9<  -  30*.  9,  «  45°,  =  10  dB,  t  *  30  dB. 

n  =  10* 
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F'i  9  a„.  versus /;.  8^  =  30°.  6,  =  45°,  t,  =  10  dB,  P  “  10*. 

fo  =  10*. 

E.  The  Effect  of  Desired  Signal-to-Noise  Ratio 

Desired  signal  modulation  is  greatest  for  low  SNR 
and  drops  as  the  input  SNR  increases. 

Figs.  11  and  12  show  typical  results.  Fig.  11  shows 
m  and  Fig.  12  shows  both  versus /'„  for  0,,  =  30°, 
e,  =  45°,  i  =  30  dB,/i  =  10*,  3  =  10\  and  for  four 
SNRs  (4js)  between  10  and  40  dB.  As  may  be  seen,  the 
peak  approaches  unity  and  the  variation  m  drops  as 
the  SNR  increases. 

F.  Bit  Error  Probability 

To  evaluate  the  effect  of  the  time- varying  SINR,  we 
assume  the  desired  signal  is  a  DPSK  communication 
signal  [10].  We  assume  that  the  bit  rate  of  the  desired 
signal  IS  much  higher  than  the  modulation  frequencies  in 
a^W)  and  that  the  reference  signal  rU)  is  a  replica  of  the 
desired  signal.  As  discussed  in  (2,  3],  under  these 
assumptions  we  may  obtain  an  effective  bit  error 
probability  P,  by  averaging  the  instantaneous  bit  error 
probability  P,{r')  over  one  period  of  the  interference 
modulation,  where 


Fig  1 1  m  versus /;  8^  =  30°,  8,  =  45°,  i,  =  30  dB,  P  =  10*. 
fo  -  10’ 


Fig  10.  m  versus/;.  8.,  =  30°.  8,  =  45°.  =  lOdB,  p  =  10*. 

fo  =  10’. 

P,(,’)  =  lp-SINR„  , 

Fig,  13  shows  typical  curves  of  P,  as  a  function  of f'„ 
for  =  30°.  e,  =  45°,  =  10  dB,  i,  =  30  dB,/o  = 

jO*  and  for  p  between  2  x  10^  and  10^.  Fig.  14  shows 
P,  versus  f'„  for  P  =  10^  and  for  several  values  of  input 
INR.  At  low  /^,  when  the  modulating  frequency  is  _ 
small,  Pf  does  not  depend  on  p.  The  same  value  of  P, 
would  be  obtained  if  a  CW  interference  signal  arrived 
with  the  same  INR.  In  the  frequency  range  10^  ^  f'^'S 
10^,  P,  is  affected  by  P  because  this  is  the  range  where 
the  desired  signal  modulation  and  the  SINR  are  affected 
by  p,  as  seen  above.  At  high  f'„,  the  array  weights  no 
longer  track  the  modulation,  and  P,  approaches  a  constant 
value. 


IV.  CONCLUSIONS 

We  have  calculated  the  periodic  steady-state  weights 
of  a  2-element  adaptive  array  receiving  interference  with 
sinusoidal  phase  modulation.  This  interference  causes  the 


Fig.  12.  a„„  venus  f„  6,  =  30°,  8,  =  45°.  =  30  dB,  p  =  10*. 

fi  -  10’ 
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Fig.  13  Bit  error  probability  versus /^.  =  30°,  6,  =  45°. 

i,  =  lOdB,  i  =  30dB./i  =  10* 

array  weights  to  vary  periodically  with  time  in  such  a 
way  that  the  desired  signal  is  envelope  modulated  but  not 
phase  modulated.  We  have  examined  the  effects  of  the 
signal  parameters  (arrival  angles,  powers,  modulation 
index,  and  modulation  frequency)  on  the  array 


Fig.  14.  Bit  error  probability  versus /i.  9^  =  30°,  9,  =  45°, 

L=  lOdB.  p  =  10°. /i  =  10*. 

performance.  We  find  that  the  desired  signal  envelope 
modulation  is  largest  when  the  interference  arrives  close 
to  the  desired  signal,  when  the  interference  modulation 
index  is  large,  when  the  interference  power  is  high,  and 
when  the  desired  signal  power  is  low. 
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Protection  of  a  Narrow-Band  BPSK 
Communication  System  with  an 
Adaptive  Array 

MATTHEW  W  GANZ.  member,  ieee.  and  R  T.  COMPTON.  JR.,  fellow,  ieee 


Abstract — This  piper  describes  the  performince  of  in  idiplive  irray 
when  used  with  nirrow-bind  BPSk  communiciiion  signils.  A  previous 
piper  (111  described  the  performince  of  in  idiptive  irny  with  i 
stindird  BPSK  signal  when  the  amv  bandwidth  is  several  limes  the 
signal  bandwidth.  These  earlier  results  are  extended  to  the  case  where  the 
array  bandwidth  is  as  small  as  possible,  e<|ual  to  the  desired  signal  symbol 
rale.  To  realize  such  a  bandwidth  reduction,  it  is  necessary  to  reshape  the 
BPSK  signaling  waveform  before  transmission  to  prevent  intersymbol 
interference.  This  is  done  hy  passing  the  BPSK  signal  through  a  pulse¬ 
shaping  filter  at  the  transmitter.  The  performance  of  the  optimal  detector 
for  the  narrow-band  BPSK  signal  is  determined  when  this  detector 
operates  behind  an  adaptive  array  that  is  subjected  to  CW  interference. 
The  bit  error  probability  is  obtained  as  a  function  of  the  desired  signal 
and  interference  powers  and  arrival  angles  as  well  as  the  array  bandwidth. 


I.  Introduction 

Adaptive  array  aatennas  can  be  used  to  protect 
communication  systems  from  interference.  The  array 
suppresses  interference  by  steering  antenna  pattern  nulls  in  the 
direction  of  the  interfering  signal(s).  The  LMS  array,  due  to 
Widrow^/a/.  {II.  is  most  often  suggested  for  communications 
applications. 

The  LMS  array  steers  a  pattern  beam  in  the  direction  of  a 
signal  correlated  with  a  locally  generated  reference  signal  and 
steers  nulls  in  the  directions  of  signals  uncorrelated  with  this 
reference  signal.  Methods  of  generating  a  suitable  reference 
signal  for  the  LMS  array  have  been  developed  for  several 
types  of  desired  signal  modulation,  such  as  binary  phase-shift 
keying  (BPSK)  (2],  quadrature  phase-shift  keying  (QPSK)  (3], 
conventional  amplitude  modulation  (AM)  (4J,  and  frequency- 
shift  keying  (FSK)  [5],  [6]. 

Early  adaptive  array  studies  used  the  signal-to-interference- 
plus-noise  ratio  (SINK)  at  the  array  output  as  the  measure  of 
system  performance  [7]-[9].  However,  the  bit  error  probabil¬ 
ity  at  the  receiver  output  P(e)  cannot  be  determined  from 
SINR  alone  [10].  Recently,  the  authors  have  examined  the 
performance  of  communications  systems  with  adaptive  arrays 
using  P(e)  as  the  figure  of  ment  [11]-I13).  These  studies 
considered  the  performance  of  adaptive  arrays  with  continuous 
wave  (CW)  interference  when  the  array  bandwidth  is  several 
times  the  symbol  rate  of  the  desired  signal.  These  studies 
showed  that  the  array  performance  inproves  as  the  array  input 
bandwidth  is  reduced.  However,  the  signal  and  detector 


models  used  in  these  studies  were  only  appropnate  when  the 
array  bandwidth  is  several  times  the  desired  signal  symbol 
rate. 

In  this  paper,  we  examine  the  pierformance  of  an  adaptive 
array  with  BPSK  signals  when  the  array  bandwidth  is  as  small 
as  the  desired  signal  symbol  rate.  In  order  to  operate  a  system 
in  this  manner,  it  is  necessary  to  filter  the  standard  BPSK 
signal  prior  to  transmission  so  that  the  signal  bandwidth  (in 
Hz)  equals  the  transmitted  symbol  rate.  This  narrow-band 
BPSK  signal  allows  the  array  bandwidth  to  be  set  equal  to  the 
signal  bandwidth  without  introducing  intersymbol  interference 
(ISI)  The  narrow-band  BPSK  signal  has  the  propeny  that  it 
allows  the  same  P(e)  as  conventional  BPSK  with  white 
Gaussian  noise.  We  calculate  the  performance  of  the  adaptive 
array  with  such  a  signal  when  both  white  Gaussian  noise  and 
CW  interference  are  present.  We  calculate  P(e)  for  the 
combined  array  and  BPSK  detector  as  a  function  of  the  desired 
signal  and  interference  powers,  the  signal  arrival  angles,  and 
the  array  input  bandwidth. 

Section  II  describes  the  narrow-band  BPSK  modulation 
technique  and  calculates  P(e)  when  the  BPSK  signal  is 
corrupted  by  CW  interference.  Section  III  presents  a  descrip¬ 
tion  of  the  LMS  array  and  its  operation.  Section  IV  describes 
the  performance  of  the  combined  LMS  array  and  the  BPSK 
detector.  Finally.  Section  V  contains  the  conclusions. 


II.  The  Narrow-Band  BPSK  Communication  System 


In  this  section,  we  describe  a  narrow-band  BPSK  communi¬ 
cation  system.  We  calculate  P(e)  for  this  system  when  the 
received  signal  is  corrupted  by  additive  white  Gaussian  noise 
and  CW  interference.  Fig.  1  shows  a  block  diagram  of  the 
communication  system.  The  baseband  nonreturn  to  zero 
(NRZ)  signal  is  filtered  prior  to  carrier  modulation  and 
transmission  to  limit  the  bandwidth  of  the  BPSK  signal.  We 
choose  a  pulse-shaping  transmit  filter  with  transfer  function 
given  Lj 
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where  sine  (x)  denotes  sin  (x)/x  and  T  is  the  bit  duration. 

The  power  spectral  density  (PSD)  of  the  NRZ  baseband 
signal  at  the  filter  input  is  proportional  to  sine'  (<ii7'/2)  [14]. 
Therefore,  the  PSD  of  the  signal  at  the  filter  output  is  a 
constant  for  |wl  <  x/T  and  zero  outside  this  region.  Since 
the  signal  at  the  filter  output  satisfies  the  Nyquist  pulse  shaping 
criterion,  the  system  is  free  from  ISI  [15].  The  filtered 
baseband  signal  modulates  a  carrier  signal  cos  The 

channel  attenuates  the  signal  and  adds  white  Gaussian  noise 
and  (possibly)  CW  interference. 
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Fig  I  The  narrow -band  BFSK  conununicAUon  tystem 


The  signal  at  the  receiver  is  given  by 


where  F  -  [(me  -  u,)t  +  —  ^<1-  Since  V-eRnd  are  each 

uniformly  distributed  on  [0,  2t],  F  is  also  uniformly  distrib¬ 
uted  on  this  same  interval  [17].  Each  thermal  noise  sample  at 
the  output  of  the  receive  filter  is  an  independent  zero-mean 
Gaussian  random  variable  with  variance  i\/AT.  We  denote  the 
noise  sample  at  the  /rth  bit  by  Z„(k). 

We  assume  that  “0”  and  “1”  bits  are  equally  likely.  The 
probability  of  error,  given  the  random  variable  F,  is  given  by 

/»(fir)  =  l  D-t-^  P(e|“l,”  F).  (7) 


Z(f)  =  rf(0  +  /(0  +  n(f)  (2) 

where 

/  K(t  -  kT)  \ 

Adbi,  sine  ^ - - - j  cos  -t- \Pd)  (3) 

where  is  the  desired  signal  amplitude,  bi,  is  equal  to  -i-  1  or 
-  1  depending  on  the  kth  transmitted  bit,  and  4>d  a  random 
variable  uniformly  distributed  on  [0,  2ir].  The  received 
interference  signal  i(t)  is  given  by 

/(f)  =  yl,cos  (4) 

where  A,  is  the  interference  amplitude,  m,  is  the  interference 
frequency,  and  is  a  random  vanable  uniformly  distributed 
on  [0.  2ir]  that  is  independent  of  n(t)  is  a  white  Gaussian 
noise  signal  with  two-sided  PSD  ij/2. 

As  previously  noted,  the  rectangular  shape  of  the  desired 
signal  spectrum  satisfies  the  Nyquist  pulse  shaping  criterion. 
We  therefore  can  minimize  P(e)  with  white  Gaussian  noise 
and  no  other  interference  by  filtering  the  baseband  transmitted 
and  received  signals  with  appropriate  filters  [15).  In  the 
present  case,  the  appropriate  filter  at  both  the  transmitter  and 
the  receiver  is  the  ideal  low-pass  filter  (LPF)  with  a  cutoff 
frequency  of  1/27  Hz.  A  separate  transmit  ideal  LPF  is  not 
required  since  the  PSD  at  the  output  of  the  transmit  pulse¬ 
shaping  filter  IS  already  rectangular. 

At  the  receiver,  the  signal  is  multiplied  by  cos  -t-  i^dt- 
This  multiplication  coherently  heterodynes  the  desired  signal 
down  to  baseband  The  baseband  signal  is  passed  through  the 
ideal  low-pass  filter  LPF  with  bandwidth  1/27  Hz  which 
limits  the  thermal  noise  without  distorting  the  desired  signal. 
Although  both  the  transmit  and  receive  filters  assumed  in  the 
model  described  above  are  not  realizable,  they  lead  to  a 
straightforward  mathematical  formulation  of  the  problem. 
Physically  realizable  filters  which  achieve  nearly  optimal 
jjerformance  with  nearly  minimal  bandwidth  have  been  built 
[14],  [16] 

In  the  absence  of  thermal  noise  or  interference,  a  single 
rectangular  baseband  pulse  of  width  7  centered  about  time 
1  =  0,  when  applied  to  the  transmit  filter  input,  produces  a 
corresponding  pulse  at  the  receiver  output  which  is  of  the  form 

Zj  =  y  sine  j  .  (5) 

The  receiver  samples  the  receive  filler  output  at  /  «=  kT  and 
decides  whether  the  kth  bit  was  a  ‘‘O"  or  a  “1”  based  upon 
the  sign  of  this  sample  Since  sine  (rl/T)  =  0  for  f  =  kT 
(and  At  ^  0)  we  see  that  the  0th  bit  produces  no  ISl  for  any 
preceding  or  following  bits. 

We  now  determine  the  signals  that  appear  at  the  receive 
filter  output  when  interference  and  noise  are  added  in  the 
channel.  Since  the  detector  processing  is  linear,  the  desired 
signal  is  still  given  by  (5).  The  interference  signal  at  the 
receive  filter  output  is  given  by 

Z,  =  yCOs(r)  (6) 


Therefore,  the  probability  of  error  is  given  by 

If  Ad  A,  I 

P(e]r)  =  -P  Z„(A-)<-y-(-yCOS(r)l 

If  Ad  A,  I 
+  -P  Z„(A:)>y  +  ycos(r)  .  (8) 

Since  Z„{k)  is  a  zero-mean  Gaussian  random  variable,  the 
probabilities  in  (8)  are  easily  evaluated.  The  resulting  expres¬ 
sion  for  the  probability  of  error,  given  F,  is 


P(elF)  =  -  erfc 


cos  (F) 


-  erfe 

2 


where  erfc  (or)  is  the  complementary  error  function  defined  by 

1  ,  ' 

erfc(jr)  =  ^  e-'-'dz.  (10) 

V2ir 

We  average  this  expression  for  PfelF)  over  the  uniformly 
distributed  random  variable  F  to  determine  P(e) 


P(e)  =  -^  f  erfc  (Ad  l^+A,  i 

2ir''o  \  “^Tj 


cos  (F)  dr.  (11) 


Note  that  when  we  integrate  (9)  to  obtain  (11).  the  contribu¬ 
tions  of  the  error  functions  are  equal  (and  are  therefore 
combined)  since  we  are  integrating  over  a  whole  cycle  of  F. 

We  define  Ed  as  the  received  energy  per  bit  of  the  desired 
signal  and  E,  as  the  received  energy  in  the  interference  per  bit 
interval.  Since  Ed  ■=  >1  j7/2  and  E,  =  A^T/2  we  can  rewrite 
(11)  as 


1 

P(e)  =  —  erfc 
2ir  Jo 


cos  (F)  dT.  (12) 


We  note  that  if  E,  =  0,  then  (12)  becomes  P{e)  =  erfc 
(>/2£rf/t7),  the  well-known  result  for  standard  BPSK  signaling 
in  white  noise.  Therefore,  in  the  absence  of  CW  interference, 
the  narrow-band  BPSK  system  achieves  the  same  performance 
as  standard  BPSK. 

Fig.  2  shows  how  P(e)  varies  as  a  function  of  E/tj,  the 
interference-to-noise  ratio  (INR),  for  several  values  of  Ed/v- 
and  the  signal-to-noise  ratio  (SNR).  From  this  figure,  we  see 
that  the  system  performance  degrades  monoionically  as  the 
INR  increases.  When  the  interference  power  at  the  receiver 
input  exceeds  the  desired  signal  power  the  bit  error  probability 
rapidly  approaches  1/2.  In  the  next  section,  we  examine  how 
the  addition  of  the  adaptive  array  affects  the  performance  of 
this  system. 
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(U,  «  Ulrf). 


III.  The  LMS  Array 

In  this  section,  we  calculate  the  performance  of  the  narrow¬ 
band  BPSK  communication  system  when  we  add  an  LMS 
adaptive  array  at  the  receiving  end  of  the  channel.  We  use 
analytic  signal  notation  for  each  of  the  signals  in  the  array 
(18].  Fig.  3  shows  a  three-element  LMS  array.  The  signals 
that  arrive  at  the  array  elements  are  filtered  by  ideal  bandpass 
filters  (BPF's)  which  limit  the  thermal  noise  at  the  array  input 
and  reject  out-of-band  interference.  The  bandwidth  of  these 
filters  must  be  a  least  1/7*  so  that  the  desired  signal  is  passed 
without  distortion.  We  shall  find  that  the  system  performance 
is  closely  related  to  this  bandwidth  and.  in  the  next  section,  we 
calculate  this  performance  for  several  array  input  bandwidths. 

The  signals  at  the  outputs  of  the  BPF's.  which  we  denote  by 
X2(t),  and  are  each  multiplied  by  a  complex  weight 


(ARRAY  OOTPUTI  T  (I) 

(REFERENCE 
signal  ) 


Fig.  3.  The  LMS  array. 


conjugate,  and  5  denotes  the  reference  correlation  vector 
given  by 

5  =  £[A'*f(f)l.  (16) 

We  assume  that  the  three  antenna  elements  are  linearly 
arranged  and  one  half  wavelength  apart.  We  assume  that  the 
desired  signal  arrives  from  an  angle  da  and  that  a  single  CW 
interfering  signal  arrives  from  an  angle  O,.  Both  0^  and  6,  are 
measured  from  the  broadside  direction. 

At  the  output  of  each  BPF,  the  thermal  noise  is  a  zero-mean 
Gaussian  random  process  with  variance 

=  (17) 

where  B  is  the  BPF  bandwidth  in  Hz.  The  noise  signals  at  the 
BPF  outputs  are  assumed  tc  be  mutually  statistically  indepen¬ 
dent. 

It  is  straightforward  to  show  that,  for  the  signal  models 
described  above,  the  covariance  matrix  is  given  by 


/Rj(0)  +  Rm  +  a^ 

Rji-2Ta)  +  R;i-2Ti)\ 

*=  Rd(T,)-¥R^Ti) 

Rj{0)  +  R;i0)  + 

R3{-T,)  +  R!i-T,) 

(18) 

\Rj(2T,)  +  Rr{2Ti) 

Rj(T^)  +  R{{Ti) 

R3(0)  +  R^0)-i-a^  / 

and  the  weighted  signals  are  summed  to  produce  the  array 
output  signal  s{t).  This  output  signal  is  given  by 

iit)=W^X  (13) 

where  IV  is  the  weight  vector,  IV  ■  In'),  Wj,  X  is  the 
input  signal  vector,  X  =  (^i(/),  -^jCO]  Rntl  T  denotes 
the  transpose. 

The  array  output  is  subtracted  from  a  locally  generated 
reference  signal  ^1)  to  produce  the  error  sign^  HO-  The 
steady-state  LMS  weights  minimize  the  mean-square  value  of 
this  error  signal.  In  steady  state,  the  LMS  weight  vector  is 
given  by  [18] 

(14) 

where  4  is  the  covariance  matrix, 

*=E[X*X^]  (15) 

where  £(•]  denotes  the  expected  value,  *  denotes  the  complex 


where  R^{t)  and  /?,(r)  are  the  autocorrelation  functions  for  the 
desired  and  interfering  signals,  respectively,  and  Ti^  and  T,  are 
the  interelement  propagation  delays  for  these  signals.  The 
desired  signal  and  interference  autocorrelation  functions  are 
given  by 

=  /I *  sine  ^  exp  (yurfr)  (19) 

/?KT)=/l?e>“.L  (20) 

We  assume  that  the  reference  signal  is  perfectly  correlated 
with  the  desired  signal  as  seen  at  the  input  to  element  1. 
.Therefore,  from  (16),  the  reference  correlation  vector  is  given 
by 

/  /?rf(0)  \ 

RATd)  (21) 

\WT,)J 
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where  ^  is  a  constant  that  is  deieiiiiined  fiom  ttie  uinplitucJes  of 
the  desired  and  reference  signals. 

Now  that  we  have  determined  ♦  and  i',  we  determine  the 
array  weights  using  (14)  and  the  array  output  signals  at  the 
array  output  using  (1.31  The  array  output  signal  consists  of  the 
desired  signal,  a  thermal  noise  signal,  and  the  residual 
interference  that  the  array  was  unable  to  null  These  signals 
are  applied  to  the  narrow-band  BPSK  receiver  described  in 
Section  II  and  P{e)  is  calculated  using  (12) 

We  assume  that  the  inierelemeni  time  delay  for  tne  desired 
signal  is  much  shorter  than  the  bit  interval  (i.e.,  that  7^  <  T). 
With  this  assumption,  we  neglcci  any  distonior  in  the  desired 
signal  modulation  that  occurs  due  to  the  summing  of  the  lime 
delayed  version.s  of  the  desired  signal  in  the  array  processing. 

IV.  RtsL'LTS 

In  this  seciion.  we  present  the  results  of  pertorriiance 
calculations  for  the  narrow  band  BPSK  communication  system 
with  the  LMS  adaptive  array  e  consider  the  effects  of  the 
desired  signal  power  level  the  CW  interfering  signal  power 
level,  the  signal  armal  angles,  and  the  array  bandwidth 

In  each  of  the  cases  that  we  examine  in  this  paper,  we 
assume  that  the  desired  signal  relative  bandwidth  Ba  is  equal  to 
0  1  (where  fij  =  7t[B  wa)  It  is  shown  in  [ISj  that  the  signal 
power  levels  at  the  array  output  are  essentially  independent  of 
B^  for  most  signal  scenarios  for  values  of  B^  less  than 
approximately  I '2 

First,  for  later  comparison,  we  show  the  system  perform¬ 
ance  when  the  array  bandwidth  is  large.  The  results  for  this 
case  are  identical  to  those  presented  in  ( 1  1  ]  for  the  LMS  array 
with  conventional  BPSK  signaling  and  interference.  Fig. 
4  shows  the  performance  of  the  system  when  the  interfering 
signal  arrives  from  an  angle  80”  from  broadside.  The  array 
bandw  idih  for  the  cases  shown  in  this  figure  is  20  times  the 
data  bandw  idth  or  20  T  \\  hen  we  compare  Figs  4  and  2.  W'e 
sec  that  the  array  doc.s  improve  the  system  performance.  ' 

Fig  5  shows  the  performance  when  the  interference  arrival 
angle  is  reduced  to  10”  w  ith  the  array  bandw  idth  still  equal  to 
20  r.  For  this  case  the  inieiference  lies  in  the  main  beam  of 
the  quiescent  array  pattern  (i.e  ,  the  array  pattern  with  no 
interference) 

The  most  prominent  features  of  the  curves  shown  in  Figs  4 
and  5  are  humps  in  the  P(e)  versus  INR  curves  At  low  INR 
values,  the  thermal  noise  is  stronger  than  the  interference  at 
the  array  inputs  As  the  INR  increases  the  interference  pow-er 
at  the  array  output  and  P{e)  both  increase  As  the  INR 
increases  to  approximately  10  dB.  the  array  begins  to  null  the 
interference  It  is  at  this  poini  that  the  interference  and  noise 
powers  at  the  array  input  are  equal.  As  the  INR  increases 
further,  the  null  becomes  deeper  and  tfie  interference  power  at 
the  array  output  begins  to  dimmish  At  very  high  INR  values, 
the  null  is  very  deep  and  the  interference  power  at  the  array 
output  IS  negligible 

Since  the  resolution  properties  of  the  three  element  array 
are  limited,  it  is  more  difficult  for  the  array  to  null  the 
interference  while  maintaining  a  good  response  m  the  desired 
signal  direction  when  6^  and  6,  are  close  Therefore,  we  see 
better  performance  in  Fig  4  than  in  Fig  .*> 

Fig  6  shows  the  performance  of  the  system  when  the  array 
input  bandwidth  is  reduced  to  1/7  All  other  parameters  are 
unchanged  from  the  cases  shown  in  Fig  5.  From  .his  figure, 
we  see  that  there  are  no  humps  in  the  P(e)  versus  INR  curves 
for  this  narrow  array  bandwidth  Therefore  we  might  at  first 
be  tempted  to  conclude  that  the  system  performance  is  best 

'  Wc  should  note  that  even  wnh  no  inierferente.  the  SUf:  at  mi  output  ol 
the  ihree-elenKnt  arra)  is  4  77  dB  greater  ihan  the  SNR  ai  eath  element  input 
due  In  the  a.  ray  gain  This  4  77  dB  SNR  improvenieni  would  also  be  seen  if  a 
three  element  fixed  li  e  .  nonadapiivci  arrai  were  used  and  the  de.s)rcd  .signal 
were  located  at  a  pattern  rtuximutn 


Fig  4  Performance  of  narrow -band  BPSK  communication  system  with 
three-element  adaptive  arras  and  CW  interference  (B  =  20/7,  (u-v  -  «,! 
<  ZOr/T.e,  =  8Q'I. 


Fig  5  Performance  of  narrow-band  BPSK  communicalion  system  with 
three-element  adaptive  array  and  CW  interference  (B  =  20/7,  -  u,| 

<  20»/7.  e  =  10”). 


when  the  array  bandwidth  is  as  small  as  possible  (i.e  .  iS  =  1/ 
T).  However,  when  we  carefully  compare  Figs.  5  and  6,  we 
see  that  P(e)  is  higher  for  the  narrow-band  system  than  it  is  for 
the  wideband  system  at  the  left-hand  side  of  the  curves.  Thus, 
we  make  the  unexpected  observation  that,  for  low  INR  values. 
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r/T.  e,  «  I0‘). 


Fig.  7.  Performance  of  ihree-etemem  array  for  two  array  bandwidths 
(tu<  -  (.1,1  <  w/T,  e,  -  lO*.  £yi»  -  12  dB). 


the  system  performance  improves  when  the  noise  power  at  the 
array  input  increases. 

For  easy  comparison,  curves  showing  the  performance, of 
both  the  wide-band  (B  -  20/T)  and  narrow-band  {B  -  l/T) 
systems  are  plotted  in  Fig.  7  for  an  SNR  value  of  12  dB.  For 
INR  values  above  approximately  10  dB,  the  narrow-band 
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SIGNAL 
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Fig.  8.  Adapted  antenna  panem  for  B  k  20/T,  £,/<)  ^  S  dB. 


system  performs  better  than  the  wide-band  system.  However, 
for  INR  values  below  10  dB.  the  wide-band  system  performs 
bener. 

There  is  a  simple  explanation  for  this  behavior.  As  the  INR 
increases,  the  array  begins  to  null  the  interference  when  the 
interference  and  noise  powers  at  the  array  input  are  approxi¬ 
mately  equal.  Therefore,  the  null  begins  to  form  at  a  lower 
INR  value  when  B  ^  l/T  than  it  does  when  B  =  20/T. 
Consider  the  cases  shown  in  Fig.  7  for  an  INR  value  of  S  dB. 
Figs.  8  and  9  show  the  adapted  array  patterns  for  the  wide¬ 
band  and  narrow-band  arrays,  respectively.  From  these 
figures,  we  see  that  the  wide-band  array  has  not  formed  a  null 
in  the  interference  direction  and  the  desired  signal  is  very  close 
to  a  pattern  maximum.  However,  the  narrow-band  system  has 
formed  a  pattern  null  on  the  interference.  Funhermore.  since 
the  desired  and  interfering  signals  are  spatially  close,  the  array 
no  longer  keeps  the  desired  signal  near  a  pattern  maximum. 
Therefore,  the  SNR  at  the  array  output  is  lower  for  the 
narrow-band  array  than  it  is  for  the  wide-band  array  for  the 
case  shown.  The  increase  in  P{.e)  due  to  the  narrow-band  array 
pattern  null  is  greater  than  that  which  occurs  for  the  wide-band 
system  due  to  the  residual  interference  at  the  array  output. 

Fig.  10  shows  the  system  performance  for  three  different 
array  bandwidths,  B  »  1/7",  B  »  2/T,  and  B  »  4/T.  The 
curves  shown  in  this  figure  indicate  that  there  is  no  value  of 
input  bandwidth  that  offers  a  minimal  P(e)  for  all  INR  values. 
The  curve  for  B  »  2/7"  lies  significantly  below  that  for  B  = 
1/r  for  INR  values  below  approximately  12  dB.  For  larger 
INR  values,  P{e)  for  B  ■  2/T  is  only  slightly  greater  than 
that  for  B  l/T.  For  B  »  4/T,  we  see  even  better 
performance  below  12  dB,  but  a  hump  is  beginning  to  form  in 
the  curve  above  12  dB.  P(e)  versus  INR  curves  were  plotted 
for  several  other  values  of  SNR  and  0,  and  similar  results  were 
obtained.  In  each  case,  the  humps  in  the  INR  curves  appear  for 
B  values  greater  than  approximately  4/r. 

If  the  array  bandwidth  is  greater  than  l/T,  then  the  input 
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Fig.  to.  Performance  of  three-element  array  for  three  array  handwidths 
(lui*  -  U,1  <  */r,  «,  -  10*.  E^/t,  -  12  dB). 


BPF's  will  pass  interfering  signals  that  lie  at  frequencies  to 
which  the  detector  is  not  sensitive.  Although  such  an  interfer¬ 
ing  signal  will  not  adversely  affect  the  detector,  the  array  will 
fiill  respond  to  the  interference.  If  the  interference  is  spatially 
close  to  the  desired  signal,  the  response  in  the  desired  signal 


Fig.  II.  Performance  of  narrowband  BPSK  communication  system  with 
three-element  adaptive  array  and  CW  interference  (B  «  20/7",  r/T  <  |u, 

-  «,|  <  20a/r,  e,  =  10*). 


direction  may  be  reduced  by  the  null.  We  can  calculate  the 
system  performance  for  this  case  using  the  methods  of  Seaion 
III  to  compute  the  signals  at  the  array  output  and  then  using 
(12)  with  E,  set  to  zero  to  compute  P{e).  Fig.  1 1  shows  the 
performance  of  the  three-element  array  with  B  =  20/T  Hz,  6, 
=  lO'.andTr  <  lutrf  -  w,|  <  20ir/r.  For  these  values  of  u,, 
the  interference  is  passed  by  the  input  BPF's,  but  rejected  by 
the  detector  LPF.  In  this  case,  the  array  still  nulls  the 
interference.  From  Fig.  11.  we  see  that  P{e)  increases  with 
INR  due  to  the  reduction  in  desired  signal  response  caused  by 
the  null  on  the  interference.  Therefore,  for  maximum  resist¬ 
ance  to  out-of-band  interference,  the  array  input  bandwidth 
should  be  made  as  small  as  possible. 

V.  Conclusions 

In  this  paper,  we  have  examined  the  performance  of  a 
bandlimited  BPSK  system  with  an  adaptive  array.  We  found 
that  the  performance  with  CW  interference  is  best  for  array 
bandwidths  less  than  approximately  4/7*  since  the  humps  in 
the  P{e)  versus  INR  curves  appear  for  larger  bandwidths. 
With  CW  interference,  whose  frequency  is  within  the  pass- 
band  of  the  detector,  the  performance  for  bandwidths  between 
2/T  and  4/7"  is  never  much  worse  than  that  for  B  =  1/7"  (and 
sometimes  it  is  better).  Therefore,  we  conclude  that,  for  this 
type  of  interference,  there  is  little  reason  to  expend  great  cost 
or  effort  to  reduce  the  bandwidth  below  4/T.  However,  if  the 
array  bandwidth  is  greater  than  l/T.  the  system  will  be 
susceptible  to  out-of-band  interference.  We  found  that  out-of- 
band  interference  causes  a  performance  degradation  due  to  the 
panem  null  when  the  interfering  and  desired  signals  are 
spatially  close.  Finally,  we  found  that  the  best  performance  is 
achiev^  when  the  interfering  signal  arrives  from  an  angle 
outside  the  main  beam  of  the  interference-free  antenna  pattern. 
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Comparison  Between  Two  Asymptotic  Methods 

ROBERTO  G,  ROJAS 

AbstriKt— Two  compleic  asymplolk  expanstons  of  an  iaietral  with 
maBT  simple  pole  siniularilies  and  a  firsl-order,  isolaled,  saddle  point 
evalnated  by  two  different  methods  are  compared.  It  is  shown  that  both 
eapansioBS  are  exactly  the  same  (term  by  term)  inside  and  outside  the 
transiltoB  regions. 


I.  Introduction 

It  is  common  to  express  the  solution  of  electromagnetic  diffraction 
problems  in  terms  of  an  integral,  which,  in  general,  cannot  be 
evaluated  in  closed  form.  However,  it  is  possible  to  obtain  its 
complete  asymptotic  expansion  for  large  values  of  a  parameter.  There 
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are  several  methcxls  to  obtain  the  asymptotic  expansion,  the  most 
general  being  the  method  followed  by  Bleistein  [I],  For  the  type  of 
integral  being  considered  here,  the  most  commonly  used  technique  is 
the  method  of  steepest  descents  [2],  In  order  to  apply  this  method,  it 
is  necessary  to  deform  the  original  contour  of  integration  to  the 
steepest  descent  path  (SDP),  taking  into  account  any  singularities  that 
may  be  crossed  during  the  deformation.  The  integral  along  the 
steepest  descent  path  can  then  be  expressed  as  follows: 

/(«)=(  dz  (1) 

•'SDP 

where  g(z)  and  f(z)  are  analytic  functions  of  the  complex  variable  z 
along  the  integration  path  SDP.  The  parameter  fl  is  real  and  positive 
and  the  end  points  of  SDP  are  at  infinity.  It  is  assumed  that  the 
integrand  in  (1)  has  an  isolated,  first-order  saddle  point  at  Zj,  i.e., 
/'(z)  =  0  and /  (z)  ^  0  at  z  =  Zs-  Furtiiermore,  even  though  the 
function  g(z)  is  analytic  along  the  SDP,  it  has  M  simple  poles 
{z,}  I  near  the  saddle  point  Zj, 

Since  /(z)  has  an  isolated  first-order  saddle  point  at  Zj,  the 
following  transformation  is  appropriate 


/(z)=f(.Zs)-s\ 
Substituting  (2)  into  (I)  yields 

=  (”  G(s)e  ds 

J  -  ae 


(2) 


(3) 


where 


dz  dz  -  25  dz 
C(s)=g{z)  ^  -  ds  .=0 


(4) 


There  are  two  procedures  found  in  the  literature  to  evaluate  (3)  for 
large  values  of  0.  The  first  one,  which  appears  to  have  been 
originally  introduced  by  Van  der  Waerden  [3],  is  discussed  in  detail 
by  Felsen  and  Marcuvitz  (4],  In  this  method,  G(s)  is  expressed  as  the 
sum  of  two  functions  such  that 


C(5)  =  C(5)  +  P(5)  (5) 

where  C{s)  contains  all  the  pole  singularities  of  Gfs)  and  P(s)  is 
regular  in  the  neighborhood  of  5  =  0.  Thus,  the  original  integral  in 
(3)  is  reduced  to  the  sum  of  two  integrals;  namely,  the  integral  of 
C(s)  which  can  be  expressed  in  terms  of  a  Fresnel-type  integral,  and 
the  integral  of  P(s)  which  can  be  expanded  (asymptotically)  in  a 
series  of  inverse  powers  of  tl,  Felsen  and  Marcuvitz  obtain  the 
complete  uniform  asymptotic  expansion  of  an  integral  similar  to  (3), 
given  in  [4,  eq.  (4.4.16)],  except  that  they  consider  the  case  where 
G(s)  has  one  simple  pole  near  s  =  0.  It  is  noted  that  the  solution 
presented  in  (4,  eq.  (4.4.16))  is  valid  for  the  general  case  where  the 
pole  may  cross  the  steepest  descent  path  anywhere  in  the  complex  z- 
plane.  The  generalization  of  Felsen's  results  to  the  present  case  is 
straightforward  as  shown  in  Section  11. 

The  second  procedure  is  the  Pauli-Clemmow  method  (5)  in  which 
the  function  G{s)  is  expressed  as  the  product  of  two  functions, 
namely 

G(5)=r(5)B(5)  (6) 


by  this  method,  the  authors  in  [6]  isolated  the  Fresnel  integral,  which 
is  present  in  every  term  of  the  Pauli-Clemmow  series,  in  the  leading 
fl  -  order  term. 

It  is  shown  in  Section  III  that  the  complete  uniform  asymptotic 
expansions  obtained  by  the  two  methods  described  above  are  identical 
(term  by  term)  inside  and  outside  the  transition  regions  corresponding 
to  each  pole  of  G(5).  It  was  observed  by  Hutchins  and  Kouyoumjian 
[7]  and  independently  by  Boersma  and  Rahmat-Samii  [8]  that  the  two 
asymptotic  series  of  /(())  are  equivalent  for  the  special  case  where 
G(5)  has  one  pole  near  5  =  0. 

Yip  and  Chiavetta  [9]  show  that  the  function  on  the  right  hand  side 
of  (6)  can  always  be  expressed  as  the  sum  of  two  functions,  namely 

r(5)B(5)  =  Z.(5)-EAf(5)  (7) 


where  L(5)  is  a  lunction  containing  all  the  singularities  of  T(s)B(s) 
and  M(s)  is  regular  near  5  =  0.  It  is  then  shown  in  [9]  that  L(s)  = 
C(5)  and  M{s)  =  P{s)  which  is  to  be  expected  since  C{s)  +  P{s) 
and  7X5)B(5)  represent  the  same  function  G(5).  Thus,  substituting 
(7)  into  (3),  Yip  and  Chiavetta  reduce  the  original  integral  in  (3)  to 
the  sum  of  two  integrals  (as  in  the  first  method  described  above) 
where  one  integral  can  be  expressed  in  terms  of  a  Fresnel  integral  and 
the  second  in  inverse  powers  of  Q.  However,  this  is  not  what  is  done 
in  the  Pauli-Clemmow  method.  As  mentioned  before,  the  function 
T\s)B{s)  is  expanded  in  a  series  where  each  term  contains  all  the 
singularities  of  G(s)  and  consequently  each  term  of  the  asymptotic 
series  of  /(O)  will  contain  a  Fresnel  integral.  In  order  to  compare  the 
Pauli-Clemmow  and  Van  der  Waerden  methods,  it  is  necessary  to 
study  the  complete  asymptotic  series  of  /(Q).  In  the  process  of 
integrating  J\s)B(s)  and  C(5)  -f  f\s),  orders  of  integration  and 
summation  are  freely  interchanged  without  rigorous  justification. 
Thus,  it  is  not  possible  to  conclude  a  priori  that  the  asymptotic  series 
of  /(O)  obtained  by  the  two  methods  are  the  same. 

Volakis  and  Herman  [10]  extended  Felsen’s  result  [4]  to  the  case  of 
multiple  pole  singularities  and  obtained  only  the  leading  term  of  /((I). 
It  appears  by  the  comments  made  in  the  Introduction  of  [10]  that 
Volakis  and  Herman  did  not  iKidize  that  the  solution  in  [6]  is 
applicable  for  the  general  case  where  the  poles  of  g(z)  can  cross  the 
steepest  descent  path  anywhere  in  the  complex  z-plane. 

U.  First  Method  (Van  der  Waerden) 


Since  G(5)  is  an  analytic  function  with  M  simple  poles  {5,}  , ,  it 

can  be  written  as  follows: 


M 


(8) 


where  P{s)  is  a  regular  function  near  5  =  0  and  r,  is  the  residue  of 
G{5)  at  the  pole  5,,  namely 


r,  =  lim  G(5)(5-5,).  (9) 

J  -s, 

Because  P(s)  is  a  regular  function,  it  can  be  expanded  in  a  Taylor 
series  around  5  =  0  as  shown  in  (8).  It  is  noted  that  P*"’  (0)  is  the  nth 
derivative  of  P{s)  evaluated  at  5  =  0. 

Substituting  (8)  into  (3),  one  obtains 


where  7(5)  is  regular  near  5  =  0  and  B{s)  contains  all  the 
singularities  of  G(5).  Since  T(s)  is  regular  in  the  neighborhood 
of  5  =  0,  it  is  expanded  in  a  Taylor  series  around  5  =  0  and  after 
multiplying  the  Taylor  series  by  B(s),  it  is  formally  integrated  term 
by  term.  Thus,  each  term  of  the  asymptotic  series  contains  a  Fresnel 
integral  plus  inverse  powers  of  tl.  Recently,  Gennarelli  and  Palumbo 
[6]  obtained  the  complete  asymptotic  expansion  of  (3)  following  the 
Pauli-Clemmow  method.  However,  unlike  previous  results  obtained 
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where  r(n  +  1/2)  is  the  Gamma  function,  j  =  >/^  and 

Q(y)=r  e-^df,Q[y)  +  Q{-y)  =  ^.  (11) 

Jy 

It  is  noted  that  when  Sj  is  complex,  the  condition  Q(.TjSi\/Q)  for 
lm(s,)  5  0,  implies  that  Re  (Tys,>/S)  >  0  in  (10). 

In  order  to  compare  (10)  to  the  expression  obtained  by  the  Pauli- 
Clemmow  method,  it  is  convenient  to  express  Q(y)  in  terms  of  the 
transition  function  F{x)  which  is  given  by  [11] 

F(x)  =  2j'fxe^'‘ {  dt;  -^<arg  (x)<t/2  (12) 

2 


ll*  X 


X-PLANE 
BRANCH  CUT  OF  ^7 


•  Rtx 


TOP  SHEET:  -  <  ARG  ( «)  < 

«  2 


where  x  can  be  complex.  Due  to  the  presence  of  the  square  root 
function  VjT  in  (12),  and  in  order  for  F(x)  to  be  a  single-valued 
function,  it  is  necessary  to  introduce  a  branch  cut  in  the  x-plane  [12], 
[13].  Furthermore,  to  assure  the  convergence  of  fXx)  as  jx]  -»  oo, 
the  branch  cut  is  chosen  as  depicted  in  Fig.  1.  It  follows  from  (11)  and 
(12)  that 

Q(y)  =  -  -  ^y - +  V^f/(-Re(>-))  (13) 


where  U  is  the  unit  step  function.  Substituting  (13)  into  (10),  keeping 
in  mind  that  Re  (T7S,\/?i)  >  0  in  (10),  yields 


gO/Uj) 

vs 

j  V;  ^  (1  -  FOasf))  +  G(0)Vi 

i-i^‘  ^ 

1  ^  /i„r(/i-n/2)  j 

(14) 

where 

G«">(0)  "  r, 

"  (2/1)! 

(15) 

lU.  Second  Method  (Pauli-Clemmow) 

Let  7^5)  be  a  regular  function  given  by 

7-(5) = c(j)  n  -^/) = S  — 

1-1  ,=0  "• 

where  G(s)  was  defined  in  (4)  and  are  the  poles  of  G(s). 

Solving  for  G(s)  in  (16)  yields 

r(sl  C 

- =ns)'£j^=ns)B{s)  (17) 

nii-i.)  ■■''  '* 


Fig.  1.  Branch  cut  definition  of  the  '/x  function  in  (12). 

Evaluating  (17)  at  5  =  0  and  substituting  that  expression  into  (19) 
yields 


/(O.  <!>)- ^  e'Vu,)  ^  (,  -/r(yas2))  +  c(0)j 


A  r(w-H/2) 

>/n  -.1 


.  fv  J) _ '"y'*  r<*>(0)  A  c,5f  ) 

I  2j  2d  2j  .2»4.|  I  ' 

t.O  *•  (.1^1  J 


(20) 


It  follows  from  (17)  that 
7'(*)(0)  M  Qsf 

2d  t-t  2d  min*  I 
*=0  1-1 


for  A/=  1 


G<*">(0) 

”  (2/t)r’ 

C(2n)(0)  ^2  y(*.2«.l,(0)  M  ^  ^ 

(2/1)!  2  +  1)!  S  ‘^■*1  •  for  Af  ^  2. 


(21) 


However,  it  can  be  shown  that 


where 

C,  =  ^jj— ^ - .  (18) 

n  (^1-^*) 

k*i 

It  is  noted  that  for  Af  =  I ,  C|  =  1 .  By  means  of  (16),  the  asymptotic 
scries  of  /((I),  given  in  [6],  can  be  rewritten  as  follows; 


+  >/Qe0/(*r>  V 

2d  n- 

fi »  2 

Vf,|  /  *.0  /-I  J 


M 

^  C/s'=0,  for/=0,  1,  •  •  •,  A/-2.  (22) 

i-l 

Therefore,  (20)  can  be  written  in  the  following  manner; 


The  asymptotic  expansions  of  /(Q)  given  in  (14)  and  (23)  are  exactly 
the  same. 

As  a  final  check,  the  asymptotic  series  in  (23)  can  be  simplified 
even  further  when  the  function  C?(s)  does  not  have  any  poles  near  s 
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=  0.  Thus,  when  the  poles  of  G(5)  are  far  from  s  =  0.  the  magnitude 
jQsf  is  large  and  the  asymptotic  expansion  of  F{jQs^)  is  given  by 


i.i 


r(/+ 1/2) 


3tr 

y 


<arg  (7n5f)< 


X 

T  * 


(24) 


Substituting  (24)  into  (23)  yields 


y  <5‘'"’(0)r(«+i/2) 


(2n)in" 


(25) 


which  is  the  correct  expression  for  the  case  when  g(z)  does  not  have 
any  poles  near  Zs- 


IV.  Conclusion 

Two  complete  uniform  asymptotic  expansions  (for  large  Q)  of  the 
integral  shown  in  (1),  obtained  by  two  different  methods,  were 
compared.  It  was  shown  that  both  expansions  are  exactly  the  same 
(term  by  term).  It  was  also  observed  that  the  uniform  asymptotic 
solutions  given  in  [6]  (multiple  pole  singularities)  and  in  [4,  eq. 
(4.4.16)]  (one  pole  singularity)  are  applicable  for  the  general  case 
where  the  pole(s)  of  g(z)  cross  the  SDP  path  anywhere  in  the  ^-plane. 
Obviously,  the  generalization  of  FelseiTs  result  [4]  to  multiple  pole 
singularities  is  still  valid  for  the  general  case  described  above. 
Furthermore,  for  the  special  case  when  all  the  poles  of  g(z)  are  far 
from  the  saddle  point,  the  transition  function  F(x)  was  replaced  by  its 
own  asymptotic  series  for  large  Ixj.  As  expected,  the  asymptotic 
series  in  (25)  is  the  same  as  the  one  obtained  by  Felsen  [4]  when  g(z) 
is  regular  near  the  saddle  point. 
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Introduction 

Tliii  work  examines  the  transverse  electric  (TE)  surface  field 
excited  a  magnetic  line  source  in  the  presence  of  a  perfectly 
conducting  circular  cylinder  with  a  dielectric  coating.  The  line  source 
and  the  field  point  are  both  positioned  at  the  dielectric-air  interface. 

The  surface  field  is  first  calculated  from  a  rigorous  eigenfunction 
series.  Next,  through  the  Watson  transform,  the  alternate  creeping 
wave  representation  is  examined.  The  dielectric  coating  does  not 
have  to  be  thin,  and  an  example  is  given  whereby  the  creeping  wave 
field  on  a  thick  coating  must  be  represented  as  two  creeping  wave 
modes. 

This  woric  differs  from  previous  papers  in  that  no  one  has 
examined  the  case  where  both  the  source  and  field  poiiHs  reside  on  the 
cylinder.  Kodis  [1],  Kodis  and  Wu  (2],  and  Rao  and  Hamid  [3],  have 
examined  bistatic  scattering  and  have  given  a  geometrical  optics 
interpretation.  Wang  [4]  has  recently  obtained  numerical  results  for 
the  case  of  plane  wave  scattering  and  an  interpretation  of  scattering 
resonances  in  terms  of  a  reflected  field  plus  creeping  waves. 

Fig.  1  shows  the  pertinent  geometry.  The  conducting  cylinder  has  a 
radius  p  >  a  and  the  dielectric  coating  has  a  radius  p  >  b.  The 
magnetic  line  source  is  t  directed,  has  a  strength  of  A/o  V,  and  is 
positioned  at  (p',  4')  ~  (b,  0).  The  field  poim  is  at  (p,  4)  =  (b, 
4).  Since  the  coating  is  nonmagnetic,  pi  >  po  and  the  dielectric 
constam  is  C|. 

A.  Eigenfunction  Solution 

The  magnetic  field  has  only  a  t  component  and  can  be  computed 
from  the  eigenfunction  series  of  the  inhomogeneous  Heln^tz 
equation.  The  solution  must  also  satisfy  the  boundary  conditions  £« 
*  0  at  p  <B  a,  £«  and  /f,  continuous  at  p  >  b,  and  the  radiation 
condition  as  p  ee.  An  time  dependence  is  assumed.  Using  C 
to  denote  the  Green’s  functions,  the  magnetic  field  is  then  ft  ^ 
tiufcMifi,  where 


and 


Exdtatioa  of  Creeping  Wives  on  n  Cireninr  CyUndcr 
with  a  Thick  Dietectric  Coating 

ROBERT  PAKNYS  AND  NAN  WANO,  MEMBER,  IEEE 

4bsinMr— A  amgaetk  Bnc  aawee  oa  a  dislactric  eoated  roadartiag 
cyBaStr  cuMcs  a  ciasplag  wave  IhM.  The  coadag  is  aot  ainawfBi  IMa, 
so  SMK  ihaa  eac  amde  caa  ciisl.  It  is  foaad  that  as  llw  coadag  iMcliaias 
Is  lacfcaaed,  Ihc  larfacc  flsM  aa  ihc  dMactrfcair  iatorfacc  siMbWi  a 
dkdacdvc  kaal  podara  rcsaldag  froai  the  lateracdaa  batwaia  two 


^  ^*1  «o/:(k|bVV;(*,a)-y;(k,g)iv;«r,b) 

*0*1  y«(*,b)Af;(*,o)-y;(*,«)A/„(*,b)  ‘ 

is  a  Hankel  function  of  the  first  kind  of  order  m.  J^aaiNmm 
Bmsei  ftinctions  of  the  first  and  second  kind.  The  wavenumbers  ate 
*ip  -  «  Vpocipand  Co  *  2,  -  1  for  m  #  0. 

The  main  difficulty  in  evaluating  this  aeries  is  that  it  converges 
very  slowly,  so  hs  remainder  must  be  sutiuned  in  closed  form.  This  is 
accomdished  by  using  Debye’s  asymptotic  fonnulas  for  cylinder 
fluctions  of  larp  order: 

- 1  -X  f,  1  fx\\  1 

>/(m/jf)»-l*  m  L  iV*"/  J 
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Fig.  1 


Coordinates  for  the  dielectric  coated  cylinder. 


and 


If  m  ►Arid,  and  m>k\b,  it  can  be  shown  that  >(,  - 
and  con.^cqueniy 


In  (b/a) 


tanh  I/n(76-7a)l 


‘(f)/a)'"  +  (A/a)"" 


If  (b/a)^'”>\,  then 
k\  (0 


.  Co  m 


[-Ksy-  1 


Xof)  Cj  KoO 

The  above  approximations  for  HlJHm  and  Cm  then  give 

H^^'(kob) _  -(  kpb 

H^^''{kob)  +  iC„W^'(kob)~TT'(  m 

where  <  =  ci/€o-  By  using  the  formula  (5] 


2  E2L^  =  -  In  (2  sin  (<t>/2)) 

**  m 


one  can  compute  the  inrinite  $>tm  in  (i).  For  the  cases  presented,  the 
first  w  =  6  kob  terms  were  summed  iiuinerically.' 

B.  Residue  Series 

Through  Watson  transformation  [6],  the  following  equivalent 
representation  of  the  Green's  function  is  established 

OD 

G(<t>)=  5;  GM  +  2nr)  (2) 


where 

OP 

G.(d))=S  (3) 

p-  1 

,  -I 

Lp  =  i^  - - ^ -  W 

"  I- \H^y'{kob)  +  iC,H^;\kob)]\»  =  Vp 

Ol' 

and  Vp  are  the  complex  roots  (7)  of 

H  u' '  (kob)  +  iC.^  H  ['^(kob)  =  0  (5) 

in  the  upper  v  plane.  C(0)  is  2t  periodic  in  0  whereas  Gm(^)  satisfies 
the  radiation  condition  in  the  infinite  angular  domain  -  oo  <  ^  <  os .  A 
given  mode  p  of  the  residue  series  in  (3)  is  interpreted  as  a  creeping 
wave  propagating  along  a  curved  surface  as  shown  in  Fig.  2.  The 
total  field  in  (2)  is  obuined  by  summing  up,  over  n,  the  multiply 
encircling  rays.  For  a  thick  dielectric  coating,  the  attenuation  rate 

'  The  authors  express  their  thanks  to  Professor  Jack  Richmond  of  The  Ohio 
State  University  for  his  subroutine  used  in  calculating  Beasel  functions. 


Fig.  2.  Ray  encirclements  associated  with  the  summation  index  n. 


TABLE  1 

Pp  AND  Lp  FOR  kob  =  20,  e,  =  4<„ 


i/^o 

'’1 

|L,I 

Lj(deg.) 

0.10 

24.10  ♦  f0.117 

0.309 

83.3 

0.20 

32.09  +  10. 

0.0700 

90.0 

0.30 

34.52  ♦  10. 

0.0218 

90.0 

0.40 

34.93  ♦  10. 

0.0119 

90.0 

0.50 

34.77  ♦  10. 

0.00888 

90.0 

d/to 

“2 

IL^I 

LjCdeg.) 

0.10 

23.43  ♦  15.270 

0.0601 

8.3 

0.20 

20.81  ♦  14.182 

0.139 

-51.9 

0.30 

20.87  ♦  11.820 

0.226 

28.1 

0.40 

22.87  ♦  10.271 

0.217 

78.2 

0.50 

26.55  ♦  10.002 

0.09SI 

90.0 

4> 

Fig.  3.  Eigenfunction  and  one  mode  creeping  wave  solution,  d/ko  =  0.05. 

(prescribed  in  Im  (v))  can  be  quite  small.  For  such  a  case,  it  is 
important  to  add  up  all  the  ray  encirclements  by  using  the  geometric 
series 


m’ 

1 


II*  -a» 


^(»|*  +  2ii»l 


0ir*  ^  g-ip* 

e-'2”-l  ■ 


The  prime  denotes  exclusion  of  n  =  0  from  the  summation. 

C.  Numerical  Results  and  Discussion 

All  cases  shown  use  the  parameters  kob  —  20,  ei  =  4«o.  Table  I 
contains  some  representative  values  of  Pp  and  Lp  for  the  creeping 
waves.  The  roots  Pp  have  already  been  discussed  in  P]. 

Figs.  3-6  compare  the  computed  Green's  function,  using  (1)  and 
(2).  It  was  found  that  when  rf/Xo  >  0.25,  the  creeping  wave  solution 
required  both  the  p  =  1  and  p  =  2  modes,  whereas  for  thinner 
coatings  the  p  =  1  mode  alone  was  sufficiem.  A  typical  case,  d/\o 
»  0.30  is  shown  in  Fig.  7  to  illustrate  the  behavior  of  the  individual 
modes  which  form  a  two-mode  solution. 
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4) 


Fig.  4.  Eigenfunction  and  one  mode  creeping  wave  solution,  rf/Xo  =  O.IO. 


4> 

Fig.  S.  Eigenfunction  and  two  mode  creeping  wave  solution,  tZ/Xo  °  0.25. 


4> 

Fig.  6.  Eigenfunction  and  two  mode  creqnng  wave  solution,  tZ/Xo  •  0.30. 
Conclusion 

The  surface  fields  on  a  circular  cylinder  with  a  dielectric  coating 
are  computed  from  both  an  eigenfunction  series  and  a  residue  series. 
It  is  found  that  u  the  coating  thickness  is  increased,  the  suifKC  Held 
on  the  dielectric-air  interface  exhibits  a  distinctive  beat  pattern 
resulting  from  the  interaction  between  two  creeping-wave  inodes. 


o 


<i> 

Fig.  7.  Individual  modes  for  (Z/Xo  =  0.30. 
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Comparison  Between  Two  Asymptotic  Methods 

ROBERTO  G.  ROJAS 

Abstract— Two  coasplele  asymptotic  expansioas  of  aa  integral  with 
auay  simple  pole  singnlarilies  and  a  Arsl-order,  isolated,  saddle  point 
eralnatcd  by  two  tUfferent  methods  are  compared.  It  Is  shown  that  both 
expansions  are  exactly  the  same  (term  by  term)  inside  and  ontsMe  the 
IraMMoB  regloHs. 

I.  Introduction 

It  la  common  to  express  the  solution  of  electromagnetic  diffraction 
problems  in  terms  of  an  integral,  which,  in  general,  cannot  be 
evaluated  in  closed  form.  However,  it  is  possible  to  obtain  its 
complete  asymptotic  expansion  for  large  values  of  a  parameter.  There 
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Wiener-Hopf  Analysis  of  the  EM  Diffraction  by  an 
Impedance  Discontinuity  in  a  Planar  Surface  and 
by  an  Impedance  Half-Plane 

ROBERTO  G.  ROJAS 


.-lAUrac/— The  eleclromagnelic  diffraction  of  a  plane  wave  by  a  planar 
surface  with  a  discontinuity  in  impedance  and  by  an  impedance  half-plane 
is  studied.  The  plane  wave  of  arbitrary  polarization  is  obliquely  incident 
to  the  axis  ol  the  two-dimensional  structures.  The  solutions  obtained  here 
are  based  on  the  Wiener-Hopf  technique  and  they  are  cast  in  a  matrix 
notation  which  is  useful  for  diffraction  problems.  The  exact  formal 
solutions  are  expressed  in  terms  of  integrals  which  can  be  asymptotically 
evaluated.  Uniform  asymptotic  expressions  are  obtained  where  the 
presence  of  the  geometrical  optics  (CO)  poles  as  well  as  the  surface  wave 
poles  near  the  saddle  point  are  fully  taken  into  account.  Several  numerical 
examples  are  presented  and  it  is  shown  that  the  solutions  are  continuous 
across  the  shadow  boundaries  of  the  GO  and  surface  wave  fieids. 

InTRODVCTO^n 

T  IS  WELL  KNOWN  that  the  scattering  properties  of  a 
body  are  functions  of  both  its  geometrical  and  material 
properties.  In  the  last  few  years,  there  has  been  a  renewed 
intere.st  in  understanding  the  effect  of  the  material  properties 
of  a  body  on  its  scattering  behavior.  In  particular,  the  edge 
diffraction  by  dihedral  structures,  whose  surfaces  can  be 
modeled  by  the  Leontovich  (impedance)  boundary  condition, 
has  been  studied  by  several  authors  for  both  acoustic  and 
electromagnetic  waves  [1]-[22|. 

For  this  class  of  problems,  where  the  surfaces  of  the  wedge- 
shaped  structures  satisfy  the  Leontovich  boundary  condition, 
there  are  two  basic  methods  of  analysis.  The  first  method, 
which  is  the  most  general  of  the  two,  is  that  of  Maliuzhinets 
(1|.  Bucci  and  Francheschetti  [8]  extended  Maliuzhinets’ 
solution  to  formally  .solve  the  scattering  problem  by  a  half¬ 
plane  with  different  face  impedances.  However,  they  did  not 
asymptotically  evaluate  their  formal  .solution.  Vacarro  [11], 
112)  has  generalized  the  Maliuzhinets  method,  which  he  refers 
to  as  the  generalized  reflection  method,  to  treat  the  case  of 
oblique  incidence  on  a  wedge.  The  uniform  asymptotic 
evaluation  of  (11|,  (12)  was  obtained  by  the  present  author 
|17|  including  the  case  of  surface  wave  incidence. 

The  second  method  that  is  available  to  solve  problems 
involving  the  diffraction  from  the  junction  of  semi-infinite 
planes  is  the  Wiener-Hopf  technique  [23],  [24]  which  was 
introduced  around  1931  to  solve  certain  types  of  integral 
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equations.  Copson  [25]  was  one  of  the  first  to  apply  this 
method  to  .solve  diffraction  problems  by  formulating  the 
diffraction  of  .sound  waves  by  a  perfectly  reflecting  half-plane 
in  terms  of  an  integral  equation.  A  more  general  methcxl  based 
on  the  Wiener-Hopf  technique  also  exists.  This  methcxl, 
known  as  the  Wiener-Hopf  Hilbert  technique,  was  intrcxluced 
by  Hurd  [26].  However,  as  with  the  Wiener-Hopf  technique, 
in  general  it  cannot  be  used  to  treat  wedge-shaped  objects. 
Pathak  and  Rojas  [18]  have  obtained  IJTD  solutions  based  on 
the  Wiener-Hopf  technique  for  the  scattering  of  plane, 
cylindrical,  and  surface  wave  fields  normally  incident  to  the  2- 
axis  (no  z-dependence)  of  the  two-part  impedance  surface 
depicted  in  Fig.  1,  except  that  in  [18],  Zi  =  OorZ|  =  oo.  The 
scattering  of  a  surface  wave  field  by  the  two-pan  surface 
shown  in  Fig.  1  has  also  been  solved  by  Kay  [5];  however,  as 
in  [18],  all  the  fields  in  [5]  have  no  z-dependence.  Further¬ 
more,  it  is  assumed  in  [5]  that  Z|  and  Zi  are  purely  imaginary, 
i.e.,  lossless  case.  Senior  has  solved  a  number  of  half-plane 
diffraction  problems  using  the  Wiener-Hopf  methcxl  [2]-[4]. 
In  a  recent  paper,  Volakis  [21]  mexiified  Senior’s  Wiener- 
Hopf  solution  [3]  for  the  EM  diffraction  by  a  half-plane  with 
equal  impedances  on  both  sides.  The  solution  in  [3]  is  not 
bounded  at  the  incident  and  reflection  shadow  boundaries; 
whereas,  the  mexiified  solution  in  [21]  is  uniform  (bounded) 
across  these  boundaries.  However,  the  solution  in  [21]  dexis 
not  take  into  account  the  presence  of  the  surface  wave  fields 
excited  at  the  edge  of  the  half-plane. 

In  this  paper,  the  Wiener-Hopf  technique  is  used  to  solve 
two  canonical  problems.  The  first  problem  considered  is  the 
electromagnetic  diffraction  by  a  planar  surface  with  an 
impedance  discontinuity  (two-part  surface)  as  shown  in  Fig.  1 . 
Note  that  each  half-plane  (x  S  0,  y  =  0)  is  homogeneous  and 
isotropic,  i.e..  Zj  and  are  scalar  constants.  The  incident 
field  is  assumed  to  be  a  plane  wave  of  arbitrary  polarization 
obliquely  incident  to  the  z-axis  as  depicted  in  Fig.  1. 

The  starting  point  of  the  analysis  is  to  define,  as  was  done  in 
[I  I],  [17],  a  two  element  column  vector /.  who.se  elements  are 
the  z-components  of  the  electric  and  magnetic  fields.  It  is  then 
sufficient  to  obtain  the  solution  for  this  column  vector  since  it 
plays  the  role  of  a  vector  potential.  In  other  words,  all  the 
other  field  components  can  be  determined  in  terms  of  J..  In 
contrast  to  the  case  of  normal  incidence  to  the  z-axis  where  the 
elements  of/,  are  decoupled  [18],  the  Leontovich  boundary 
condition  couples  the  elements  of  /.  for  the  ca.se  of  oblique 
incidence.  However,  as  shown  in  [16],  the  normal  components 
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Fig  I  Planar  Mirlatc  with  an  impedance  disctmlinuity. 


of  the  fields,  i.e.,  £,  and  //, ,  are  decoupled.  Therefore,  the 
two  element  vector /i  ,  whose  elements  are  E,-  and  fjoWi  ,  is 
also  introduced.  The  Wiener-Hopf  equation  is  then  obtained 
in  terms  of  the  column  vector/,,  by  following  Jones’  method 
(2.Ji.  (27|.  As  expected,  the  Wiener-Hopf  equation  is  simpler 
when  the  normal  fields  £,  and  //,  are  used  instead  of  E.  and 
H,. 

The  solution  of  the  Wiener-Hopf  equation  requires  the 
factorization  and  decomposition  of  two-by-two  diagonal  matri¬ 
ces.  The  factorization  procedure  employed  here  is  ba.sed  on 
Weinstein's  work  [281 .  There  is  also  a  formal  procedure  to 
decompose  a  function;  however,  in  this  paper  it  is  done  by 
inspection.  After  applying  the  radiation  and  edge  conditions, 
the  Wiener-Hopf  equation  is  finally  solved  yielding  an 
expression  for  the  column  vector/,  in  the  Fourier-transformed 
domain.  This  expression  contains  two  nonzero  arbitrary 
constants  which  must  be  determined  in  order  to  have  a  unique 
solution.  Before  these  unknown  constants  are  determined,  the 
solution  for  f.  is  obtained  in  the  Fourier-transformed  domain 
in  terms  of/,  by  means  of  a  transformation  matrix.  It  turns  out 
that  the  expression  for  /.  contains  poles  which  give  rise  to 
fields  that  have  no  physical  mierpretation.  Thus,  the  unknown 
constants  are  properly  adjusted  to  remove  the  unwanted  poles 
yielding  a  unique  solution  for  /.(.v,  y,  z)  in  the  form  of  an 
integral.  The  asymptotic  evaluation  of  the  integral  is  then 
performed,  where  the  presence  of  the  geometrical  optics  (GO) 
poles,  as  well  as  the  surface  wave  poles  near  the  saddle  point, 
is  fully  taken  into  account.  This  results  in  a  uniform  expre.ssion 
across  the  shadow  boundaries  for  the  GO  and  surface  wave 
fields. 

The  second  problem  considered  In  this  paper  is  the  EM 
diffraction  by  a  half  plane  with  equal  impedances  on  both 


.sides.  The  solution  for  the  half-plane  problem  is  obtained  by 
appropriately  combining  two  special  cases  of  the  two-part 
problem;  namely,  the  solutions  corresponding  to  the  cases 
where  Zj  =  0  and  Z;  =  oo,  respectively.  Finally,  several 
numerical  examples  are  presented  for  both  problems  consid¬ 
ered  here  with  a  brief  discussion  of  their  applications  to 
practical  problems.  It  is  noted  that  all  the  fields  in  the 
following  discussion  have  the  e  time  dependence. 


Sl  ATHMKNT  OF  IHF  PrOBLKM 

As  .stated  in  the  introduction,  the  first  canonical  problem  to 
be  considered  is  the  analysis  of  the  diffraction  by  a  two-part 
impedance  plane  depicted  in  Fig.  1 ,  where  Z]  and  Z:  are  scalar 
constants.  The  total  field  {£,  //),  which  will  be  determined 
everywhere  in  the  half-space  y  ^  0,  satisfies  the  impedance 
(Leontovich)  boundary  condition,  namely 

E~(y  ■  E)y-ZiyxH\  x^0,y  =  0  (I) 

where  £  and  H  are  the  electric  and  magnetic  fields,  respec¬ 
tively.  Let  us  consider  a  plane  wave  of  arbitrary  polarization 
which  is  obliquely  incident  to  the  z-axis  of  the  infinite  plane  as 
shown  in  Fig.  1 .  Since  the  infinite  plane  is  a  two-dimensional 
geometry,  all  the  fields  will  have  the  same  z-dependence  as  the 
incident  field,  namely 

£=£(x.  H  =  H(x,  y)e''‘z^  (2) 


where  ^  cos  .  Therefore,  all  the  field  components 

can  be  expressed  in  terms  of  E;  and  //-  (the  z-components  of 
the  electric  and  magnetic  fields,  respectively),  that  is 

£=  V  X  ( V X  (iE:)  +  ikz(.r,oH,)\/K- 

r,ofi  =  Vx\Vxz{voH-J-ikzE,\/K^  (3) 


where 


3  3 

V  =  V,-Fz/^,';  T,  =  /— -F/—  (4a) 

dx  dy 

and 


K  =  Ki  +  iKi  =  Ar  sin  0 '  =  (Ai  -F /At;)  sin  0 ki,  k2>0 


0<d' <T.  (4h) 

The  constant  is  the  free  space  intrinsic  impedance  and  k  is 
the  free  space  wavenumber  which  is  temporarily  allowed  to 
have  a  small  imaginary  part  for  convenience  of  analysis. 
Next,  let  us  define  the  column  vectors  J-  and/,  as  follows: 


where  both/,  and /.  satisfy  Helmholtz's  differential  equation; 

(V,^  + j  ;  l  =  y,z,  y  ^  0.  (6) 

Since  all  the  field  components  of  £  and  //  can  be  determined 
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from  /j,  the  incident  plane  wave  field  can  be  completely  where 

defined  in  terms  of  namely  r  net  n 

X2((^')=  I  ^  ■ 

J\  =  Fo^t\p(ik'^x-ik'y^-ik'z)\  ^oz=  T  1  (7)  ^  ® 


whe/e  £oz  and  ffoj  are  arbitrary  constants  (the  magnitudes  of 
Ej  and  //^,  respectively,  al  x  =  y  =  z  =  0)  and 


sin  (/)'  -  sin  i> 

=  ^ - : — ;  0«t>'<ir.  (14b) 

sm  ij>  +  sin  p 

By  means  of  (9),  (11),  and  (12),  it  can  be  shown  that 


k^--Kcos<p',  k^ -K  sin  <i>';  0<4)'<r.  (8)  satisfies  (6)  and  the  following  boundary  conditions; 

The  column  vector  Jy  was  introduced  because  it  satisfies  the  /  d  \ 

following  boundary  condition:  >'  =  0  Jf<0  (15a) 

(7^  +  /£sin  Pi)/^  =  0;  jf  5  0,  y  =  0  (9)  /_  d  \  , 

\  (^^^  +  '^sin  p,  1  (/j+/p  =  0:  ^  =  0  jc>0.  (15b) 


where 


7=[‘  ?] 


0  sin  P| 


Zi  sin 
2 


jjo  sin  B ' 


Since  it  is  assumed  that  Real  (Z|)  ^  0,  the  real  part  of  v  is 

2 

restncted  to  the  interval  0  ^  Real(p)  <  ir/2.  It  is  important  to 
note  that  the  fields  Ey  and  Hy  are  decoupled  in  (9). 

Solution 

Because  of  the  simplicity  of  (9),  the  Wiener-Hopf  equation 
will  be  obtained  in  terms  of  Jy  instead  of  /j.  For  analysis 
purposes,  it  is  convenient  to  express  the  solution  as 

T  ^  0  (11) 

where  which  will  be  referred  to  as  the  unperturbed 
solution,  is  the  field  that  would  exist  if  the  whole  plane  in  Fig. 
1  were  a  surface  with  impedance  Z2.  Thus,  /*  will  represent 
the  effect  of  the  impedance  discontinuity  at  .x  =  y  =  0.  The 
unperturbed  field  /“  satisfies  (6)  and 


1-^iKsx 

dy 


sin  P2  )/"  =  6: 


|x|<oo,  y  =  0.  (12) 


The  incident  field  is  given  by 
/'  =  Foy  exp  (/(A:;  x  -k'y  +  k^  z)); 


1  r-kk' 


It  follows  from  the  definition  of  /"  that 

/y=/'y  +  ^2(<i>')^oj'  exp  (/(kjx  +  k'y-hk^'z));  y  >  0 


In  order  to  simplify  the  notation,  the  factor  e'*^  is  dropped  at 
this  stage  of  the  analysis;  however,  it  will  be  reintroduced 
once  the  Wiener-Hopf  equation  is  solved.  As  in  [18],  it  is 
convenient  at  this  point  to  introduce  the  half-range  functions 
Jyt  • 


Jy~Jy+  Jy 


where 


f  _  \fy  •'^>0.  f  -  r® 

x:<0’  ^^-~lJy 


If  j  is  a  complex  variable,  i.e.,  s  =  a  +  /V,  where  a  and  r  are 
real  variables,  one  can  define  one-sided  Fourier  transforms  of 
Jyi,,  (provided  they  satisfy  certain  conditions  [23],  [24])  which 
will  be  denoted  by  Fyy,{s,  y).  The  functions  Fyy.{s,  y)  and 
Fy.(s,  y),  which  are  carefully  defined  in  Appendix  I,  are 
regular  in  the  upper  half-s-plane  Im(s)  >  r_  and  lower  half-s- 
plane  Im(j)  <  r+ ,  respectively.  The  constants  t_  and  t+  (t_ 
<  T+)  are  also  defined  in  Appendix  I.  In  terms  of  the  one¬ 
sided  Fourier  transforms  Fy+(s,  y)  and  Fy-^(s,  y),  the  two- 
sided  Fourier  transform  of  Jy  is  given  by 

fy(s,  y)  =  Fyy  (5,  y)  -F Fy.  (s,  y ) ;  y  ^  0,  r_  <  t< 


where  Fy  is  regular  in  the  strip  defined  by  t_  <  t  <  t^. 
Thus,  talcing  the  two-sided  Fourier  transform  of  (6),  keeping 
in  mind  that  the  unperturbed  field  J'tix,  y)  satisfies  (6),  yields 


T^<T<T+  (18) 


where  (18)  holds  true  within  the  strip  defined  by  <  t  <  t  ^ 
and 


Im(/3)>0. 


It  is  noted  that  in  addition  to  the  boundary  conditions,  £*  must 
also  satisfy  the  radiation  condition  as  y  -*  00  for  the  exp 
(-/W)  time  dependence.  Furthermore,  the  branch  cuts  of  /3 
are  chosen  such  that  Im(/3)  >  0  in  the  proper  (top)  sheet. 
Therefore,  a  solution  of  (18)  which  satisfies  the  radiation 
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condition  is 

7)  =  T.<T<T.,  y  ^  0  (20a) 

where 

/4  (s)  =  F;  (s,  0)  +  ft  -  ( s,  0);  t  <t<t  y  =  0. 

(20b) 

The  column  vector  /4(s).  also  regular  in  the  strip  r  <  r  < 
T . ,  is  an  unknown  function  of  s  that  will  be  determined  via  the 
Wiener-Hopf  procedure.  Following  Jones’  method  (27),  the 
first  step  is  to  take  the  Fourier  transform  of  the  boundary 
conditions  given  in  (15),  which  yields 

~  +  iK  sin  F\.  (s,  v)  =  0;  y  =  0, 

T<T.=\m(K)  =  K2  (21a) 
and 


g*(j)  and  g^(s).  The  lengthy  details  of  this  procedure  will  not 
be  presented  here,  because  they  can  be  found  elsewhere  in  the 
literature  [16],  [23|,  [24],  [28|.  Instead,  the  main  results  of  the 
factorization  of  (5(s),  which  are  based  on  Weinstein’s 
work  [28],  are  summarized  in  Appendix  II.  Thus,  using  the 
results  of  Appendix  II,  the  factorization  of  S{s)  is  defined  by 

G(s)  =  dAs)C  As).  (24) 

Sub.stituting  (24)  into  (23a)  yields 

G  ,  !(s)G2  ,  (s)F;^  is,  0)  + G  2’ (s)Gr  (5)F;  (s,  0) 

=  .^(s)D;  T  <r<r,  (25a) 

where 

^(s)  =  C|  (s)52,(s)/(s  +  A:;).  (25b) 

The  next  step  in  this  procedure  is  to  decompose  X(s)  into 

^(s)  =  X,(s)  +  ^  (s)  (26) 


^/~  +  iA  sin  P|j  (FI  As,  y)  +  F''  A^>  y))  =  0; 

y  =  0,  T>r  .  .  (21b) 

The  function  F“^  can  easily  be  obtained  by  taking  the  one¬ 
sided  Fourier  transform  of  (14a),  i.e.. 


F“.  (s,  y)  =  -^.  (/exp  {-ik[y)yK2(<l)') 

■  c\p  {ik  I  y))FH,/(s  + k t>  t  = /fj  cos  <^>^  (22) 

Incorporating  (20b)  and  (22)  into  (21)  and  after  some 
simplification  yields  the  Wiener-Hopf  equation  which  holds 
in  the  strip  r  <  r  <  r^,  namely 

(5:(.s)F;.  (5,  0)-eC,(5)F;  (s,  0)  =  (5|(5)52(5)D/(5  +  k;); 

T  <T<T ,  (23a) 

where 

(23b) 

and 

D  -  /  [sin  p, (f  +  .\:(<^ ' ))  -  k,'  (/-  A2(0 '  ))/F lFnv/'^2ir. 

(23c) 

In  (23a),  the  functions  F'^.  and  F;,  are  both  unknown  while 
(^:(.s),  <^i(y)  and  Fare  known  functions.  The  first  step  to  solve 
the  Wiener  Hopf  equation  is  the  factorization  of  the  diagonal 
matrix  (^i,:(s)  into  two  matrices  which  are  regular  in  the  upper 
and  lower  half  spaces  defined  by  Im(5)  >  -  Ki  and  Im(s)  < 
Ki,  respectively.  .Since  G{s)  is  a  diagonal  matrix,  its  factoriza¬ 
tion  reduces  to  the  factorization  of  its  individual  elements,  i.e.. 


where  ^^(s)  is  regular  in  the  upper  half-space  defined  by 
Im{s)  >  T  ^  and  ^  (s)  is  regular  in  the  lower  half-space  Im(s) 
<  T*.  As  was  the  case  for  G(s),  the  matrix  ^(s)  is  also 
diagonal.  Thus,  its  decomposition  reduces  to  the  decomposi¬ 
tion  of  its  elements.  For  the  problem  being  considered  here, 
the  decomposition  of  ,f^(s)  can  be  found  by  inspection. 
Therefore,  only  the  final  results  of  the  decomposition  of  J({s) 
are  given  in  Appendix  II.  By  means  of  (26),  (25a)  reduces  to 

G {s)G2 .  (S)F;  ^  (s,  0)  -  (s)D  =  .  (s) 


•  F-(52.'(5)(5,^(s)F;_(s,  0);  r-<r<T,.  (27) 

After  a  careful  examination  of  (27),  one  concludes  that  all  the 
functions  on  the  left  side  of  (27)  are  regular  in  the  upper  half-s- 
plane  defined  by  t  >  t  .  On  the  other  hand,  the  functions  on 
the  right  side  of  (27)  are  regular  in  the  lower  half-5-pIane 
defined  by  t  <  t  , .  Since  both  half-s-planes  have  a  common 
overlapping  region  described  by  r  <  7  <  r, ,  it  follows  by 
analytic  continuation  [23],  [24]  that  both  sides  are  equal  to  an 
entire  function  M{s)  (regular  on  the  entire  s-plane).  Due  to  the 
edge  conditions  that  the  fields  must  satisfy  near  the  impedance 
discontinuity,  the  asymptotic  behavior  of  both  sides  of  (27)  is 
algebraic  rather  than  exponential  [24] .  It  then  follows  from  the 
extended  form  of  Liouville's  theorem  [24]  that  M(s)  is  a 
polynomial  in  s.  Furthermore,  for  this  particular  problem,  the 
edge  conditions  require  that  the  tangential  components  of 
and  H.  be  bounded  across  the  impedance  discontinuity  [11], 
[16].  It  can  be  shown  [16],  that  due  to  both  the  constraints  on 
E.  and  //;  across  the  impedance  discontinuity,  and  the 
asymptotic  behavior  of  (5|  ,(s),  ^2,(5)  and  (s)  as  |s|  00 

for  7  5  7»,  M{s)  is  at  mo.si  a  constant,  namely 


M(s)  =  M  = 


for  all  s 


(28) 


where  zM|  and  m2  are  arbitrary  unknown  constants  at  this  .stage 
of  the  analysis.  Finally,  solving  for  F\. ,  (.s,  0)  and  F\,  (.s,  0)  in 
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(27)  and  substituting  the  resulting  expressions  into  (20b). 
yields 

/1,(5)  =  (5u(s)<5.  (s) 


rGu(A:;)52-(A:;)/A:;Fov  M 


Ml 

tJ  ’ 


}\(x,  y,  z)  = 


exp(/A:'z)  (.« 


F^s,  y) 


exp  ( -  isx)  ds;  y  ^  0  (32) 


where  the  path  of  integration  is  shown  in  Fig.  2  and  kz  has 
been  set  equal  to  zero.  The  next  step  in  the  analysis  is  to 
introduce  a  change  of  variables  via  the  transformation 

5= -Af  cos  tv;  /3  =  /fsinw  (33) 

where  tv  is  a  complex  variable  and  K  =  At,  k  =  ky,  i.e.,  kz 
-  0.  Replacing  x  and  y  by  p  cos  and  p  sin  respectively, 
(32)  can  be  written  in  the  iv-domain  as  follows: 


/'(p,  <t>,  z)  = 


exp  ( -  ikz  cos  0 ' ) 


(  ^.(tv) 


exp  (iKp  cos  (w-0))  dw;  p  ^  0, 


0  ^  ^  IT 


-  Zm0 • 0 


K -REAL 
K  'K ,•  K.sin fl' 


INTEGRATION 

PATH 


for  all  s 


/ 

Im)3  •  0 


Z(v)  =  2  (sin  vz  -  sin  P| ).  (29b) 

As  expected,  when  Z|  =  Z2,  /4j,(s)  is  equal  to  zero.  Note  that 
the  expression  for  Ay  still  contains  the  unknown  constant  M. 
In  order  to  evaluate  M  and  thus  obtain  a  unique  solution,  it  is 
necessary  to  first  find  the  expression  for  F^^s,  y).  Taking  the 
two-sided  Fourier  transform  of  (5)  and  solving  for  F*,  one 
obtains 

FUs,  y)  =  C-'  (s)Fl(s,  y)  =  C  '(5),4^(5)e'^:  y^O 


=  if  ks  -k'3~\ 

C(s)  =  —  "  .  (30b) 

I -k'0  -Ar5  J 

The  expression  in  (30a),  due  to  the  matrix  ^‘‘(s),  has  two 
poles  at  5  =  ±  ik^  whose  residues  introduce  fields  which  do 
not  have  a  physical  interpretation  [16].  Therefore,  the  constant 
jif  has  to  ^  adjusted  in  such  a  way  that  these  two  poles  are 
suppressed.  It  follows  from  (30)  that 

y^Ay(^ik')  =  0;  F*  =  [±/,  1]  (31) 

where  F*  is  a  row  vector.  Before  (31)  is  solved,  it  is 
convenient  to  first  obtain  the  expression  for  f\(x,  y,  z).  This  is 
accomplished  by  taking  the  inverse  Fourier  transform  of  F*(5, 
y)  and  reintroducing  the  factor  namely 


,Kcos^' 


PROPER  SHEET  :  Im  ^  >  0 


Fig.  2.  Path  of  integration  in  (32). 


ImUj)>0l  plane 


wWf  It 


Wf.  I  <A.f 


|Ini(P|)>0 
I  ‘Wsi 


V//V/} 


31  31  |/ 


^J3  ,r,  I  J 

vr/^ 


^  TOP  RIEMANN  SHEET  IN  S- DOMAIN  WHERE  Im/3  »0 

Fig,  3.  Integration  paths  F,  and  Cspp  in  the  periodic  iv-plane  for  k  =  ki 
(real).  The  singularities  of  the  function  /l;(w)  are  also  depicted. 

where  p  =  \Jx^  -F  y^  and  the  new  integration  path  Th,  in  the  w- 
domain  is  shown  in  Fig.  3.  The  expression  for  A^  is  given  by 

/ij(w)  =  ^“'(M')^(w)  sin  w  r - +  ^1 

L  cos  w  -F  cos  <i> '  J 

■  sin<i>'^((t>')2(v)C(x  +  <l>')Fo,  (35a) 


f(„).  j_  r .  » 

sin  $'  fsin  w  cos  t 


-  cos  w  sin  w  cos 
sin  w  cos  6 '  cos  w 


(»v)  ^2-(*^)  < 

)  «^(*v)  g^_ 


A 
“  1 


f- '( Wo)^(w-o).  (35c) 

The  expressions  forgi  ,(iv)  and  gz-{w)  are  given  in  Appendix 
II  and  they  will  not  be  repieated  here.  The  constant  matrix  5  is 
evaluated  by  solving  (31)  in  the  w-domain.  In  other  words,  B 
is  adjusted  in  such  a  way  that  the  nonphysical  poles  introduced 
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by  C  '  are  suppressed.  The  details  of  the  solution  of  (31)  and 
the  expressions  for  7V(wo)  and  f(Wo)  are  given  in  Appendix 


III. 


Asymptotic  Analysis 

As  shown  in  the  previous  section,  the  formal  solution  to  the 
canonical  problem  of  Fig.  1  has  been  obtained  in  terms  of  an 
integral.  In  general,  this  type  of  integral  cannot  be  evaluated 
in  closed  form.  Fortunately,  in  diffraction  problems  one  is 
interested  in  the  solutions  for  large  Kp  which  can  be  obtained 
by  applying  asymptotic  integration  techniques.  Here,  the 
steepest  descents  method  will  be  used  to  obtain  the  leading 
term  of  J\  for  large  Kp. 

The  exponential  function  in  (34),  i.e.,  exp  (iKp  cos  {w  - 
0)),  possesses  an  isolated,  simple  saddle  point  w  =  <(>. 
Furthermore,  the  function  is  analytic  everywhere,  except 
that  it  has  the  following  simple  real  poles  in  the  vicinity  of  the 
saddle  point  w  =  </>: 


w  =  ir-0',vv=7r  +  0',w=— ir  +  0';  0<4)' <v.  (36) 

In  addition  to  these  real  poles,  Ajlw)  also  has  four  complex 
poles  (see  Fig.  3)  whose  residues  can  be  interpreted  as  surface 
waves  departing  from  the  impedance  jump: 

w ;■*  =  -  w =  ir  +  (37) 

where  0  <  Real(P(,2)  $  ir/2. 

When  the  contour  r„.  is  deformed  into  the  steepest  descent 
path  CsDP,  the  poles  of  may  be  crossed.  If  this  is  the  case, 
then  the  poles  are  captured  and  their  residue  contributions 
must  be  included.  Note  that  w'j''  and  which  are  the  poles 
of  i?(w),  can  be  captured  only  when  Im(P|  2)  <  0.  It  follows 
from  (10)  that  Im(p*2)  $  Oand  Im(p'2)  S  0  when  Im(Z|,2)  5 
0.  Therefore,  for  given  values  of  Z|,2,  only  two  of  these  four 
poles  can  be  captured.  Furthermore,  since  0  <  <  tt  and  0 

<(/>'<  T,  the  poles  w  =  ir  +  0 '  will  not  be  captured  for 
the  two-part  impedance  problem.  Thus,  deforming  the  contour 
r„  into  CsDp  in  (34)  and  adding  the  unperturbed  field /"  yields 
the  following  expression  for  the  total  field 

where  /',  is  the  incident  field  defined  in  (7),  •’nd  is  the 
reflected  field  given  by 

=  C  '(ir-0'){A,(0')(/(ir-0'-0) 

-E  ^2(0'  )t/((()  -  Jr-E  0')}  ^(tt-E  0')Foj 

exp  ((  -  iKp  cos  ( 0  +  0 ' ))  exp  ( -  ikz  cos  6 ' )  (39) 

where  U  is  the  unit  step  function.  The  fields /^“  and/^*  are  the 
surface  wave  fields  which  exist  in  the  half-planes  x  >  0,  y  = 
0  and  X  <  0,  y  =  0,  respectively.  They  can  easily  be  obtained 
by  computing  the  residues  of  the  integrand  in  (34)  at  the  poles 
defined  in  (37).  That  is, 

/Ti  =  'Pfsw(w',i)  exp  (iKp  cos  (Wti  -0)) 

,2  <2 

■  exp  (  -  ikz  cos  6') (7)  (40a) 


where 

t/,  =  t/(0„  -  0);  <t>si  =  arccos 


1/2=  t/(0-0j2);  0i2  =  T -E  Pr2  -  arccos 


(— ) 
Vcos  p/l/i  / 

IS  vh,2 ) 


(40b) 


and 


or 


*♦'5/=  <2,  l>l=V% 


ifIm(Z/)<0,  l=\,2  (40c) 


ifIm(Z/)>0,  /=1,2.  (40d) 


The  constants  t>ri  and  vn  in  (40b)  are  the  real  and  imaginary 
parts  of  p;,  respectively.  Furthermore,  fs,^(Wji),  which  is  the 

^  i2 

residue  of  at  Wji,  can  be  written  as  follows: 

i2 

f‘sAWs,'’)  =  C:-'(w‘','')Pi(w"i'')  r - - - -E^l 

Lcos  -ECOS0'  J 


•  sin0'i?(0')2(p)(?(ir  +  0')Fo,;  /=1,2  (41) 
where  AfvvJ;*)  is  the  residue  of  ^(w)  sin  w  at  namely 

0  0 


A«,)  = 


0  tan  (wj,) 


0 

0  tan  (wjj) 


0 


(42a) 


and 

A(h';,)  = 


tan(w') - 0 

0  0 


^2«2)  = 


tan  (wjj) 


0 


«2.(<2) 

0  0 


(42b) 


The  last  term  in  (38),  i.e.,/^,  which  in  this  paper  is  referred  to 
as  the  diffracted  field,  is  given  by 


fi(p.  0,  Z)  = 


exp  ( -  ikz  cos  O') 


j  Az(w) 


2ici  “^Csop 

•  exp  (iKp  cos  (w-0))  t/w; 

p>0,  0  ^  0  ^  T.  (43) 

The  asymptotic  evaluation  of  (43)  was  carried  out  following  a 
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procedure  similar  to  that  proposed  by  Gennarelli  [29].  Without 
going  over  the  details,  taking  into  account  the  presence  of  the 
poles  of  (real  and  complex)  near  the  saddle  point  <t>,  and 
keeping  only  the  leading  term  of  order  (Kp)^  the  asymp¬ 
totic  evaluation  of  (43)  is  given  by 

Hip,  <t>,  z) — p=  exp  (iKp-ikz  cos  0') 

'  ^/2irKp 


j/4;(<^))  +  ]^  f. 


[l-ff(//(p5?)] 
2sm(^  — j 


/  =  V2e' 


-sin(^  — j: 


Half-Plane  Solution 

The  solution  for  a  half-plane  having  the  same  impedance  Z| 
on  both  sides  can  easily  be  obtained  from  the  solution  of  the 
two-part  problem  discussed  in  the  previous  sections.  This  can 
be  accomplished  by  first  expressing  the  incident  plane  wave 
field  as  the  superposition  of  four  incident  plane  wave  fields  as 
depicted  in  Fig.  4(a).  That  is,  the  incident  field  is  decomposed 
into  symmetrical  and  asymmetrical  components.  Equivalent 
configurations  to  those  shown  in  Fig.  4(a)  are  easily  obtained 
by  taking  advantage  of  the  symmetric/asymmetric  properties 
of  the  incident  field.  The  equivalent  configurations,  which  are 
shown  in  Fig.  4(b),  are  simply  special  cases  (Z2  -►  0,  Z2 
00)  of  the  two  two-part  problem  that  has  already  been  solved. 
Thus,  the  next  step  in  the  analysis  of  the  half-plane  problem  is 
to  evaluate  and  X2  when  Z2  -♦  0  and  Z2  -*  <»,  respectively. 
In  order  to  avoid  any  confusion,  the  superscripts  “c”  and 
“m”  will  be  added  to  the  solutions  of  the  two-part  problem 
when  Z2  -►  0  and  Z2  «>,  respectively. 


The  residues  f/  contributed  by  the  poles  listed  in  (44b)  are 
given  by 

+  (45a) 

f2  =  ^w(H’*  ),  f3  =  /i*(w*2),  /4  =  /’sw(<,).  and  r5  =  ^w(M''2)- 

(45b) 

As  mentioned  before,  only  two  of  the  four  surface  wave  poles 
W2  tlirough  Wi  can  be  captured  for  given  values  of  Z|  and  Z2. 
The  function  5(x)  is  the  well-known  transition  function  [30], 
that  is 

SF(jc)  =  2jVjife“  f  e"''^  dt;  — ^<arg  (jc)<-  (45c) 

''^/x  2  2 


Case  I:  Z2  -*  0  =»  -»  0;  -►  t/2  -  iao 

JSW  )=[o'  ?] 

^^(0)  =  <?-'(<^)!?"(0)  r - — ^ - 77  +  H 

L  cos  (j)  +  cos  <i>  J 


sin 


(47a) 


(47b) 


where  x  can  be  complex  due  to  the  surface  wave  poles.  In 
order  for  JFfx)  to  converge,  the  argument  of  x  is  restricted  to 
the  domain  -  3t/2  <  AiTg(x)  <  ir/2  in  the  complex  jr-plane. 
In  other  words,  the  branch  cut  in  the  complex  jc-plane  runs 
from  the  origin  to  infinity  along  the  positive  imaginary  axis.  It 
is  noted  that  when  the  magnitude  of  x  is  large,  the  transition 
function  J{x)  approaches  one.  Hence,  when  the  poles  of 
A^w)  are  far  from  the  saddle  point,  the  only  nonzero  term 
within  the  brackets  in  (44a)  is  AA<t>)- 
As  mentioned  before,  when  the  original  path  of  integration 
is  deformed  into  Csdp,  the  poles  of  /4j(w)  at  w  =  ir  -t-  w 
=  -T  -F  and  w  =  3x  -  <t>'  will  not  be  captured. 
However,  when  the  half-plane  problem  is  considered  and  the 
range  of  <(>'  and  0  is  extended  to  2ir,  these  poles  can  be 
captured.  Therefore,  it  is  convenient  at  this  point  to  evaluate 
these  residues,  namely 

-Po,  +  C-'(Tr  +  <t>')Xi(2ir-<t>')Xd<t>') 

■  +  )Poz'>  residue  at  w=x  +  <l>' 

■  C{x  +  4>')Fo2;  residue  at  w=  -x  +  <t>' 
-<?-'(ir-«'){7-A2(0')A,(2T-«')}A2(.^') 

•  C{x  +  <t>')Foj;  residue  at  w  =  3t-<>' 


2"(»')  =  2  I  J  ^  *1  •  (47c) 

LO  -sin  F"J 

Since  Z2  -►  0,  the  residues  ^..(ivjj*)  are  equal  to  zero,  i.e., 
fsw(M'J^*)  =  [q].  The  function  5“^  which  is  the  limit  of  5  as  Z2 
-*  0,  is  defined  in  Appendix  HI. 

Case  2:  Z2  00  =»  »»*  -►  ir/2  —  100,  fJ  -►  0 

(48a) 

A”(<i>)  =  C-'(<i>)^'”{<f>)  [ - — ^ - T7  +  5'"1 

L  cos  -F  cos  <A  J 

•  (48b) 


r  -  sin  f[  0l 

2'"(f)  =  2  1^  Q  ■  J  .  (48c) 

As  in  Case  1,  when  Z2  -♦  00,  =  [»]  and  5”,  which  is 

given  in  Appendix  III,  is  the  limit  of  5  as  Z2  00. 

It  is  noted  that  the  two-part  problem  with  Z2  -*  0(oo) 
corresponds  to  the  configuration  of  Fig.  4(a)  where  and 
have  asymmetric  (symmetric)  and  symmetric  (asymmetric) 
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OBSERVATION  POINT 
^  (E'.H'l 


and 

Xz, 

itrli.Hi' 

A . 

rA,{0'), 

[Ai(2x -</)'), 

for  0<<i>'  <jr 
for  T<<f)'  <2x  ’ 

X' 

v"' 

Wi  =  x-<f)';  m'2==x-e</)'.'  (52c) 

ilEj-Hi) 

The  function  U/  introduced  in  (52a)  is  defined  as  follows: 

a/  =  s/2e'^ sin 


Fig.  4.  Relation  between  the  two-part  problem  and  the  impedance  half-plane 

problem. 


excitations,  respectively.  This  can  be  checked  by  examining 
(47)  and  (48),  and  by  noting  that  g  +  (w)  satisfies  the  identity 
g*(2x  -  w)  =  gf(3v).  Thus,  the  range  of  the  angles  and 
<t),  for  the  two-part  solutions  can  be  extended  to  2ir.  The 
solution  of  the  half-plane  problem  is  then  obtained  by 
superposing  (see  Fig.  4(b))  the  two-part  solutions  with  Z2  0 
and  Z2  00,  respectively,  and  keeping  in  mind  that  the  poles 
of  atw=ir-F^',M'  =  -  ir  +  <t)' ,  w  =  3ir  -  <l)' 

can  captured,  namely 

U=/L^+f'^+fZ+K;  0  <  0  <  2t,  O<0'<27r 

(49) 

where 

=  Foj  exp  ( -  iKp  cos  (<i) -<)>')-  ikz  cos  ' ) 

■  -</.'+ t) -(/(«-«' -7r)|  (50) 

in  the  incident  field  and 

-<i>) 

-E  A|  (2ir  -  0 ' )  f/(<^  -  3x -f  </i ' ))  ^(tt -E  0 '  )^oj 

•  exp  {-iKp  cos  {<t>  +  <t>')-  ikz  cos  O')  (51) 

is  the  reflected  field.  The  diffracted  field  is  given  by 

— 

J’‘ - ; - exp  {iKp  -  ikz  cos  0 ' ) 

^  I'-il-wKp 

r.  .  ^r^[)-^{iKps^)\ 

Al{<t>)  +  A’;'{<t>)  +  ^ - 

,,i  ,  /  Wi-<t>\ 


4  ff(I  -^{iKpa])] 

\  2  j 


f^,=  -C'{-ir-(i>’)KC{Tr  +  (p')FQi-,  rP= -Foz  (52b) 


[0 

for  0  <  </)  <  X 

^  2x  —  0 

for  x<0  ^  2x 

/=3,  4, 

for  0  ^  0  <  X 

/=3,  4, 

for  x<<^)  <  2x. 

Furthermore,  through  are  given  by 

=  +  (52f) 

where  Wj  =  w* ,  W4  =  W5  =  2t  -  wj,,  and  =  2ir  - 
w',.  The  residues  r^f(w/)  and  r”^{Wi),  are  given  in  (41),  except 
that  the  functions  {B,  sin  4>^{<i>'),  P\{wj),  2{v))  are  replaced 
hy  (5*',  ^‘^((f>'),  P\{wi),  ^“^(p))  for  Case  1,  and  by  (5'", 
"{(!>’),  Bl'{w,),  2'"(p))  for  Case  2.  All  these  new  functions 
were  already  defined,  except  for  P‘[{wi)  and  P"{wD,  which  are 
the  residues  of  ^'^{w)  and  if'”(w),  respectively,  at  w  =  W/, 
namely 


P\{w1,)  = 


0  0 

V2  sin  (m'?./2) 

0 - 7 - ^ 

cos  (wj,)g*_(wj|) 


Pr«)= 


0  0 
tan  (wj,) 

0  -T - ^ 


tan  (w^  ) 

-  0 

«i-(<i) 

0  0 


'Jl  sin  {w^^^/2) 
cos  (W'|)g'_(H'J,) 
0 


/^^(2x-wJ,)=  -P^(w^^,),  /57(2x-w^^,)  =  P7(»vJ,), 

y5y(2x  -  w;, )  =  A,  ( w-J, ),  P;'{27r  -  w^,  )=-P”{w^^). 

(53c) 

The  surface  wave  field  for  the  half-plane,  given  by  /^  ,  can 
also  be  obtained  from  the  two-part  problem.  Without  showing 
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Fig.  5.  Field  scattered  by  the  two-part  impedance  plane  for  an  obliquely  incident  plane  wave,  (a)  TMj  polarization:  £oz  =  1 .  hoWoj 

=  0.  (b)  TE-  polarization:  £o;  =  0,  >io7/oj  =  I. 


any  details, 

IZ  =  “^r  {Ws\-4>)-ikz  COS 

+  exp  (iKp  cos  ( 1  -F  </))  -  /A:z  cos  B ' )  U{<i)  -  2x  -F  d>,i ) 

(54) 

where  0^1  was  defined  in  (40b).  Note  that  in  (54),  f**  =  f’* 

=  and  =  w*  if  Im(Z|)  <  0.  On  the  other  hand,  if 
Im(Z|)  >  0,  =  Vj,  ry  =fPand  w,,  = 

Numerical  Results 

Most  of  the  expressions  presented  in  the  previous  sections 
are  simple  functions  which  are  amenable  for  numerical 
calculations.  The  only  expression  that  requires  a  simple 
numerical  integration  is  I{w,  p)  defined  in  (62b).  This  function 
can  be  efficiently  computed  with  a  12-point  Gaussian  integra¬ 
tion  algorithm.  In  Fig.  5,  the  field  scattered  by  the  two-part 
surface  is  depicted  for  three-different  values  of  Zi,  while  Z|  is 
kept  constant.  The  incident  field  is  an  obliquely  incident  plane 
wave  (S'  =  45°)  with  two  different  polarizations.  In  Fig. 
5(a),  the  incident  field  is  TM;  polarized  =  1,  =  0), 

while  in  Fig.  5(b)  it  is  a  TEj  polarized  {Eq^  =  0,  //qz  =  I) 
plane  wave.  As  expected,  when  Zi  =  Z|,  the  diffracted  field  is 
zero  and  the  scattered  field  is  just  the  reflected  field.  As  Zi 
changes,  the  diffracted  field  becomes  more  important  and  it 
begins  to  interact  with  the  reflected  field.  As  a  result  of  this 
interaction,  the  magnitude  of  the  scattered  field  is  no  longer  a 
constant,  but  fluctuates  as  depicted  in  Fig.  5.  In  addition  to  the 
diffracted  and  reflected  fields,  the  surface  wave  fields  also 
contribute  to  the  scattered  field.  It  is  seen  in  Fig.  5  that  the 
surface  wave  fields  are  significant  around  0“  and  180°.  It  is 


also  important  to  mention  that  an  obliquely  incident  plane 
wave  which  is  TM;  or  TEj  polarized,  excites  a  scattered  field 
that  has  both  polarizations  as  shown  in  Fig.  5.  However,  it 
must  be  noted  that  the  TE;  and  TM;  field  components  become 
decoupled  for  a  normally  incident  (B'  =  90°)  field. 

The  results  in  Fig.  6  illustrate  the  effect  of  the  angle  B'  on 
the  scattered  fields.  When  B’  =  30°,  both  fields  E^  and 
are  equally  important.  However,  when  B'  =  80°,  the  cross- 
polarized  field  becomes  less  significant.  For  example,  in  Fig. 
6(a),  where  the  incident  field  is  TM;  polarized,  the  scattered 
field  becomes  very  small  as  B '  changes  from  B'  ~  30°  to 
B'  =  80°.  On  the  other  hand,  in  Fig.  6(b).  where  the  incident 
field  is  TE;  polarized,  the  field  £;  becomes  much  smaller  in 
relation  to  the  ijq//;  field  when  B'  changes  from  30°  to  80°.  It 
is  easy  to  show  that  if  B'  =  90°,  the  cross-polarized  scattered 
field  is  identically  equal  to  zero. 

The  other  canonical  problem  that  was  considered  here  is  the 
half-plane  with  equal  impedances  on  both  sides.  In  Fig.  7,  the 
total  field  is  shown  for  a  lossless  impedance  half-plane  excited 
by  an  obliquely  incident  plane  wave.  In  order  to  show  the 
effect  of  the  surface  waves  excited  at  the  edge  of  the  half- 
plane,  two  cases  are  considered.  First,  the  impedance  Z,  is 
allowed  to  have  a  large  reactance  (Z|  =  /4tjo).  For  this  value 
of  Z|,  the  effect  of  the  surface  wave  can  clearly  be  seen  in  Fig. 
7  from  0  =  340°  to  0  =  360°  where  the  total  field  starts  to 
increase  in  magnitude  due  to  the  surface  wave  field.  When  Z| 
=  iO.lrio,  the  surface  waves  become  weaker  and  the  total  field 
decreases  monotonically  for  0  >  316°,  except  around  0  = 
360°,  where  the  presence  of  the  surface  wave  field  is  still 
observed.  The  incident  plane  wave  field  in  Fig.  7,  is  obliquely 
incident  (B'  =  45°)  to  the  axis  of  the  half-plane,  which  excites 
a  scattered  field  with  both  TM;  and  TE;  polarized  components. 


80 


IEEE  TRANSACTIONS  ON  ANTENNAS  AND  PROPAGATION,  VOL  36,  NO,  I,  JANUARY  1988 


(a) 


(b) 


Fig.  6.  Field  scattered  by  the  two-part  impedance  plane  for  two  different  values  of  30',  80'.  (a)  TM,  polarization:  =  1, 

tioHoz  =  0.  (b)  TE,  polarization:  Eoz  =  0,  noHoz  =  1 . 


Fig.  7  Total  field  excited  by  a  plane  wave  obliquely  incident  on  a  lossless  impedance  half-plane,  (a)  TM;  polarization:  Eoz  =  1. 

loffo!  =  0-  (b)  TE,  polarization:  £oi  =  0,  VoHoz  =  1 . 


In  Fig.  7(a),  the  incident  field  is  TMj  polarized,  while  in  Fig. 
7(b)  it  is  a  TEj  polarized  plane  wave. 

The  last  example  considered  here  is  depicted  in  Fig.  8 
where  the  total  field  was  calculated  for  two  values  of  In 
Fig.  8(a),  the  incident  field  is  TMj  polarized,  while  in  Fig. 
8(b),  the  incident  field  is  TEj  polarized.  As  expected,  when  6' 
is  small  ($'  =  25"),  both  fields  and  tjo/Zj  are  significant. 


However,  as  9'  gets  closer  to  90°  (S'  =  80°),  the  cross- 
polarized  component  of  the  scattered  field  approaches  zero. 

Conclusion 

The  electromagnetic  diffraction  of  a  plane  wave  by  a  two- 
part  surface  and  by  an  impedance  half-plane  was  studied  in 
detail.  The  incident  field  was  assumed  to  be  a  plane  wave  of 
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Fig.  8.  Total  field  excited  by  a  plane  wave  obliquely  incident  on  an  impedance  half-plane  for  two  different  values  of  S':  25",  80°.  (a) 
TMj  polarization:  E02  =  \,  noffa,  =  0.  (b)  TE^  polarization:  £a,  =  0,  ijo/for  =  I- 


arbitrary  polarization,  obliquely  incident  to  the  axis  of  the  two- 
dimensional  structures.  The  exact  solutions  for  these  canonical 
problems  were  developed  in  terms  of  integrals  which  can  not 
be  evaluated  in  closed  form.  Thus,  uniform  asymptotic 
solutions,  valid  for  large  {Kp),  were  obtained  by  applying  the 
method  of  steepest  descents.  These  uniform  solutions  are  valid 
for  any  angles  of  incidence  and  observation  for  both  TMj  and 
TEj  polarizations,  however,  special  care  must  be  taken  for  the 
cases  of  grazing  incidence  and/or  when  Zi,2  goes  to  zero  or 
infinity.  For  these  special  cases,  where  two  or  more  poles  may 
coalesce  to  the  saddle  point,  the  procedure  described  by 
Gennarelli  [29]  can  be  followed  to  obtain  a  valid  solution. 

The  uniform  asymptotic  solutions  presented  here  were 
obtained  by  taking  into  account  the  presence  of  the  geometrical 
optics  poles  (real  poles)  as  well  as  the  surface  wave  poles 
(complex  poles)  in  the  vicinity  of  the  saddle  point.  The 
diffracted  field  was  derived  by  keeping  only  the  leading  term 
of  order  (Kp)  with  respect  to  the  incident  field.  Thus,  if  a 
more  accurate  description  of  the  diffracted  field  is  necessary, 
eg.,  the  diffracted  field  propagating  on  the  impedance 
surface,  it  is  necessary  to  include  the  next  term  of  order 
(Kp) 

As  indicated  in  [18],  one  possible  application  of  the  present 
work  is  the  prediction  of  the  EM  scattering  by  a  metallic 
surface  which  is  partly  covered  by  a  thin  material  coating. 
Another  application  would  be  a  study  of  the  scattering  by  a 
conducting  half-plane  covered  on  both  sides  by  a  thin  coating. 
These  problems  can  be  treated  with  the  solutions  developed 
here.  Furthermore,  the  results  obtained  here  play  an  important 
role  in  the  development  of  a  solution  for  the  problem  of  EM 
diffraction  by  the  edge  of  a  thin  dielectric/ferrite  half-plane 
[161.  [31]. 

The  solution  for  was  written  in  a  very  compact  matrix 
notation  which  is  especially  useful  when  treating  the  more 


general  wedge  problem  [11],  [17].  Furthermore,  the  elements 
of  the  diffracted  fields/^  and /^,  i.e.,  and  are 

proportional  to  the  field  components  Eg  and  of  the  ray-fixed 
coordinate  system  defined  in  [30].  Thus,  in  the  treatment  of 
canonical  diffraction  problems,  it  is  convenient  to  express  the 
diffracted  fields  in  terms  of 

To  conclude,  it  is  important  to  keep  in  mind  that  for  the  case 
of  oblique  incidence,  the  normal  components  and  //**  of 
the  surface  wave  field  are  decoupled.  That  is,  for  a  given  value 
of  surface  impedance  Z,  only  one  of  these  field  components 
f*"  or  //**)  will  be  excited.  However,  when  £**  and  are 
computed,  both  can  be  nonzero  because  the  matrix  <?“  ‘(w)  is 
not  diagonal. 

Appendix  I 

In  this  Appendix,  the  most  important  properties  of  the 
Fourier  transform  that  are  relevant  to  the  Wiener-Hopf 
technique  are  summarized.  A  detailed  discussion  of  this  topic 
can  be  found  in  many  excellent  textbooks,  one  being  Tich- 
marsh  [32].  Let  the  function /(x)  (see  (16a))  be  expressed  in 
terms  of  the  half-range  functions  /+  and  /_  which  were 
introduced  in  (16b).  Note  that  the  subscript  ( + )  in  the  function 
/+  (x)  signifies  that  this  function  is  identically  zero  for  x  <  0, 
and  the  subscript  ( - )  in  the  function  /_  means  that  the  second 
function  is  identically  zero  for  x  >  0.  Next,  assume  that /+  (x) 
and  /_  (jf)  have  the  following  asymptotic  behavior: 


The  Fourier  transform  of  /+(ar),  provided  f+(x)  satisfies 
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certain  conditions  [23],  [24],  is  deHned  as 

F,  (5)  =  ^  A  {x)c'“  dx  (56) 

^f21r  ■'0 

where  F*  (s)  is  regular  in  the  upper  half-s-plane  defined  by  r 
>  T  [23],  [24j.  Similarly,  the  Fourier  transform  of f  (x)  is 
defined  by 

1 

F  (s)  =  — 

'Jlx 

where  F  (s)  is  regular  in  the  lower  half-s-plane  defined  by  r 
<  T+.  Finally,  the  two-sided  Fourier  transform /(jf)  can  be 
written  by  combining  (56)  and  (57),  namely 

F(s)  =  ^  r  f(x)e^^dx  (58) 

'Jlx 

where  F(s)  is  regular  in  the  strip  defined  byr_  <  t  < 

The  inverse  Fourier  transform  of  F(s)  is  then  given  by 


as  indicated  in  (26).  There  is  also  a  formal  procedure  to 
decompose  the  function  X{s);  however,  in  this  case  it  can  be 
done  by  inspection.  Without  showing  the  details,  -f+(s)  and 
^-(s)  can  be  expressed  as  follows: 

— ttt  «5i  -  ( -  A:;  )5  j  „'  ( -  *; )  -  ^2 ,  (s)  5  r.'  (s)] 
(s+Ac;) 

(63a) 

^  = 7^-T^  [  5,  (5)  <5  2 '  (5)  -  5,  ^  ( -  A:; )  5  2 .'  ( -  ^; )] 

(s-t-Ar;) 

(63b) 

where  X+(s)  and  ^  (s)  are  regular  in  the  upper  and  lower 
half-s-planes  defined  by  Im(s)  >  Ki  cos  <i> '  and  Im(s)  <  K2, 
respectively. 

Appendix  III 

In  the  w-domain,  (31)  can  be  written  as  follows: 


f  /  (jc)c'"  dx 

J  ..  QO 


(57) 


F(s)e  ^  ds; 


T.<a<T^.  (59) 


Appendix  II 

The  factorization  of  the  function  g(5)  (an  even  function  of  s) 
defined  in  (23b),  which  is  regular  and  free  of  zeros  in  the  strip 
-Ki  <  T  <  Ki,  means  that  g{s)  can  be  expressed  as  the 
product  of  two  functions  such  that 


g(5)  =  g,(s)g-(5); 

g(5)  =  g(-^):  «+(±5)  =  ?-(^'S)  (60) 


where  g*{s)  and  g^{s)  are  regular  and  free  of  zeros  in  the 
upper  and  lower  half-5-planes  Im(s)  >  —Ki  and  Im(s)  <  K2, 
respectively.  There  is  a  formal  procedure  for  obtaining  g+(5) 
and  g.(s).  All  the  details  of  this  procedure  can  be  found  in 
[24],  [28].  As  stated  before,  the  factorization  of  g(s)  is  based 
on  Weinstein’s  work  [28].  It  is  easier  to  carry  out  the 
factorization  in  the  w-plane  by  introducing  the  change  of 
variables  given  in  (33).  Thus,  on  the  w-plane,  the  functions  g, 
gt.  and  g-  can  be  expressed  as  follows: 

1 

g(M')  =  -^ - ^ —  (61) 

sm  w-(-sin  p 


g 


(w)  = 


exp  (/(w,  p)/2t) 

[cos  P  -E  cos  w] 

exp  [/(jT-w,  p)/2ir] 

gAw)  =  — - 

[cos  P-COS  w]' ' 


(62a) 


where 

/(w,  p)=  f"  ”  — t/r.  (62b) 

-  sin  f 

It  follows  from  (62)  that  g,(w)  =  g  (x  -  w),  g_(w)  = 
g,(x  -  w),  andg,(2ir  -  w)  =  g  +  (w).  Another  important 
step  in  the  Wiener-Hopf  procedure  is  the  decomposition  of  the 
function  ,?(s)  into  the  sum  of  the  functions  ,f^*(j)  and  X-(s) 


P'*Ay(w*)  =  0=  F* 


7 

cos  W*-t-COS  0' 


•  ^(0 '  )2(p)  sin  0 '  Fq^.  =  0  (64) 


where  is  a  row  vector  defined  in  (31)  and 
ir  /  1  -I-  COS  6 '  \ 

w^=-±i0o;  0o  =  ln  (  — r~^  )  •  (65) 

“2  \  sin  $'  / 

Let 

[F+<r(tv+)  1 

F"i7(w-)  J 


where 


(66a) 


(66b) 


By  means  of  (66),  (64)  can  be  rewritten  using  a  more  compact 
notation,  namely 


lf  '{Wo)^{wo)  +  sin  <l)'Foy  =  6. 


(67) 


The  expression  outside  the  brackets  in  (67)  is  not  identically 
zero,  which  implies  that  the  expression  inside  the  brackets 
must  be  zero.  Solving  for  B,  one  obtains 

fl  =-/?'(  H-o)  f  - '( *Vo)^(  Wo).  (68) 

In  the  half-plane  problem,  the  expressions  for  5“'  and  B"  are 
needed.  They  are  given  by 


-{^(wo))  'f  '(wo)^Hwo); 


5-"= -()9"(wo))-'f-'(wo)(^'”(w„)  (69a) 
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where 


N"-'"(Wo)  = 


(69b) 


Note  that  and  were  defined  in  (47c)  and  (48c). 

respectively. 
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The  Bandwidth  Performance  of  a  Two-Element 
Adaptive  Array  with  Tapped  Delay-Line 

Processing 

R.  T.  COMPTON,  JR.,  fhiiow,  ihkk 


.4bslracl—Tt\e  bandwidth  performance  of  a  (wo-elemeni  adaptive 
array  with  a  tapped  delay-line  behind  each  element  is  examined.  It  is 
shown  how  the  number  of  laps  and  the  delay  between  taps  affect  the 
bandwidth  performance  of  the  array.  It  is  shown  that  an  array  with  two 
weights  and  one  delay  behind  each  element  yields  optimal  performance 
(equal  to  that  obtained  with  continuous  wave  (CW)  interference)  for  any 
value  of  interlap  delay  between  zero  and  T^/B,  where  Tv,  is  a  quarter 
wavelength  delay  and  B  is  the  fractional  signal  bandwidth.  Delays  less 
than  Tv,  yield  optimal  performance  but  result  in  large  array  weights. 
Delays  larger  than  Tvi/B  yield  suboplimal  signal-lo-interference-plus- 
noise  ratio  (SINK)  when  each  element  has  only  two  weights.  For  delays 
between  fw/A  and  4Tv,/B,  the  performance  is  suboplimal  with  only  two 
taps  but  approaches  the  optimal  if  more  laps  are  added  to  each  element. 
Delays  larger  than  4Tv,/B  result  in  suboplimal  performance  regardless  of 
the  number  of  taps  used. 

1.  Introduction 

IT  IS  WELL  KNOWN  that  the  ability  of  an  adaptive  array  to 
null  interference  deteriorates  rapidly  as  the  interference 
bandwidth  increa.scs  (1|-(41.  However,  using  tapped  delay¬ 
lines  behind  the  elements  improves  the  bandwidth  perform¬ 
ance.  The  purpose  of  this  paper  is  to  examine  how  the 
improvement  depends  on  the  number  of  taps  and  the  amount  of 
delay  between  taps  for  a  simple  two-element  array. 

The  use  of  tap|)cd  delay  lines  in  an  adaptive  array  was  first 
suggested  by  Widrow  el  a!.  [  1 1  and  has  since  been  studied  by 
several  others.  In  one  study,  Rodgers  and  Compton  [2] 
compared  the  pertormance  of  a  two-element  array  with  two-, 
three-  and  five-tap  delay-lines  using  real  weights  to  that  of  an 
array  with  a  single  complex  weight  behind  each  clement.  In 
another  work.  Mayhan.  Simmons,  and  Cummings  (.T|  pre¬ 
sented  a  mathematical  analysis  of  how  the  number  of  elements 
and  the  number  of  delay-line  taps  affect  the  interference 
cancellation  ratio  as  a  function  of  bandwidth.  Finally,  White 
[4|  has  studied  the  trade-off  between  the  number  of  interfering 
signals  and  the  required  number  of  auxiliary  elements  and 
delay  line  taps  in  an  Applebaum  array. 

In  spite  of  these  contributions,  there  still  appears  to  be  no 
simple  explanation  in  the  literature  for  how  the  number  of  taps 
and  the  amount  of  delay  between  taps  should  be  chosen  in  an 
adaptive  array  to  achieve  a  given  bandwidth  performance.  The 
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purpose  of  this  paper  is  to  address  this  question.  In  Section  11, 
we  formulate  the  equations  needed  to  calculate  the  output 
signal-to-interfcrence-plus-noise  ratio  (SINR)  from  an  array 
with  M  elements  and  K  delay-line  taps  behind  each  element. 
Then,  in  Section  III,  we  use  these  equations  to  determine  the 
bandwidth  performance  of  a  two-clement  array.  We  show  how 
the  performance  depends  on  the  number  of  taps  behind  each 
element  and  the  amount  of  delay  between  taps.  Section  IV 
contains  our  conclusions. 

11.  FORMIILATION 

Consider  an  adaptive  array  with  M  elements,  as  shown  in 
Fig.  I.  Let  the  elements  be  isotropic  and  a  half-wavelength 
apart  at  the  signal  frequency  wo  Assume  each  element  is 
followed  by  a  tapped  delay-line  with  K  taps  and  a  delay  of  Tq 
seconds  between  taps.  The  output  of  the  first  tap  behind  each 
element  is  the  element  signal  itself,  with  no  delay.  Let  x„k{t) 
denote  the  analytic  signal  from  element  m  at  tap  k .  Thus,  Xi  i(t) 
is  the  signal  received  on  element  1,  xv.f/f  is  the  signal  on 
element  2,  X 1 2(7)  =  XnU  -  Tn),X\k(t)  =  Xnf/  -  -  llTb), 

and  so  forth. 

We  a.ssume  the  tap  signals  are  combined  by  an  adaptive 
processor.  This  proces.sor  multiplies  each  x„i,(t)  by  a  complex 
weight  w„i^  and  then  sums  the  signals  to  produce  the  array 
output  s(l),  as  shown  in  Fig.  I.  The  adaptive  processor  could 
consist  of  a  set  of  analog  least  mean  square  (LMS)  or 
Applebaum  loops  [Ij,  |5],  or  it  could  be  a  digital  controller 
based  on  the  sample  matrix  inverse  method  [6|  or  some  other 
algorithm.  All  such  proce.ssors  attempt  to  adjust  the  array 
weights  to  their  optimal  values,  which  are  known  variously  as 
the  Wiener  weights,  the  LMS  weights,  the  Applebaum 
weights,  or  the  maximum  SINR  weights.  In  this  paper,  we 
shall  not  be  concerned  with  the  specific  form  of  the  adaptive 
processor,  but  shall  simply  assume  that  this  processor  adjusts 
the  weights  to  their  optimal  values  for  any  given  set  of  incident 
signals. 

For  a  given  set  of  tap  signals  x„*(0,  the  optimal  weights 
may  be  found  as  follows.  Let  X,„  and  H',„  be  column  vectors 
containing  the  signals  and  weights  at  the  K  taps  behind  element 
m,  i.e., 

A'„,  =  |x„,i(0,  •  •  •,  x„,a(OI (1) 

and 
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Fig  1  An  iVf  elemcnl  adaptive  array  with  lapped  delay  lines 

(Superscript  T  denotes  transpose.)  We  shall  call  X„  the 
element  signal  vector  and  the  element  weight  vector. 
Then  let  X  and  iV  be  the  total  signal  and  weight  vectors  for 
the  entire  array 


Jo(0  is  a  normalized  replica  of  the  desired  signal  to  be 
received  by  the  array.  (<?o(()  is  defined  below  in  (14),)  For 
narrow-band  signals,  the  weight  vector  W  satisfying  (.*»)  yields 
maximum  SINR  at  the  array  output  [5],  I?]. 

The  x„kU)  may  be  determined  from  the  signals  incident  on 
the  array.  For  this  study,  we  shall  assume  the  array  receives  a 
desired  signal  and  an  interference  signal,  and  that  each 
element  signal  also  contains  an  independent  thermal  noise 
voltage,  as  would  be  contributed  by  a  front-end  preamplifier 
or  mixer.  Thus,  the  signal  at  tap  k  behind  element  m  has  the 
form 

XnAt)==dn,k(t)  +  Lk(t)  +  fi„dt),  (8) 

where  and  are  the  desired,  interference, 

and  noise  components,  respectively.  The  element  signal 
vectors  X„  and  the  total  signal  vector  X  may  then  be  split  in  a 
similar  way, 

~  Xijfjj  -F  Xjtfj  (9) 

and 

X  =  Xa  +  Xi  +  X„.  (10) 

dmk(t),  imk{t),  and  n„ii{t)  may  be  determined  as  follows. 

First,  suppose  the  desired  signal  arrives  from  angle  6^.  (6  is 
defined  in  Fig.  1.)  Let  d{t)  be  the  desired  signal  waveform  as 
received  on  element  1 ,  The  desired  signal  at  an  arbitrary  tap  is 
then 


r 


d„kit)  =  dU-lk-l]To-[m-\]T,),  (11) 


and 


Xm  J 


W,  - 
^2 


where  To  is  the  delay  between  taps  and  Tj  is  the  desired  signal 
spatial  propagation  delay  between  elements, 

L 

Td~-%m{eci),  (12) 

c 

with  L  the  element  separation  (see  Fig.  1)  and  c  the  velocity  of 
propagation.  We  assume  d(t)  is  a  zero-mean,  stationary, 
random  process  with  average  power  p^, 

Pd  =  El\dU)\^].  (13) 

(4)  The  .signal  do(t)  in  (7)  is  identical  to  d{t)  except  normalized  to 
have  unit  power. 


L  J 

where  we  use  a  partitioned  vector  notation.  The  optimal 
weight  vector  in  the  array  is  then  given  by  [I],  [5) 

'S,  (5) 

where  4>  is  the  signal  covariance  matrix, 

<1>  =  £[A'*A'^1,  (6) 

and  S  is  the  steering  vector  (or  reference  correlation  vector). 


do{t)  =  ~^d{t).  (,4) 

'JPd 

Next,  assume  the  interference  arrives  from  angle  Q,  and  has 
waveform  i{t)  at  element  1.  The  interference  signal  at  an 
arbitrary  tap  is  then 

w(0  =  r(t-[^-  i]ro-(m-  iir,),  (15) 

where  T,  is  the  interference  propagation  delay  between 
elements. 


S  =  £(A'*<7n(r)l.  (7) 


In  these  equations,  the  asterisk  denotes  complex  conjugate  and 


T.= 


L 

-  sin  (0,). 
c 


(16) 
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We  assume  i{t)  is  also  a  zero-mean,  stationary,  random 
prtx.ess,  statistically  independent  of  J(t),  with  power  Pi, 

P,  =  E[\f(t)\^\.  (17) 

Finally,  assume  each  element  signal  contains  a  zero-mean 
thermal  noise  voltage  d,„i(t)  of  power  o’,  statistically  indepen¬ 
dent  between  elements.  Thus, 

f  l/7*(0z!mi(01  (18) 

where  5,„,  is  the  Kronecker  delta.  The  noise  signal  at  an 
arbitrary  tap  is  just  a  delayed  version  of  the  noise  on  that 
element. 

d„*(r)  =  n™i(t-[A:- lITo).  (19) 

The  are  assumed  independent  of  J(/)  and  i(t). 

With  the.se  definitions,  we  may  determine  and  5  in  (6)  and 
(7).  Because  the  desired,  interference  and  thermal  noise  terms 
are  mutually  independent  and  zero-mean,  4>  splits  into  desired, 
interference,  and  thermal  noise  terms. 


S~(ui) 

d 


Zirp^ 

—  Awj— 

S-J-lw)  i 

Zirp-, 

'^0 

(a) 

j^Awi  — 

1 

Awj 

1 

S-lw) 

n 

■ 

1 

"o 

(hi 

-^A  — 

Aw„ 

_ 1 _ _ 

— —  W 

Consider  4>,/  first. 

4>  =  4*^/  -i-  <I>,  +  . 

[n  partitioned  form,  4*^  is 

4>rf  = 

4>d:: 

— 

— 

^dMM  j 

(20) 


(21) 


where  each  K  X  K  submatrix  >s  the  desired  signal 
covariance  matrix  as.sociated  with  a  pair  of  element  signal 
vectors  Xd,„  and  Xd„, 


(22) 


(c) 

Fig.  2.  Power  spectral  densities,  (a)  Desired  signal,  (b)  Interference,  (cl 
Thermal  noise. 

Pd  is  the  desired  signal  power  received  per  array  element,  as 
defined  in  (13),  and  sinc(jr)  denotes  sin(jr)/x. 

For  a  specific  arrival  angle  dd  and  tap  delay  Tq,  the  matrix 
^d  in  (21)  can  be  determined  by  substituting  (25)  into  (23). 
Before  doing  that,  it  is  helpful  to  write  the  autocorrelation 
function  in  (23)  in  normalized  form.  From  (25),  we  have 

EMJ  -  l<)To^  (m  -  n)Td]=  Pd  sine  [(j  -  k)To 

+  (m-n)Td^  *15^0  + Trfi  (26) 

Note  first  that  the  product  ^usdTd  may  be  written 

Aij>d 

Au)dTd= - {(j}i)Td)  =  Bd<i>d>  (27) 

Olfl 


<^d„„  may  be  found  by  substituting  d„kU)  of  (1 1)  into  (22).  The 
y^th  term  of  (the  element  in  the yth  row  and  Arth  column 
of  ^d„„)  is  found  to  be 


l*d„„ \jk  =  Rj[(j  -k)Tn  +  {m-n)Td\,  (23) 

where  Rj{.r)  is  the  autocorrelation  function  of  the  desired 
signal  d(t). 


R,](T)  =  E\d*(t)3(t  +  T)\.  (24) 

To  have  a  specific  case  to  use  for  calculations  below,  we  shall 
assume  d(t)  has  a  flat,  bandlimited  power  spectral  density 
Sj((j>)  equal  to  lirpdIAodd  over  a  bandwidth  centered  at 
frequency  ojo,  as  shown  in  Fig.  2(a).  /?y(r)  is  then  the  inverse 
Fourier  transform  of  .Syfoi),  or 


/  AoJrfT 
\ 


where  Bd  is  the  desired  signal  relative  bandwidth. 


(28) 


and  <f)rf  is  the  interelement  phase  shift  at  the  carrier  frequency 

UlOi 

oj(}T 

<t>d  =  o}oTd=  —  sin  (dd).  (29) 

In  addition,  it  is  helpful  to  write  To.  the  time  delay  between 
taps,  in  normalized  form.  Because  earlier  papers  have  often 
assumed  a  quarter  wavelength  delay  between  taps  |2|,  we  shall 
arbitrarily  normalize  To  to  the  time  delay  associated  with  a 
quarter  wavelength  delay.  The  time  delay  required  to  prtxluce 
a  90°  phase  shift  at  frequency  cjo  is 


R>l(r)  =  Pd  sine 


(25) 


(30) 
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Therefore  we  write  Tq  in  the  form 

To  =  rT9o  =  - — ,  (31) 

where  r  is  the  number  of  quarter-wave  delays  in  Tq  at 
frequency  wq.  Then  we  also  have 

itr  IT 

A<ji,jTo  =  Auit  - —  =  —rBj.  (32) 

2,(j)q  2 


and  <f>j  is  the  interelement  phase  shift  for  the  interference  at 
carrier  frequency  wo, 

^  OJof- 

<t>i  =  uoT,  = - sin  (0,).  (41) 

c 

The  noise  matrix  in  (20)  is  slightly  different  because  the 
noise  is  independent  between  elements,  so  the  noise  cross 
products  are  zero  except  for  those  associated  with  the  same 
element.  We  have 


In  terms  of  the  normalized  parameters  Bj,  <t)d  and  r,  the  jkth 
element  of  is 


(^rf„„U=iD<jsinc 


U-fc)r  +  (m-n)<t>a 


The  interference  matrix  in  (20)  may  be  found  in  the  same 
way.  4>,  is 


<I>rf  = 


1 

1  - 

1 

1 

* 


IMM  J 


(34) 


where  each  K  x  K  submatrix  is  the  covariance  matrix  for 

'mn 

the  element  signal  vectors  and  X(„, 

=  (35) 

The  /A:th  element  of  is 

''  'mn 

[Ka  h*  =  ^riu  -/c)ro  +  (m-n)r,),  (36) 


(  A 

^nii 

i  0  1 

1  1 

1  0 

0 

1  1 

1  1 

1  --  1 

1 

.  0 

1  1 

1  --  1 

1  1 

1  J 

(42) 


We  assume  the  noise  power  spectral  density  S^(u)  is  equal  to 
2ica^lAtj}„  over  a  bandwidth  Aa)„,  as  shown  in  Fig.  2(c).  The 
yArth  element  of  is  then 

=  |^^(y-A:)nrj  (43) 

where  B„  is  the  relative  noise  bandwidth, 


(44) 


We  have  now  obtained  all  terms  in  the  matric  #  of  (6). 

Next,  consider  the  reference  correlation  vector  S  in  (7). 
Because  the  interference  and  noise  vectors  Xj  and  X„  are 
independent  of  3(t),  the  only  term  that  contributes  to  S  is  Xa, 

S  =  E{X*dQ{l)]  =  E\X*jQ(t)\.  (45) 


where  Riir)  is  the  autocorrelation  function  of  the  interference.  Substituting  for  Xj  and  using  (14)  gives 


/?Kr)  =  £ir*(0r(/  +  T)l.  (37) 

We  shall  assume  the  interference  also  has  a  flat,  bandlimited 
power  spectral  density  S,Kw)  equal  to  27r/7,/A«,  over  bandwidth 
Ao)/,  as  shown  in  Fig.  2(b).  Pi  is  the  interference  power 
received  per  element.  Riir)  is  then 

/  Aw/t\ 

Riir)=P,  smc  (  — -  j  (38) 

Substituting  Tq  and  T,  in  (35)  and  normalizing  as  in  (32)  gives 
fB,|ir 

smc  I  -  -(j-k)r+(m-n)<i>, 

■  +  (39) 


where  B,  is  the  relative  bandwidth  of  the  interference. 


Ao), 

0)0 


S  — (S||,Sl2,  •  ■  • ,  ^1  A>  •S2I>  ■S22.  ■■■.•S2A.  ■■■, 

•^Ml.  ■Sm2.  ■  ■  ■ .  •S'ma ]  ^>  (46) 


where 


Smk  =  '^Pd  smc 


(m 


yk-  l)r-l-(m-  l)<i> 


.  gJ\T/2(k-l)r  +  (m-\)<t>d\  (47) 

From  4>  and  S,  the  optimal  array  weight  vector  may  be 
computed  from  (5). 

In  solving  (5),  it  is  helpful  to  make  one  more  normalization. 
Every  element  of  the  matrix  contains  the  constant  Pd,  every 
element  of  contains  Pi,  and  every  element  of  contains  a^. 
If  we  divide  the  entire  set  of  equations  by  a^,  the  solution  for 
IV  will  then  depend  on  the  normalized  parameters 


Pd 

{rf  =  —  =  desired  signal-to-noi.se  ratio  (SNR)  per  element. 


(40) 


(48) 
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and 

Pt 

=  —  =  interference-to-noise  ratio  (INR)  per  element.  (49) 

From  the  optimal  weight  vector  W,  we  may  compute  the 
output  SINR  at  the  array  output.  For  a  given  W,  the  array 
output  signal  i(0  is 

s(t)=iV^X,  (50) 

where  X  is  the  signal  vector  in  (3).  By  writing  X  as  in  (10),  we 
may  split  s(t)  into  its  desired,  interference,  and  noise 
components. 


s(t)  =  sAt)  +  Mt)  +  s„(t), 

(51) 

where 

sAt)= 

(52) 

5,(0=  iV^X^, 

(53) 

and 

sAt)=iy^X„. 

(54) 

The  output  desired  signal  power  is  then 

Pcf=^-E[\Sd(l)\^] 

=  ^-E[iV^X*X^,fV] 

1  . 

=  -  W^^d^, 

2 

(55) 

where  the  dagger  denotes  the  conjugate  transpose.  Similarly, 
the  output  interference  and  thermal  noise  powers  are 

(56) 
and 

(57) 

Finally,  the  output  SINR  is 

SWR  =  -^.  (58) 

P,  +  Pn 

In  the  next  section,  we  apply  the.se  equations  to  a  two-element 
array. 

III.  The  Performance  of  a  Two-Element  Array 

Now  let  us  consider  the  bandwidth  performance  of  a  simple 
two-element  array  with  tapped  delay-lines  and  see  how  this 
performance  depends  on  the  delay  line  parameters. 

First,  for  later  comparison,  we  show  in  Fig.  3  the  SINR  of  a 
two-element  array  with  a  single  complex  weight  (and  no  delay) 


behind  each  element.  In  this  figure,  the  desired  signal  arrives 
from  broadside  {0d  =  0°)  and  the  interference  from  an 
arbitrary  angle  d,.  The  SINR  is  plotted  as  a  function  of  6,.  The 
desired,  interference  and  noise  signals  are  all  assumed  to  have 
the  same  bandwidth  B,  and  Fig.  3  shows  the  SINR  for  B  -  0, 
0.01 , 0.02,  0.05  and  0.2.  the  SNR  per  element,  is  0  dB  and 
^i,  the  INR  per  element,  is  40  dB  for  all  curves. 

Fig.  3  shows  that  when  B  =  0.02  the  output  SINR  has 
dropped  about  3  dB  below  its  value  with  CW  (zero  bandwidth) 
signals.  Larger  bandwidths  quickly  reduce  the  SINR  more. 
For  B  -  0.2,  the  largest  value  we  show,  there  is  as  much  as  22 
dB  degradation  for  some  0,.'  For  such  large  bandwidths,  the 
array  performance  is  clearly  unsuitable. 

Now  suppose  we  add  a  single  quarter  wavelength  delay  and 
one  extra  tap  behind  each  element.  (In  the  equations  above,  we 
let  A"  =  2  and  r  =  1.)  Fig.  4  shows  the  output  SINR  that 
results  for  this  case  with  B  =  0.2  and  with  all  other 
parameters  the  same  as  in  Fig.  3.  We  see  that  the  array  now 
performs  essentially  as  well  as  the  simple  array  in  Fig.  3  with 
CW  signals.  Thus,  adding  a  single  extra  tap  to  each  element, 
with  a  quarter  wavelength  between  taps,  has  fully  overcome 
the  bandwidth  degradation. 

Figs.  3  and  4  were  computed  for  9^  =  0°-  However,  the 
results  are  similar  for  other  values  of  9^-  In  general,  when  the 
array  has  a  single  weight  behind  each  element,  the  SINR  for  B 
=  0.2  is  much  poorer  than  for  B  =  0.  But  if  a  single  quarter 
wave  delay  and  one  extra  tap  are  added  to  each  element,  the 
performance  is  fully  restored. 

Now  consider  what  happens  if  we  change  the  amount  of 
delay  between  taps.  The  curve  in  Fig.  4  was  computed  for  a 
one-quarter  wavelength  delay  between  taps  (r  =  1),  an 
arbitrary  amount.  When  other  values  of  r  are  used,  one  finds 
an  interesting  result:  the  array  output  SINR  is  hardly  affected 
by  r\  On  the  one  hand,  if  r  is  reduced  below  1.  even  to 
arbitrarily  small  value,  the  SINR  is  not  noticeably  different 
from  that  for  /■  =  1 .  A  plot  of  SINR  versus  for  r  =  10  for 
example,  looks  identical  to  Fig.  4.  On  the  other  hand,  if  r  is 
raised  above  1,  there  is  also  very  little  change  in  SINR,  until 
the  delay  exceeds  about  two  wavelengths.  For  example.  Fig.  5 
.shows  the  SINR  versus  0,  for  r  =  5,  10,  15,  20  and  25  and  for 
all  parameters  the  same  as  in  Fig.  4.  Note  that  when  r  =  5  the 
SINR  still  achieves  the  optimal  value  shown  in  Fig.  4.  When  r 
=  10  the  SINR  has  dropped  about  I  dB  below  optimal,  (r  = 

'  In  general,  the  amount  of  degradation  for  a  given  bandwidth  is  strongly 
influenced  by  the  INR.  The  larger  the  INR,  the  more  sensitive  the  array  is  to 
interference  bandwidth  In  this  discussion,  we  shall  simply  present  results  for 
an  INR  of40dB 
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Fig.  4.  SINK  versus  6,-.  M  =  2,  r  =  \,K  =  2.  B  =  0.2,  6^  =  0”,  =  0 

dB,  I  =  40  dB. 


Fig.  5.  SINK  versus  tf,:  A/  =  2,  AT  =  2,  fl  =  0.2,  =  0“,  =  0  dB.  (, 

=  40  dB. 

10  corresponds  to  2.5  wavelengths  of  delay  between  taps.)  For 
r  =  15  and  above,  the  degradation  is  more  serious,  particu¬ 
larly  for  di  near  ±90“. 

Thus,  the  array  performance  is  rather  insensitive  to  r.  Any 
value  of  r  in  the  range  0  <  r  <  5  yields  essentially  the  same 
SINK.  At  first  glance,  this  results  seems  puzzling,  especially 
the  fact  that  the  SINR  is  unaffected  when  r  approaches  zero. 
Intuitively,  it  appears  that  a  tapped  delay-line  should  become 
equivalent  to  a  single  weight  when  the  delay  is  very  small. 
However,  this  is  not  the  case,  as  we  shall  see  below. 

To  undersUnd  the  effect  of  r  on  the  array  performance,  we 
consider  the  transfer  function  of  the  array  as  seen  by  the 
interference.  Let  H„iu)  be  the  transfer  function  of  the  delay 
line  behind  element  m  in  Fig.  1 .  In  general,  with  K  taps  and  K 
-  1  delays  behind  element  m,  //«(«)  is 

//«(«)  =  *♦-„,  +  .  •  •  +  (59) 

The  transfer  function  of  the  entire  array  as  seen  by  the 
interference  //,<«)  is  then 

m  =  I 

where  T,  is  given  in  (16).  To  null  an  interference  signal 
completely,  //,(u))  must  be  zero  over  the  interference  band¬ 
width.  For  the  special  case  of  a  two-element  array,  as 
considered  in  Figs.  3  and  4,  //>(«)  will  be  zero  if 

//i(w)= -//2(w)e->“^'.  (61) 

The  physical  meaning  of  (61)  is  easy  to  see.  An  interference 
signal  from  angle  (?/  arrives  at  element  2  a  time  T/  later  than  at 
clement  1 .  When  the  interference  has  nonzero  bandwidth,  this 
delay  reduces  the  correlation  between  the  signals  on  the  two 


elements  and  makes  it  difficult  to  null  the  interference  by 
subtracting  one  element  signal  from  another.  However,  if  the 
filters  //|(w)  and  //2(‘*>)  satisfy  (61),  the  factor  in  (61) 
will  delay  the  interference  an  additional  time  T,  in  element  1  to 
restore  its  correlation  with  the  interference  on  element  2.  The 
minus  sign  in  (61)  will  then  make  the  interference  cancel  at  the 
array  output. 

Before  considering  what  happens  as  r  is  varied,  let  us  see 
how  well  (61)  is  satisfied  by  the  arrays  considered  in  Figs.  3- 
5.  Note  that  to  satisfy  (61),  the  transfer  functions  //i(w)  and 
//2(a))  must  have  identical  amplitudes, 

l//i(aj)|  =  |//2(w)|,  (62) 

and  phases  whose  difference  varies  linearly  with  frequency, 

z//i(a>)=  z//2(w)-7r-w7’,,  (63) 

over  the  signal  bandwidth.  For  the  array  in  Fig.  3,  we  assumed 
one  weight  and  no  delays  behind  each  element.  For  this  case 
//m(w)  is  simply 

H„(u)=w„,,  (64) 

which  is  a  constant  independent  of  frequency.  With  such  an 
N„(o)),  it  is  possible  to  satisfy  (61)  at  one  frequency,  but  not 
over  a  band  of  frequencies.  For  the  array  in  Fig.  4,  however, 
we  assumed  two  weights  and  one  delay  behind  each  element. 
In  this  case  each  //m(co)  has  the  form 

//„(«)  =  W;„i  +  H-„2e'-'“’^o.  (65) 

Because  of  the  term  the  //m(w)  can  now  vary  with 

frequency.  This  capability  allows  Hi(u>)  and  //2(w)  to  do  a 
better  job  of  satisfying  (61)  over  the  signal  bandwidth  and 
hence  improves  the  array  bandwidth  performance,  as  Fig.  4 
shows. 

Examination  of  the  //|(w)  and  //2(w)  that  actually  result 
when  each  element  has  two  weights  and  one  delay  confirm  that 
the  processor  does  attempt  to  satisfy  (61).  For  example.  Fig.  6 
shows  |//i{w)///2(w)|  and  z.//|(w)  -  z  7/2(01)  versus  w  for 
the  same  parameters  as  in  Fig.  4:  =  0° ,  =  0  dB,  =  40 

dB,  r  =  1  and  B  =  0.2,  and  for  =  20°.  It  may  be  seen  how 
|//i(o))///2(o))l  =  0  dB  and  z//|(oj)  -  z  7/2(03)  varies 
linearly  with  frequency  over  the  signal  bandwidth.  The  slope 
of  z7/|(w)  -  z7/2(w)  has  the  proper  value  to  satisfy  (61). 

Now  consider  how  the  delay  between  taps  affects  the 
performance.  First,  suppose  we  let  r  approach  zero.  For  very 
small  r  (small  To),  7/,„(w)  in  (65)  becomes 

7/„(o))=  w„|  +  w„2  cos  o)7'o-yw„2  sin  oiTo 

=  w„i  +  w„2-jw„2f^To.  (66) 

We  observe  that  no  matter  how  small  Tq  is  (as  long  as  Tg  * 
0),  the  array  can  always  realize  any  given  linear  slope  for 
-  z  7/2(01)  by  making  the  weights  suficiently  large. 
Calculations  show  that  that  is  what  happens.  As  r  is  reduced 
toward  zero,  the  weights  obtained  from  (5)  increase  without 
bound.  Fig.  7  illustrates  this  behavior.  It  shows  Re  (w,,)  and 
Im  (Wi I )  as  functions  of  r  for  =  0°,^,  =  20°,  =  OdB, 
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Fig.  6.  The  transfer  functions  //|(w)  and  r  =  K  =  2,  B  =  0.2, 6^ 
=  0°,  8,  =  20”,  -  CUB,  5,  =  40 dB.  (a)  |//|((i))|/|f/2(“)l  versus u(b) 

/'//i(w)  -  ^ //2(«)  versus  (1). 


Fig.  7.  iV||  versus/-:  8,,  =  0°,  8,  =  20”,  =  OdB,  =  40 dB,  B  =  0.2. 


=  40  dB  and  B  =  0.2,  the  same  parameters  as  above.  The 
Other  weights  behave  similarly  as  r  -►  0. 

Thus,  by  increasing  the  weights,  the  array  can  satisfy  (61) 
regardless  of  how  small  r  becomes  (as  long  as  r  0).  This  is 
the  reason  an  array  with  two  weights  and  one  delay  behind 
each  element  does  not  become  equivalent  to  an  array  with  a 


1 1 


single  weight  behind  each  element  as  r  -►  0.  With  two  weights 
and  one  delay,  the  SINK  obtained  versus  does  not  change 
significantly  from  that  in  Fig.  4  as  r  -►  0. 

The  unbounded  increase  in  the  weights  as  r  -►  0  is 
understandable  if  we  also  note  that  the  covariance  matrix  in  (6) 
becomes  singular  when  r  goes  to  zero.  As  r  -+  0,  the  signal 
XmiU)  at  the  second  tap  becomes  equal  to  the  signal  at 

the  first  tap.  In  the  limit,  when  two  tap  signals  are  equal,  the 
covariance  matrix  in  (6)  will  have  two  identical  columns  (or 
rows)  and  hence  will  be  singular.  Thus  we  should  expect  the 
weight  vector  W  satisfying  (5)  to  exhibit  unusual  behavior  as  r 
-*  0. 

In  a  hardware  array,  there  is  always  a  limit  to  how  large  the 
weights  can  actually  become,  of  course.  With  analog  weights, 
the  circuits  always  saturate  at  some  point.  With  digital 
weights,  finite  register  lengths  limit  the  maximum  attainable 
weight  values.  Because  the  weights  cannot  increase  indefi¬ 
nitely  in  a  real  array,  there  will  be  some  minimum  value  of  r 
for  which  the  array  can  maintain  the  SINR.  Below  this 
minimum  r,  the  SINR  will  drop.^ 

Now  consider  what  happens  if  we  increase  r.  We  showed  in 
Fig.  5  that  when  r  is  increased,  the  array  performance  is 
unaffected  at  first.  But  finally,  for  large  values  of  r,  the 
performance  begins  to  drop.  The  explanation  for  this  behavior 
may  again  be  found  by  considering  the 

For  any  value  of  r,  nulling  the  interference  requires  the 
transfer  ftinctions  //[(w)  and  //2(w)  in  a  two-element  array  to 
satisfy  (61)  over  the  interference  bandwidth.  However,  note 
that  in  (59)  is  a  periodic  function  of  frequency.  (It  is  a 
finite  Fourier  series).  The  period  of  H„(u)  is 


4wo 

r 


(67) 


For  small  r,  this  period  is  much  larger  than  the  signal 
bandwidth.  But  when  r  is  increased,  the  period  drops.  Qq  will 
equal  the  signal  bandwidth  when 


r  = 


4 

B  ■ 


(68) 


When  r  is  small  and  the  period  is  much  larger  than  the 
bandwidth,  z^//|(w)  -  can  easily  approximate  a 

linear  function  of  frequency  over  the  signal  bandwidth  (as  seen 
in  Fig.  6  for  example).  But  if  r  is  large  enough,  the  period  Qq 
becomes  comparable  to  the  signal  bandwidth.  Because  the 
H „((!})  are  periodic,  it  then  becomes  difficult  for  the  to 

satisfy  (61)  over  the  whole  bandwidth.  In  particular,  when  r  > 
4IB,  z  //|(w)  -  z  //2(ci))  cannot  vary  linearly  over  the  entire 
bandwidth,  because  its  value  must  repeat  periodically  within 
the  bandwidth.  This  is  the  reason  array  performance  drops 
when  r  becomes  too  large. 

Fig.  5,  computed  for  B  =  0.2,  illustrates  this  point.  For  B 
=  0.2,  the  period  (Iq  will  equal  the  signal  bandwidth  when  r  = 
20.  One  finds  that  there  is  no  drop  in  SINR  for  r  up  to  about 
five  (which  is  l/B).  Beyond  five,  the  SINR  drops  as  r 


‘  There  will  also  be  convergence  difTiculties  for  most  weight  control 
algorithms  as  r  -*  0.  because  the  eigenvalue  spread  of  "t  becomes  infinite. 
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approaches  and  then  passes  20.  We  find  the  same  general 
result  for  all  values  of  B  (up  to  fl  =  0.5):  when  the  array  has 
two  weights  and  one  delay  behind  each  element,  the  SINR 
is  unaffected  by  r  as  long  as  r  is  in  the  range  0  <  r  <  l/B. 

The  performance  degradation  for  large  r  may  also  be 
understood  from  a  time  domain  point  of  view.  Signals  with 
nonzero  bandwidth  remain  correlated  with  themselves  for  time 
shifts  up  to  approximately  the  reciprocal  of  the  bandwidth. 
Hence,  one  would  expect  that  adding  an  extra  delay  and  tap  to 
each  element  will  be  effective  only  if  the  delays  are  short 
compared  with  the  reciprocal  of  the  bandwidth.  If  the  delays 
are  too  large,  the  signals  on  different  taps  become  decorrela- 
ted,  and  the  array  cannot  null  the  interference  by  subtracting 
one  tap  signal  from  another. 

The  curves  in  Figs.  4  and  5  assumed  two  weights  and  one 
delay  behind  each  element.  Let  us  now  consider  what  happens 
if  we  add  extra  taps  (extra  delays  and  weights)  behind  each 
element  in  the  two-element  array. 

We  observe  first  that  adding  extra  taps  can  help  the 
performance  only  for  a  limited  range  of  r.  On  the  other  hand, 
when  r  <  l/B,  the  array  is  already  capable  of  nulling  a 
wideband  interference  signal.  Hence  for  r  <  l/B  there 
appears  to  be  no  point  in  adding  extra  taps.  On  the  other  hand, 
if  r  >  4/B,  the  period  flo  of  the  H„((jj)  is  less  than  the  signal 
bandwidth.  In  this  case  the  cannot  satisfy  (61)  over  the 
signal  bandwidth,  regardless  of  how  many  taps  are  used, 
because  z//,(a))  -  z //2(w)  must  repeat  periodically  within 
the  signal  bandwidth.  Hence  the  only  case  where  extra  taps 
may  be  useful  is  when  l/B  <  r  <  AIB.  In  this  range,  the 
period  of  although  larger  than  the  bandwidth,  is  small 

enough  that  with  only  two  weights  and  one  delay  z.//)(w)  - 
z//:(ci))  does  not  vary  linearly  with  frequency.  However, 
adding  more  Fourier  terms  in  (59)  will  allow  z//|(w)  - 
to  approximate  a  linear  behavior  more  accurately. 

Let  us  illustrate  this  behavior  for  B  =  0.2.  First,  for  r  < 
( 1  /B)  =  5,  no  extra  taps  are  needed.  An  array  with  one  delay 
and  two  weights  already  has  optimal  performance,  as  may  be 
seen  in  Fig.  4.  Next,  for  5  <  r  <  20,  we  find  that  with  only 
two  weights  and  one  delay,  the  SINR  is  reduced  from  that  in 
Fig.  4.  Fig.  5  shows  this  behavior.  However,  for  this  range  of 
r,  the  performance  will  improve  if  we  increase  the  number  of 
taps.  Fig.  8  shows  the  SINR  versus  for  r  =  15  and  for  K  = 
2,  4,  8  and  16  taps.  As  may  be  seen,  for  this  r  the  perfomance 
is  ir  roved  by  increasing  K.  The  reason  for  this  improvement 
is  si  1  in  Fig.  9,  which  shows  z.//i(a))  -  /iHiioj)  versus  w 
for  the  same  values  of  K  and  for  6;  =  80°.  — 

z  becomes  more  nearly  linear  with  a;  over  the  signal 
bandwidth  as  K  increases.  (|//i(w)///2(a))|  is  unity  over  the 
bandwidth  for  all  four  values  of  K.) 

Finally,  when  r  >{A/B)  =  20,  we  expect  poor  nu^'ing 
performance  no  matter  how  many  extra  taps  are  added, 
because  z  -  z  //2(a))  is  periodic  with  a  period  smaller 

than  the  bandwidth.  Fig.  10  shows  such  a  case.  It  shows  the 
SINR  versus  0,  for  r  =  22,  (with  B  =  0.2,  dj  =  0°,  =  0 

dB,  =  40  dB)  and  for  A"  =  2,  4,  8  and  16.  As  may  be  seen, 
the  SINR  improves  somewhat  with  K  but  never  achieves  the 
value  in  Fig.  4.  Fig.  II  shows  |//|((i))///2(w)|  and  z//|(u!)  - 
z  //2(aj)  for  this  case  with  0,  =  80°,  Note  how  |//,(a))///2(«)l 


Fig.  9.  z //,(«)  -  z//2(u)  versus  u:  r  =  15.  S  =  0.2.  9^  =  0°,  6,  = 
80* ,  =  OdB,  =  40  dB. 


dB. 


and  z  //|(w)  -  z  //2(w)  repeat  periodically  within  the  signal 
bandwidth.  Also,  l//|(w)///2(w)l  ^  1  at  some  frequencies 
within  the  bandwidth,  and  z//|(w)  -  /^Hi{ui)  is  not  linear 
across  the  bandwidth,  regardless  of  how  many  Fourier  series 
terms  are  used  in  the 

Whether  an  adaptive  array  should  be  operated  with  r  in  the 
range  MB  <  r  <  A/B  and  with  a  large  value  of  K  depends  on 
how  the  array  is  to  be  implemented.  For  an  array  with  analog 
control  loops,  there  is  no  reason  to  use  such  a  large  r.  For  one 
thing,  if  is  difficult  to  implement  long  time  delays  between 
laps.  For  another,  each  weight  in  an  adaptive  processor  adds 
cost  and  complexity  to  the  processor.  To  obtain  good 
bandwidth  performance  from  the  array,  it  is  simpler  just  to  use 
a  small  value  of  r,  such  as  r  =  1 ,  and  to  use  only  two  weights 
and  one  delay  per  element. 

For  an  array  with  digital  weight  control,  on  the  other  hand, 
an  A/D  converter  will  be  used  behind  each  element.  In  this 
case  it  may  be  useful  to  have  a  large  value  of  r,  since  a  large  r 
corresponds  to  a  low  sampling  rate.  However,  if  r  is  large 
enough,  more  weights  will  be  needed,  as  discussed  above. 
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Fig.  II.  The  transfer  functions  and  //ifuj):  r  =  22.  B  =  0.2,  = 

0°,  6,  =  80°,  Irf  =  0  :3,  ?,  =  40  dB.  (a)  |//|(c<))|/|//2(ai)|  versus  a.  (b) 
^ //2(a')  versus  Cl). 


Increasing  the  number  of  weights  may  be  easier  than  in  an 
analog  array,  but  will  still  add  to  the  complexity  of  the  weight 
control  algorithm.’ 

Another  factor  that  must  be  considered  when  r  is  large  is  the 
effect  of  the  array  on  the  desired  signal.  In  general,  an  M- 
element  array  presents  a  transfer  function 

HAo^)=f,  (69) 

m  =  1 

to  the  desired  signal,  where  Tj  is  given  in  (12)  and  in 

(59).  If  //rf(a))  has  anything  other  than  a  constant  amplitude 
and  a  linear  phase  slope  over  the  desired  signal  bandwidth,  the 
desired  signal  waveform  will  be  distorted  in  passing  through 
the  array.  Whether  this  is  a  problem  or  not  depends  on  the 
desired  signal  waveform  and  the  application.  However,  for 
many  communication  systems,  it  is  difficult  to  accommodate  a 
desired  signal  whose  waveform  changes  as  the  array  adapts. 

Because  the  array  responds  to  the  incoming  signals,  Wrf(w) 
depends  in  general  on  all  the  signal  parameters:  the  desired 
signal  power  and  arrival  angle  and  the  interference  power  and 
arrival  angle.  However,  for  the  two-element  array  considered 
above,  calculations  show  that  when  r  is  small  {r  <  MB), 
|//rf(w)|  is  constant  and  /iHAoi)  varies  linearly  with  fre¬ 
quency.  But  when  r  >  MB,  HA<^)  can  vary  substantially  over 
the  desired  signal  bandwidth.  For  r  in  the  range  MB  <  r  <  A! 

'  For  the  discrete  LMS  algorithm  (1).  the  computational  burden  increases 
linearly  with  the  number  of  weights.  For  the  sample  matrix  inverse  method 
[oj.  It  increases  with  the  cube  ot  the  number  of  weights. 


Fig.  12.  The  transfer  function  r  =  15,  S  =  0.2,  9,,  =  0°.  9,  =  80°, 
(,/  =  0  dB,  (,  =  40  dB.  (a)  |//a(a>)|  versus  u>.  (b)  ,e/fa(u)  versus  u. 

B,  one  finds  that  |//d(w)l  becomes  more  nearly  constant  and 
^//rf(w)  becomes  more  nearly  linear  with  frequency  as  the 
number  of  weights  K  is  increased.  Fig.  12  shows  a  typical 
case.  It  shows  \HJ,<j})\  and  z  over  the  signal  bandwidth 
for  r  =  15  and  /(  =  2,  4,  8  and  16,  with  all  other  parameters 
the  same  as  in  Figs.  8  and  9.  Note  how  the  behavior  of  //rf(w) 
improves  as  k  increases.  On  the  other  hand,  for  r  >  AIB. 
HAu)  cannot  have  the  required  behavior  over  the  signal 
bandwidth,  because  the  Fourier  series  period  is  less  than  the 
signal  bandwidth.  In  this  case,  there  is  always  at  least  some 
desired  signal  distortion,  no  matter  how  large  K.  It  is  clear  that 
a  designer  must  take  the  behavior  of  HAu)  into  account  when 
a  large  value  of  r  is  used. 

IV.  Conclusion 

This  paper  has  considered  the  bandwidth  performance  of  a 
two-element  adaptive  array  with  tapped  delay-lines  behind  the 
elements.  Section  II  presented  the  equations  needed  to 
compute  the  output  SINR  for  an  array  with  an  arbitrary 
number  of  elements  and  taps.  Section  III  described  how  the 
number  of  taps  and  the  amount  of  delay  between  taps  affect  the 
SINK  for  a  two-element  array. 

An  array  with  two  weights  and  one  delay  behind  each 
element  yields  optimal  performance  (equal  to  that  obtained 
with  CW  interference)  for  any  value  of  delay  greater  than  zero 
and  less  than  r9o/fl,  where  is  the  time  delay  for  a  90° 
carrier  phase  shift  and  B  is  the  fractional  signal  bandwidth. 
Delays  less  than  yield  optimal  performance  but  result  in 
large  array  weights.  Delays  larger  than  Tqo/B  yield  suboptimal 
SINR  when  each  element  has  only  two  weights. 
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For  delays  between  T^B  and  AT^B,  the  performance  is 
suboptimal  with  only  two  weights  but  approaches  optimal  if 
more  delay-line  sections  and  weights  are  added  to  each 
element.  Delays  larger  than  4T<)^B  result  in  suboptimal 
performance  regardless  of  the  number  of  delays  and  weights 
used. 

Acknowledgment 

The  author  is  grateful  to  Dr.  M.  W.  Ganz  and  Dr.  I.  J. 
Gupta  for  helpful  discussions  on  this  work. 

References 

[1|  B.  Widrow,  P.  E.  Manley,  L.  J.  Griffiths  and  B.  B.  Goode,  "Adaptive 
antenna  systems,”  Proc.  IEEE,  vol.  55,  no.  12,  pp.  2143-2159,  Dec. 
1967. 

[2]  W.  E.  Rodgers  and  R.  T.  Compton,  Jr.,  "Adaptive  array  bandwidth 
with  tapped  delay-line  processing,"  IEEE  Trans.  Aerospace  Elec¬ 
tron.  Sysl.,  vol.  AES-15,  no.  1,  pp.  21-27,  Jan.  1979. 

[3]  J.  T.  Mayhan,  A.  J.  Simmons  and  W.  C.  Cummings,  "Wideband 
adaptive  antenna  nulling  using  tapped  delay-lines,"  IEEE  Trans. 
Antennas  Propagal.,  vol.  AP-29,  no.  6,  pp.  923-936,  Nov.  1981. 

[4]  W.  D.  White,  "Wideband  interference  cancellation  in  adaptive 
sidelobe  cancellers,"  IEEE  Trans.  Aerospace  Electron.  Sysl.,  vol. 
AES-19,  no.  6,  pp.  915-925,  Nov.  1983. 


[51  S.  P.  Applebaum,  "Adaptive  arrays,"  IEEE  Trans.  Antennas 
Propagat.,  vol.  AP-24,  no.  5,  pp.  585-598,  Sept.  1976. 

[6]  1.  S.  Reed,  J.  D.  Mallett,  and  L.  E.  Brennan,  "Rapid  convergence  rate 
in  adaptive  arrays,”  IEEE  Trans.  Aerospace  Electron.  Sysl.,  vol. 
AES-10,  no.  6,  pp.  853-863.  Nov.  1974. 

[7J  C.  A.  Baird,  Jr.,  and  C.  L.  Zahm,  "Performance  criteria  for 
narrowband  array  processing,”  presented  at  1971  IEEE  Conf.  Decision 
and  Control,  Miami  Beach,  FL,  Dec.  15-17,  1971. 


R.  T.  Compton,  Jr.  (S'58-M’59-M’81-SM'82- 
F’84)  was  born  in  St.  Louis,  MO,  on  July  26,  1935. 
He  received  the  S  B.  degree  from  Massachusetts 
Institute  of  Technology,  Cambridge,  in  1958  and 
the  M.Sc.  and  Ph.D.  degrees  from  the  The  Ohio 
State  University.  Columbus,  in  1961  and  1964.  all 
in  electrical  engineering. 

From  1965  to  1967,  he  was  an  Assistant  Profes¬ 
sor  of  Engineering  at  Case  Institute  of  Technology, 
Cleveland,  OH,  and  from  1967  to  1968  he  was  an 
NSF  Postdoctoral  Fellow  at  The  Technische  Hochs- 


chule,  Munich,  Germany.  He  spent  the  1983-1984  academic  year  at  the  Naval 
Research  Laboratory,  Washington,  DC.  He  is  a  Professor  of  Electrical 
Engineering  at  The  Ohio  Stale  University. 

Dr.  Compton  is  a  member  of  Sigma  Xi  and  Pi  Mu  Epsilon.  He  received  the 
M.  Barry  Carlton  Award  for  best  paper  from  the  IEEE  Aerospace  and 
Electronic  Systems  Society  in  1983. 


I-AI>  36  I  IS(H)9 


A  Selective  Modal  Scheme  for  the  Analysis  of  EM 
Coupling  Into  or  Radiation  from  Large  Open-Ended 

Waveguides 


Ayhan  Altintas 
Prabhakar  H.  Pathak 
Ming-Cheng  Liang 


Reprinted  from 

IKKK  TRANSACTIONS  ON  ANTENNAS  AND  PROPACiATION 
Vol.  36,  No.  I.  .January  1988 


84 


IKKF.  TRANSACTIONS  ON  ANTENNAS  AND  PROPAGATION,  VOL  M.  NO  I.  JANUARY  19S8 


A  Selective  Modal  Scheme  for  the  Analysis  of  EM 
Coupling  Into  or  Radiation  from  Large 
Open-Ended  Waveguides 

AYHAN  ALTINTAS,  PRABHAKAR  H.  PATHAK,  fellow,  ieee.  and  MING-CHENG  LIANG 


Aburacl — The  problem  of  electromagnetic  (EM)  coupling  into  or 
radiation  from  open-ended  waveguides  is  addressed  here.  Of  particular 
interest  is  the  high-frequency  range  where  a  large  number  of  propagating 
waveguide  modes  can  be  excited  and  conventional  procedures  requiring  a 
summation  over  a  large  number  of  propagating  modes  can  become 
cumbersome  and  inefficient.  A  selective  modal  scheme  is  proposed  based 
on  the  observation  that  the  modes  which  contribute  most  significantly  to 
the  fields  coupled  into  the  waveguide  are  those  whose  modal  ray 
directions  are  most  nearly  parallel  to  the  incident  wave  direction.  This 
concept  is  illustrated  by  calculating  the  EM  radiation  and  backscattering 
from  open-ended  parallel-plate,  rectangular,  circular,  and  sectoral  wave¬ 
guide  geometries.  The  calculations  employ  the  usual  geometrical  optics, 
aperture  field,  and  Lfimisev  edge  current  techniques.  Also  included  are 
some  measured  results  which  further  verify  the  accuracy  of  the  above 
computations. 

I.  Introduction 

SELECTIVE  modal  scheme  is  proposed  in  this  paper  to 
efficiently  analyze  the  problem  of  high-frequency  (HE) 
electromagnetic  (EM)  couplina/penetration  into  or  radiation 
from  open-ended  waveguides.  This  scheme  is  ba.sed  on  the 
phenomenon  that  at  sufficiently  high  frequencies,  the  modes 
which  contribute  most  significantly  to  the  fields  coupled  into 
the  waveguide  are  those  whose  modal  ray  directions  are  most 
nearly  parallel  to  the  incident  wave  direction  [1).  Even  though 
the  transmission  of  EM  energy  at  HE  into  semi-infinite  open- 
ended  waveguides  has  been  discussed  extensively  in  the 
literature  [21-[6J,  the  above  mentioned  fact  does  not  appear  to 
have  been  exploited  previously.  This  observation  applies 
equally  well  to  the  reciprocal  problem  of  EM  radiation  from 
the  open  end  where  only  those  modes  whose  modal  ray  angles 
are  most  nearly  parallel  to  the  desired  radiation  direction 
contribute  strongly  to  the  radiated  field.  This  fact  is  especially 
useful  at  high  frequencies  where  a  direct  modal  analysis 
becomes  cumbersome  and  inefficient  due  to  the  existence  of  a 
large  number  of  propagating  modes  inside  the  waveguide 
cavity  region. 
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The  present  approach  is  based  on  the  ray  optical  characteri¬ 
zation  of  the  waveguide  modes  in  terms  of  a  set  of  equivalent 
modal  rays,  either  directly  or  through  asymptotic  approxima¬ 
tions  to  the  modal  field  expressions.  Some  examples  of  modal 
rays  are  illustrated  in  Fig.  1 .  Each  set  of  modal  rays  exhibits  a 
linear  or  almost  linear  phase  distribution  in  the  waveguide 
aperture.  Using  a  Kirchhoff-type  approximation  in  the  aper¬ 
ture  integration  (AI),  the  far  field  radiated  into  the  exterior  by 
such  aperture  distributions  consists  of  patterns  which  have 
beam  maxima  in  directions  perpendicular  to  the  wavefronts  of 
the  corresponding  set  of  modal  rays  in  the  aperture.  Therefore, 
for  a  given  observation  direction,  only  those  sets  of  modal  rays 
in  the  aperture  which  radiate  beam  maxima  closest  to  this 
direction  contribute  significantly;  other  modes  (modal  rays) 
radiate  sidelobes  in  that  direction  and  generally  yield  a 
relatively  small  contribution.  It  is  known  that  the  edge  effects 
included  in  the  Kirchhoff-based  AI  are  not  as  complete  as 
those  predicted  by  the  geometrical  theory  of  diffraction  (GTD) 
(7J  especially  for  wide-angle  radiation;  thus  the  Kirchhoff 
approximation  is  improved  via  a  modification  of  Ufimtsev’s 
physical  theory  of  diffraction  (PTD)  [8]  presented  in  [9]  to  get 
the  generally  small  correction  to  the  edge  effects  predicted  by 
the  Kirchhoff-based  AI  [10).  The  additional  correction  result¬ 
ing  from  the  multiple-edge  diffraction  of  modal  rays  across  the 
aperture  is  assumed  to  be  negligible  for  large  waveguides,  and 
it  is  thus  ignored. 

Section  II  discusses  the  Kirchhoff-ba.sed  AI  and  the  Ufimt- 
sev-type  contributions  to  the  modal  radiation  from  semi- 
infinite,  perfectly  conducting  parallel-plate,  rectangular,  cir¬ 
cular.  and  sectoral  waveguide  geometries  as  shown  in  Fig.  1 . 
In  all  of  these  geometries  the  modes  will  be  classified  as 
transverse  electric  (TE)  or  transverse  magnetic  (TM)  to  the  z- 
direction.  The  explicit  expressions  for  the  modal  radiation  are 
pre.sented  in  the  Appendix.  The  E.M  fields  coupled  into  these 
open-ended  waveguides  illuminated  by  a  plane  wave  can  be 
found  directly  from  the  solutions  to  the  above  radiation 
problems  via  reciprocity.  It  is  noted  that  the  Kirchhoff-based 
aperture  integral  (AI),  which  essentially  constitutes  a  physical 
optics  (PO)  approximation,  gives  results  which  satisfy  reci¬ 
procity  only  in  the  main  beam  direction.  However,  when  the 
Ufimtsev  correction  to  the  PO  approximution  is  included,  it 
then  tends  to  restore  reciprocity  in  directions  away  from  the 
main  beam  as  well.  The  results  of  Section  11  are  then  employed 
in  Section  III  to  analyze  the  more  general  problem  of  EM 
plane-wave  back.scattering  from  open-ended  waveguide  cavi¬ 
ties.  In  particular,  the  two  cases  treated  in  Section  III  are  those 
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MODAL  RAY  DIRECTIONS 


Fig  I .  Radiatimi  from  (a)  the  parallel  plate  waveguide:  (b)  the  rectangular  waveguide.  Id  the  circular  waveguide:  Idl  Ihc  sectoral 

waveguide 


pertaining  to  the  EM  backscatter  by  open-endeti  circular,  and 
nonuniform  (piecewise  linearly  tapered)  waveguide  cavities 
with  an  interior  planar  short-circuit  termination.  Again,  it  is 
observed  that  only  a  few  selected  ones  out  of  a  large  number  of 
propagating  modes  contribute  strongly  to  the  backscattered 
field  for  each  backscatter  direction,  and  a  good  comparison  is 
obtained  between  the  calculated  results  and  corresponding 
measurements  on  actual  models.  Finally,  some  conclusions 
are  given  in  Section  IV. 

An  time  convention  is  assumed  and  suppressed  for  the 
field  expressions,  k  refers  to  the  tree-space  wavenumber,  and 
Zi)  =  '  is  the  intrinsic  impedance  of  free  space. 

II.  Modal  Radiation  From  Somk  Wavkc.ludk  Gf.ometriks 

In  this  section,  the  far-zonc  mtxlal  radiation  from  open- 
ended  parallel-plate,  rectangular,  circular,  and  sectoral  wave¬ 
guides  is  di.scussed.  As  indicated  earlier,  the.se  radiation 
problems  are  directly  related  to  the  problems  of  the  coupling 
of  an  incident  plane-wave  field  into  the  waveguide  modal 
fields  via  reciprocity  |10j  as  mentioned  in  Section  I.  Thus  the 
coupling  problem  w'ill  not  be  explicitly  discussed  here. 

A.  The  Parallel-Plale  Waveguide 

The  geometry  of  an  open-ended  parallel-plate  waveguide  is 
depicted  in  Fig.  Ua).  The  expressions  for  the  modal  fields  and 
the  modal  radiation  arc  given  in  the  Appendix. 

Each  component  of  the  nth  modal  field  can  be  decomposed 
into  the  fields  associated  with  two  characteristic  plane  waves 
(which  propagate  along  modal  rays).  The  modal  rays  a.s.siKi- 
ated  w  ith  the  propagation  of  these  modal  plane  waves  make  a 
fixed  angle  i/-,,  with  the  waveguide  walls.  Specifically.  \li„  is 
given  by  ( 10| 


as  illustrated  in  Fig.  1(a)  where  (i„  is  the  propagation  constant 
tor  the  nth  mode  as  given  in  (9).  For  the  radiation,  the  incident 


and  reflection  shadow  boundary  (ISB  and  RSB)  directions 
correspond  to  this  modal  ray  direction.  The  field  pattern  of 
each  mode  is  composed  of  two  sin  (^)f^  functions  with  their 
peaks  in  the  modal  ray  shadow  boundary  (SB)  directions  (see 
Fig.  2).  It  is  also  noted  that  if  one  considers  the  radiation  only 
from  the  nth  odd  (or  even)  mode,  the  peak  radiation  occurs  at 
.sin  6  =  nir/ka.  In  this  shadow  boundary'  direction  the  other 
odd  (or  even)  modes  have  a  null  in  their  pattern.  Therefore, 
around  this  direction  only  the  nth  mode  and  the  two 
neighboring  even  modes  are  mainly  responsible  for  the 
radiation.  The  contributions  from  other  modes  interfere 
mostly  destructively  especially  in  the  case  of  a  large  wave¬ 
guide  where  there  are  many  propagating  modes.  In  compari¬ 
son  with  the  exact  Wiener-Hopf  result  [I  I),  it  is  known  that 
the  Kirchhoff-ba.scd  AI  approximation  result  is  reasonably 
accurate  for  frequencies  exceeding  the  cutoff  frequency  by  5 
percent.  It  is  also  known  that  the  Kirchhoff-ba.sed  AI  approxi¬ 
mation  gives  exact  radiation  in  the  modal  ray  angle  directions 
(III, 

The  modal  radiation  patterns  obtained  from  (1 3)  of  the 
Appendix  arc  compared  with  the  first-order  GTD  results  for 
nonstaggered  and  staggered  waveguide  geometries.  In  order  to 
show  the  effect  of  Ufimtsev  correction,  the  mode  chosen  is 
very  close  to  the  cutoff  frequency  for  some  small  waveguides. 
The  radiation  patterns  from  these  waveguides  are  shown  in 
Figs.  3  and  4.  The  results  indicate  that  the  Ufimtsev 
contribution  impro''es  the  AI  approximation  primarily  away 
from  the  direction  of  the  AI  beam  maximum  so  that  it  becomes 
indistinguishable  from  (he  GTD  result  which  is  known  to  be 
accurate. 

As  mentioned  earlier  in  the  Introduction,  the  Ufimtsev 
contribution  to  the  radiated  field  is  generally  quite  w’eak  in 
comparison  with  the  AI  contribution  for  large  waveguides,  as 
observed  in  Fig.  5. 

B.  The  Rectangular  Waveguide 

From  the  expressions  in  (20)  and  (2l )  of  the  Appendix,  each 
component  of  the  nntth  modal  field  in  a  rectangular  wave- 
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Fig,  2.  The  modal  radiation  pattern  for  a  TM^  mode  from  an  open-ended, 
parallel-plate  waveguide  using  AI.  Mode  index:  m  =  15,  modal  ray  angle 
=  45”, 


-to.  -80.  -30.  0.  30.  80.  90. 
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Fig  3  Comparison  of  far  zone  modal  radiation  patterns  for  a  TM,  mode 
from  an  open-ended,  parallel-plate  waveguide.  Mtxlc  index,  m  =  5,  modal 
ray  angle  =  80”,  GTD, - :  AI;  xxxx:  mtxlified  PTD. 

guide  can  be  decomposed  into  fields  which  are  associated  with 
four  characteristic  plane  waves  that  propagate  along  modal  ray 
paths  as  shown  in  Fig.  Ub). 

From  the  results  given  in  (22)-(26)  of  the  Appendix,  it  is 
seen  that  the  radiation  pattern  has  a  sin  type  behavior  in 
both  the  0  and  0  directions.  There  are  four  different  sin  |/E 
forms,  each  of  which  is  due  to  the  integration  of  a  plane-wave 
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Fig.  4.  Comparison  of  far  zone  modal  radiation  patterns  for  a  TM^  mode 
from  an  open-ended,  parallel-plate  waveguide.  Mode  index:  m  =  i,  modal 

ray  angle  =  50°,  staggering  angle:  to  =  60°,  :  GTD; - :  AI; 

xxxx:  modified  PTD. 
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Fig.  5.  Comparison  of  far  zone  modal  radiation  patterns  for  a  TM,  mode 
from  an  open-ended  parallel-plate  waveguide.  Mode  index:  m  =5,  modal 
ray  angle  =  10°,  :  GTD; - :  AI;  xxxx:  modified  PTD, 

component  of  the  mode.  Therefore,  each  sin  exhibits  a 
peak  at  the  corresponding  plane-wave  direction.  Also,  as  the 
waveguide  becomes  electrically  larger,  the  main  peaks  get 
sharper.  As  a  result,  only  a  few  modes  contribute  strongly  to 
the  radiation  for  a  given  direction  of  observation  at  high 
frequencies. 

C.  The  Circular  Waveguide 

The  far-zone  radiation  due  to  the  nmth  modal  fields  in  the 
circular  waveguide  geometry  of  Fig.  1(c)  is  given  by 
expressions  in  (50)-(61)  of  the  Appendix. 
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SB  DIRECTION  DIRECTION 
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(a)  (bl 

Fig  6  Modal  radialion  from  an  open  ended  circular  \caveguidc.  as  a 
lunction  of  elesation  angle. 


The  modal  ra\  representation  can  be  obtained  by  applying 
the  large  argument  approximation  to  the  Bessel  functions  and 
each  mode  consists  of  two  conical  modal  rays  which  converge 
onto  and  diverge  from  the  axis  of  the  waveguide  [10|.  The 
modal  ra>  angle  corresponding  to  the  r/mth  mode  is  repre¬ 
sented  b>  h„,„  in  Fig.  1(c).  The  expression  for  h^m  is  given  in 
(57)  of  the  Appendix. 

A  typical  modal  radiation  pattern  is  shown  in  Fig.  6  based 
on  the  expressions  given  in  (51 )  and  (52)  of  the  Appendix.  The 
modal  ray  shadow  boundary  direction  is  also  indicated  in  the 
figure  and  it  is  seen  that  modal  radiation  has  a  beam  maximum 
in  the  modal  ray  direction. 


D.  The  Sectoral  Waveguide 

The  geometry  of  the  sectoral  waveguide  is  shown  in  Fig. 
1(d).  The  nm\h  TE  modal  field  expressions  can  be  generated 
from  the  j-component  of  the  magnetic  field  of  that  rtmth  mode 
which  is  given  by  [12| 


and  similarly  the  n/nth  7  M  modal  fields  can  be  obtained  from 
the  c-componeni  of  the  electric  field  of  that  nmih  mode  which 
IS  likewise  gi\en  by  ( !2| 


1  , 

r  nir  / 

A'"  cos 
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Jk,p)  (4) 


where  denotes  a  cylindrical  Flankel  function  of  the 

w^r.nd  kind  of  order  r  (  -  /tnri<t>i,  in  this  case)  and  of  argument 

k,p 

Using  the  Debye  asymptotic  form  for  the  Hankel  function  in 
the  region  k,p  >  mit'C),,.  each  mode  can  be  decomposed  into 


four  ray-optical  parts  which  follow  zig-zag  paths  inside  the 
sectoral  waveguide  [10|. 

The  projection  of  the  ray  trajectories  are  depicted  in  Fig.  7, 
and  they  are  tangent  to  the  circular  cylindrical  modal  ray 
caustic  and  oblique  to  the  parallel  walls  of  the  waveguide.  The 
radius  of  the  circular  modal  ray  caustic  is  gic  en  by 


-  ,  V-'/ 

kpu 

Typical  results  of  the  numerical  integration  of  the  Kirch- 
hoff-based  aperture  fields  on  the  planar  aperture  of  Fig.  1(d) 
are  show  n  in  Figs.  8  and  9.  Fig.  8  is  the  modal  radiation  of  the 
TE71)  mode  in  the  .v-;  plane.  The  modal  ray  shadow  boundary 
directions  of  the  TE-„  mode  in  the  .v-::  plane  are  also  sketched 
in  Fig.  8.  As  indicated  in  the  figure,  the  peak  of  the  radiation 
pattern  coincides  with  the  modal  ray  direction.  Fig.  9  shows 
the  modal  radiation  of  the  TMns  mode  in  the  .v-f  plane.  The 
TM(is  modal  ray  shadow  boundary  directions  in  the  .v-.v  plane 
are  also  shown  in  Fig.  9.  It  is  noted  that  due  to  the  existence  of 
nonparallel  w  alls,  the  shadow  boundaries  of  the  modal  rays  are 
not  parallel.  Therefore,  in  this  ca.se.  the  dominant  modal 
radiation  beam  is  not  too  sharp  and  it  smears  out  over  the 
region  corresponding  to  the  angular  separation  between  the 
incident  shadow  boundary  (ISB)  direction  of  one  edge  and  the 
reflection  shadow  boundary  (RSB)  of  the  other  (opposite) 
edge.  Hence,  the  efficiency  of  the  selective  modal  scheme  is 
slightly  reduced  in  the  strongly  tapered  case  as  compared  to 
the  rectangular  waveguide  geometry  which  exhibits  sharper 
modal  radiation  beams.  The  sharper  the  modal  radiation  beam, 
the  less  the  number  of  modes  required  in  the  selective  modal 
scheme. 

It  is  also  noted  that  a  Ufimtsev-type  correction  to  the  AI  can 
be  obtained  in  a  manner  similar  to  that  done  for  the  case  of 
rectangular  waveguide;  hence,  these  details  are  omitted  here 
for  the  sake  of  brevity. 

III.  El  FCIROMACiNF  l  U  BaCKSCAI  IT  RINC.  FROM  A  ClRCtiLAR  AND 
A  WiLAKt  Y  Tapfrfd  Wavf.ciitdf:  Cavits  Modf.i. 

In  this  section,  the  EM  backscatter  results  are  presented  for 
a  waveguide  cavity  model,  and  for  a  semi-infinite  terminated 
circular  waveguide.  The  backscatter  returns  have  two  main 
contributions.  The  energy  coupled  into  the  open-ended  wave¬ 
guide  from  the  externally  incident  plane  wave  is  refiected  at  an 
interior  termination  to  radiate  out  of  the  open  end;  this 
constitutes  the  interior  cavity  contribution  to  the  scattered 
field.  The  other  contribution  to  the  scattered  field  comes 
directly  from  the  exterior  diffraction  of  the  incident  wave  by 
the  rim  edge  at  the  open  end  The  interior  radiation  contribu¬ 
tion  to  the  scattered  field  is  calculated  through  the  analytical 
expressions  developed  m  Section  II;  whereas,  the  rim  scatter¬ 
ing  is  calculated  via  the  cquiv.ileiit  current  method  used  in 
conjunction  with  the  (JTD  1 1  5|  Fnr  the  short-circuited  interior 
termination  considered  licic.  the  interior  cavity  contribution  to 
the  scattered  field  is  generally  more  significant;  in  this  case, 
the  rim  scattering  may  be  important  when  the  cavitv  contribu¬ 
tion  exhibits  a  pattern  miiim  1, 

The  backscatter  rcsulls  obt.micd  Irom  a  selective  modal 
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(b) 

Fig.  7.  The  projection  of  ray  trajectories  in  a  sectoral  waveguide  of  Fig.  1(d).  (a)  Projection  onto  x  -  y  plane,  (b)  Projection  onto 

X  -  z  plane. 
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Fig  8  M(xlal  radiation  of  TE™  mode  from  the  open  end  of  a  linearly 
tapered  waveguide  m  the  horizontal  plane.  <7  =  10  X.  =  20”  and  p„  = 
14.4  X 

scheme  approach  are  tested  against  the  contribution  of  all 
modes  The  numerical  calculations  on  the  cavity  model  is 
compared  with  the  experimental  results. 

A .  EM  Backscattenng  from  a  Terminated  Semi-Infinite 
Circular  Waveguide 

The  calculations  are  presented  in  Figs.  10  and  1 1  for  the  EM 
backscattcring  from  an  open-ended  semi-infinite  perfectly 
conducting  circuiai  waveguide.  The  interior  of  the  waveguide 
IS  terminated  vith  a  planar  perfectly  conducting  short  circuit. 


(D  at 

tn  (O 

ir  — 


Fig.  9.  Modal  radiation  of  TMo-^  mode  from  the  open  end  of  a  linearly 

tapered  waveguide  in  the  vertical  plane  a  =  lOX,  (t>o  =  20”,  and  p„  =  14.4 

X. 

The  termination  is  placed  ten  free-space  wavelengths  away 
from  the  open  end,  as  shown  in  Figs.  10  and  1 1 ;  therefore,  the 
effect  of  evane.scent  modes  can  be  neglected.  The  radius  of  the 
waveguide  is  3.34  free-space  wavelengths  which  allows  115 
modes  to  propagate.  Figs.  10  and  1 1  illustrate  the  comparison 
of  the  backscattered  field  bv  including  the  contributions  of  all 
propagating  modes  versus  those  based  on  including  only  the 
modes  x'hose  modal  ray  angles  are  inside  a  10°  neighborhood 
of  the  observation  direction. 

In  the  graphs  of  Figs.  10  and  1 1.  the  effect  of  the  multiple 
wave  interactions  between  the  open  end  and  i‘ termination 
are  included  in  the  calculations  via  the  gener.  ized  scattering 
matrix  technique  (GSMT)  [10],  [14]  with  the  u.se  of  modal 
reflection  coefficients  from  the  open  end  given  in  [I0|.  and  it 
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Fig  10.  Calculated  backscattered  field  from  a  circular  waveguide  cavity  in 
the  0  =  0°  plane  cut  a,s  a  function  of  the  angle  from  the  axi.s  with  the 
waveguide  radius  a  =  3,24  X,  termination  position  L  =  10  X,  E'  =  <t>E' 
all  propagating  modes  included:  xxxx:  only  modes  with  modal  ray 
angles  closer  than  10°  are  included  (normalized  to  ira’l 


Fig  1 1  Calculated  backscattered  field  from  a  circular  waveguide  cavity  in 
the  0  =  0°  plane  cut  as  a  function  of  the  angle  from  the  axis  with  the 
waveguide  radius  a  -  3.34X,  termination  position  L  -  10  X,  £'  =  SE' 

;  All  propagating  mixJes  included;  xxxx;  only  modes  with  modal  ray 
angles  closer  than  10°  are  included  (normalized  to  tu’) 


PERFECTLY 

CONDUCTING 

SECTION  I  WALLS 


Fig  12  The  geometry  ol  the  cavity  model 


is  observed  that  the  effect  of  all  the  higher  order  interactions 
between  the  open  end  and  the  terminations  is  small  in 
comparison  with  the  first-order  interaction.  Only  for  suffi¬ 
ciently  smaller  waveguides,  the  modal  reflection  from  the 
open  end  is  relatively  strong  in  comparison  with  the  aperture 
radiation;  in  such  cases,  the  multiple  interactions  are  expected 
to  be  .stronger  and  hence  they  have  been  included  via  the 
GSMT  in  our  computer  code. 

It  is  clear  from  these  plots  in  Figs.  10  and  11  that  by 
including  only  the  few  significant  nuxles,  one  can  substantially 
reduce  the  amount  of  calculations  without  seriously  reducing 
the  accuracy. 

B.  Electromagnetic  Backscattering  fr^m  rr  Weakly 
Tapered  Waveguide  Cavity  Model 

The  tapered  waveguide  model  is  shown  in  Fig.  12.  It  is 
basically  an  open-ended  cavity  composed  of  two  waveguide 
sections.  The  first  section  is  part  of  a  sectoral  waveguide  with 
one  end  open,  whereas  the  other  end  of  this  section  is 
connected  to  a  second  section  which  is  a  uniform  waveguide 
with  a  planar  termination  at  its  far  end.  The  exterior  of  the 
second  section  is  curved  at  the  back  end  to  minimize  the 
scattering  coming  from  the  exterior  features  of  the  structure. 
The  model  is  made  of  wood  and  then  coated  with  a  conductive 
paint.  The  dimensions  of  the  cavity  are  shown  in  Fig.  13.  The 
length  is  long  enough  for  the  effects  of  evanescent  modes 
to  be  negligible. 

The  GTD-based  equivalent  current  analysis  for  the  rim 
scattering  is  compared  with  a  set  of  measurements  on  the 
model.  In  order  to  remove  the  interior  cavity  effects,  the  inner 
surface  of  the  back  wall  of  the  cavity  is  covered  with  absorbing 
material.  The  radar  cross  section  (RCS)  patterns  in  the  </>  =  0° 
and  (j)  =  90°  planes  are  shown  in  Figs,  14  and  15. 

The  interior  cavity  contribution  to  the  scattered  field  is 
calculated  using  the  mtxlal  coupling  and  radiation  expressions 
of  Section  II,  At  10  GHz.  the  first  or  the  sectoral  waveguide 
section  containing  the  open  end  can  accommodate  152 
propagating  modes.  The  analytical  expression  for  the.se  modes 
can  be  approximated  to  yield  a  propagation  constant 


inside  the  slightly  tapered  waveguide.  In  the  uniform  rectangu¬ 
lar  second  section,  the.sc  modes  propagate  with  a  propagation 
constant  given  by  the  dimensions  of  that  section.  The  mode 
conversion  due  to  the  small  discontinuity  between  two 
waveguide  sections  is  ignored.  From  the  time-domain  result', 
obtained  Irom  the  swept  frequency  measurement  in  the  S-12- 
GH/  band,  the  multiple  interactions  between  the  open  end  .ind 
the  termination  are  dcteimincd  to  be  small  v,i  'ugh  in  he 
neglected  here  Since  the  modal  rcllection  horn  ilie  open  cihI 
(which  IS  formed  by  half-planes)  is  expeckil  to  h.,  much 
stronger  than  the  modal  refiection  and  eouplme  due  to  the  join 
between  the  twn  sections  (which  forms  .i  v  Ipe  with  Acdge 
angle  very  .  lose  to  I8i''’i.  (he  iiCL’Iigilnliiy  ot  these  mulnple 

iiitci.ielions  also  implies  that  mold  . . .  '.et\  vxeak 

.A  I  (IB.  I'oiinee  eiicigy  loss  for  (lie  moil.i’  .  s  is  assumed  to 
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0  30  60  90 

(DEG) 

Fig  14  Radar  cro^s  section  pattern  due  to  only  the  front  end  rim  of  the 
cavity  structure  at  /  =  9.98  GHz,  E'  =  SE',  0  =  0”  plane.  -  : 

measured: - :  calculated. 


mtxiel  the  Pnite  conductivity  of  the  cavity  model  used  in  the 
measurements.  The  measured  and  calculated  RCS  patterns  at 
10  GHz  are  shown  in  Figs.  16  and  18  for  the  scans  in  0  =  0° 
and  0  =  90°  planes.  The  agreement  between  the  measured 
diid  calculated  results  is  poorer  in  the  0  =  90°  plane  where  the 
sectoral  waveguide  modes  are  excited  for  which  the  modal 
rays  bounce  from  the  tapered  walls.  The  approximation  to  the 
propagation  constant  in  the  tapered  waveguide  gets  worse 
especially  for  higher  order  modes.  Also,  in  Figs.  17  and  19, 
the  numerical  calculations  are  compared  by  including  the 
contributions  of  all  modes  versus  only  three  selected  modes. 
The  mtxJal  ray  directions  of  these  three  modes  are  closest  to 
the  backscattering  direction.  As  explained  earlier,  selecting 
only  three  modes  is  a  weaker  approximation  in  the  v  =  90° 
plane  than  0  =  0°  plane,  because  of  the  effect  of  the  taper;  the 
approximation  can.  of  course,  be  improved  by  including  Just  a 


0  30  60  90 

THETA  (DEG) 


Fig.  15.  Radar  cross  section  pattern  due  to  only  the  front  end  rim  of  the 

cavity  structure  at  /  =  9.98  GHz,  E'  =  ^E'.  0  =  90°  plane. - : 

measured; - :  calculated. 


Fig,  16.  Radar  cross  section  pattern  of  the  cavity  structure  at  /  =  10,00 
GHz,  E'  =  <t>E',  0  =  0  plane.  :  measured; - :  calculated. 


few  more  modes.  Comparable  accuracy  is  obtained  at  8  and  12 
GHz  and  for  other  polarizations. 

Since  this  new  selective  modal  scheme  proved  to  be  so 
valuable  in  the  principal  plane;  namely,  0  =  0  and  0  =  90° 
planes,  it  is  next  applied  to  0  =  45°  plane  to  ascertain  its 
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Fig.  17.  Radar  cross  section  pattern  of  the  cavity  structure  at  /  =  10.00 
GHZ.  £‘  =  iE',  ij>  =  0°  plane.  ;  all  modes  are  included;  xxxx:  only 
three  mtxles  are  included. 


THETR (DEG) 


Fig  18  Radar  cross  section  pattern  at/  =  10.01  GHz,  £‘  =  0£'.  ^  =  90’ 
plane  .  measured: - :  calculated. 


THETR  (DEG) 

Fig.  19.  Calculated  RCS  pattern  corresponding  to  Fig.  18. - :  all  modes 

are  included;  xxxx:  only  three  modes  are  included. 


THETR fDEG) 

Fig.  20.  Radar  cross  section  pattern  of  the  cavity  structure  at  /  =  10.00 
GHz,  £'  =  ipE',  (p  =  45°  plane.  ■  all  152  modes  are  included  (86  TE. 
66  TM  modes);  xxxx:  only  18  modes  are  included  (9  TE,  9  TM). 


efficiency  when  the  incident  plane-wave  direction  is  not 
aligned  with  the  structural  symmetry.  The  aspect  angle  scan  is 
calculated  in  the  0  =  45°  plane  for  (x)th  the  ff  and  0  polarized 
incident  fields.  The  results  are  shown  in  Figs.  20  and  21.  In 
this  case,  the  18  preselected  modes  are  compared  with  the  152 


modes  as  shown  in  each  figure.  Note  that  more  modes  are 
needed  in  this  general  case  as  indicated  by  the  results  shown  in 
Fig.  22  where  the  6-mode  result  is  compared  with  the  one 
including  152  modes.  Even  so  it  is  clear  that  one  can  use  far 
fewer  modes  than  the  complete  set  of  all  the  propagating 
modes. 
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Fig.  21.  Radar  cross  section  pattern  of  the  cavity  structure  at  /  =  10.00 

GHz,  £'  =  §£',  ^  =  45°  plane. - :  all  152  modes  are  included  (86  TE, 

66  TM  modes);  xjtxx:  only  18  modes  are  included  (9  TE,  9  TM). 


THETfi  (DEG) 


Fig.  22.  Radar  cross  section  pattern  of  the  cavity  structure  at  /  =  10.00 
GHz.  £'  -  9E',  <(>  =  45°  plane.  :  all  152  modes  are  included  (86 TE, 
66  TM  modes),  xxxx:  only  6  modes  are  included  (3  TE,  3  TM). 


cavities.  The  procedure  is  to  select  and  include  in  the  analysis 
only  those  modes  whose  modal  ray  directions  are  closest  to  the 
incoming  plane-wave  illumination  direction  in  the  coupling 
problem.  Analogously,  in  the  radiation  problem  only  those 
modes  whose  modal  ray  directions  are  closest  to  the  observa¬ 
tion  direction  are  selected.  The  approach  is  illustrated  on 
uniform  waveguides  such  as  parallel-plate,  rectangular,  and 
circular  geometries  as  well  as  a  nonuniform  sectoral  wave¬ 
guide.  In  the  case  of  uniform  waveguides,  the  incident  and 
reflection  shadow  boundary  directions  of  modal  rays  shrink 
into  a  single  direction  which  results  in  a  sharper  modal 
radiation  beam.  Generally,  nonuniform  waveguides  require 
somewhat  more  modes  to  be  included  in  the  analysis  as 
compared  to  the  uniform  case  because  of  the  existence  of 
nonvanishing  angular  separation  between  the  incident  and 
reflection  shadow  boundary  directions  due  to  the  taper.  The 
procedure  is  especially  useful  at  high  frequencies  where  the 
usual  modal  analysis  which  includes  all  the  propagating  modes 
becomes  cumbersome  and  inefficient,  and  where  the  existing 
rigorous  and  exact  solutions  are  difficult  to  apply.  Also,  the 
procedure  can  be  applied  to  the  waveguide  cavities  formed  by 
different  waveguide  sections.  The  discontinuities  inside  the 
waveguides  may  cause  intermodal  coupling  as  well  as  scatter¬ 
ing.  The  multiple  scattering  effects  can  be  taken  into  account 
using  a  GSMT  approach.  For  backscattering  problems,  the 
interior  cavity  radiation  contribution  to  the  scattered  field  is 
still  mainly  dictated  by  the  modes  most  strongly  coupled  into 
the  waveguide.  For  bistatic  scattering,  the  modes  coupled 
most  strongly  into  the  waveguide  are  those  whose  modal  ray 
angles  are  close  to  the  angle  of  incidence;  whereas,  the  modes 
which  radiate  most  strongly  from  the  interior  cavity  are  those 
whose  modal  ray  angles  are  close  to  the  bistatic  scattering 
aspect.  Only  in  those  special  situations  where  the  intermodal 
coupling  at  some  interior  termination  or  discontinuity  is  such 
that  the  reflection  of  the  modes  whose  modal  ray  angles  are 
close  to  the  monostatic  (bistatic)  scattering  aspect  is  very 
weak,  then  the  interior  cavity  contribution  to  the  scattered  field 
from  the  other  modes  which  are  strongly  excited  by  the 
discontinuity  could  become  significant  in  the  monostatic 
(bistatic)  scattering  direction,  and  hence  their  effect  should  be 
included. 

Appendix 

The  Kirchhoff-based  aperture  integration  approximation 
together  with  the  Ufimtsev  corrections  for  the  far-zone  modal 
radiation  from  the  open-ended  parallel-plate,  rectangular  and 
circular  waveguides  are  given  below.  The  waveguide  geome¬ 
tries  are  depicted  in  Fig.  1.  The  normalized  modal  fields 
propagate  in  -F  z-direction  in  all  cases.  The  Kirchhoff  approxi¬ 
mation  to  the  radiated  field  is  denoted  by  the  subscript  "k" 
and  the  Ufimtsev  correction  is  shown  by  the  subscript  “m.” 


IV.  Conclusion 

It  is  shown  here  that  an  equivalent  ray-optical  representation 
of  waveguide  modes  in  terms  of  modal  rays  has  an  important 
implication  which  may  be  utilized  to  efficiently  analyze  the 
far-zone  EM  scattering  by  large  open-ended  waveguide 


A.  The  Parallel-Plate  Waveguide 

The  nth  modal  fields  can  be  generated  from  the  y- 
component  of  the  fields  of  that  nth  mode  which  is  given  by 
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Hy  =  N„Y„  COS 
where 


(/IX  \  where  are  the  soft  and  hard  Ufimtsev  diffraction  coeffi 

—  xj  for  TM  modes  (8)  * 

o  /  cients  and  in  this  case  are  the  same  as  those  obtained  bt 
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^""(eo^aT,)'^^ 

(10) 

r  2,  for  n  =  0 
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(11) 

Yq  —  ,  for  TE  modes 
k 


Ko  —  .  for  TM  modes. 


The  total  far-zone  radiated  field  is  given  by 

£=£*  +  £„  (13) 

where  the  Kichhoff-based  AI  approximation  is  given  by 

•  [>1  ^  -  1)M .  ]e  -A(P-(a/2)  sin  »)^  for  te  modes 


cients  and  in  this  case  are  the  same  as  those  obtained  by 
subtracting  the  physical  optics  diffraction  coefficients  from  the 
GTD  diffraction  coefficients  for  the  case  of  a  half-plane 
illuminated  by  a  plane  wave;  namely, 

.  'I' 

-  _  ,  _  ,4  sin  -  -  cos  —  sin  — 

^  j  (19) 

/>  N/2ir*  cos  \P  +  cos\P  V 

c  2  4 

where  the  angle  of  incidence  (V' ' )  and  diffraction  (^)  are  as 
shown  in  Fig.  23.  The  V''  and  ^  in  the  above  expressions  of 
(17)  and  (18)  are  measured  from  the  interior  of  the  waveguide 
for  both  half-planes. 

B.  The  Rectangular  Waveguide 

The  nmth  modal  fields  of  the  rectangular  waveguide  can  be 
obtained  from  the  z-component  of  the  fields  of  that  nmlh  mode 
which  is  given  by 


hlftw  Ytffft 
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for  the  TE  modes  and 
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in  which 
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(  —  xj  sin  (  —  y\  (21) 


' ka  /  nx\ 

sin  —  I  sin  6  ±  — 

L  2  V  kaj] 


for  the  TM  modes. 

The  total  far-zone  radiated  field  is  given  by 


nx 

sin  ^  ±  — 
ka 

The  Ufimtsev  edge  current  contribution  is  given  by 


£«=  t-K>)-(-I)" 
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(16)  where 

and 


E — dE)  -I-  ipE^ 
Ef  =  E)i,  -F  Efu 


E^  =  E^k  +  Eiu-  (24) 

TTie  contribution  from  the  AI  approximation  is  given  by  [15] 
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Fig.  23.  Angle  of  incidence  (i/'  )  and  diffraction  (^')  for  the  half-plane 
geometry. 
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and  €o„  is  as  in  ( 1 1 ).  Likewise,  the  contributions  to  the  radiated 
field  from  the  equivalent  Ufimtsev  edge  currents  arc  given  by 
115] 
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where  u,  v,  A  B ^  are  defined  as  before,  and  ZJ“  is  given  in 
(19),  and  * 
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COS  - 

sm 

sin  /3o/i  =  [1  - (nr/ka)^] 
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(43) 


The  far-zone  radiated  electric  field  E  can  be  written  as 


where  Eg  and  Eg,  can  be  further  separated  as 
E»  —  Egg  +  Egu 

and 

Eg,  =  Eg,g  +  Egu- 


(51) 


(52) 


C.  The  Circular  Waveguide 

The  nmth  modal  fields  of  the  circular  waveguide  can  be 
obtained  from  the  z-component  of  the  fields  of  that  mode 
which  is  given  by 


The  contribution  from  the  Kirchhoff-based  AI  approximation 
becomes  [16] 
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for  the  TE  modes  (44) 
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for  the  TM  modes.  (45) 

In  (44)  and  (45),  J„(x)  is  the  Bessel  function  of  order  n  and 
(x)  is  its  derivative  with  respect  to  the  argument  x.  The 
eigenvalues  p„„  and  p  are  the  m'*  root  of  the  equations 


Egg  =  0 


(55) 

(56) 


for  the  TM  modes.  In  (53)-(55),  is  the  modal  ray  angle 
and  is  given  by 


and 
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(46) 
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(57) 


respectively.  The  expressions  for  the  propagation  constants 
&nm  are 
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for  TE  modes 
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for  TM  modes. 

The  contribution  from  the  equivalent  Ufimtsev  edge  cur¬ 
rents  can  be  approximated  in  the  following  form  [16]: 
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The  normalization  constants  are  given  by 
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The  Relationship  Between  Tapped  Delay-Line  and 
FFT  Processing  in  Adaptive  Arrays 

R.  T.  COMPTON,  JR.,  FELLOW,  IEEE 


Abstract — The  u.se  of  fast  Fourier  transform  (FFT)  processing  behind 
the  elements  in  adaptive  arrays  is  often  considered  as  a  means  of 
improving  the  nulling  bandwidth  of  such  arrays.  However,  it  is  shown 
here  that  the  output  signal-to-interference-plus-noise  ratio  (SINR)  ob¬ 
tained  from  an  adaptive  array  with  FFT’s  behind  the  elements  is  identical 
to  that  of  an  equivalent  adaptive  array  with  lapped  delay-line  processing. 
The  equivalent  lapped  delay-line  array  has  the  same  number  of  laps  in 
each  delay-line  as  the  number  of  lime  samples  in  the  FFT's,  and  has  a 
delay  between  taps  equal  to  the  delay  between  samples  in  the  FFT's. 
Thus,  while  the  bandwidth  performance  of  an  adaptive  array  can  be 
improved  by  using  lime  delayed  samples  of  each  element  signal,  no 
further  improvement  results  from  taking  FFT's  of  these  sampled  signals. 
The  same  bandwidth  performance  is  obtained  by  simply  weighting  and 
combining  the  lime  domain  samples  directly. 

I.  InTRODL’CTIGN 

An  important  problem  with  adaptive  arrays  [1], 
[2 1  is  that  their  performance  deteriorates  with 
interference  bandwidth.  The  wider  the  bandwidth  of  an 
interference  signal,  the  more  difficult  it  is  for  an  adaptive  array 
to  null  it  (.3|-(7|. 

Fig.  1  illustrates  this  problem.  It  shows  the  output  signal-to- 
interference-plus-noise  ratio  (SINR)  achieved  by  a  two  ele¬ 
ment  adaptive  array  when  an  interference  signal  arrives  from 
angle  6,  measured  from  broadside.  The  figure  is  calculated  for 
two  isotropic  elements  a  half-wavelength  apart,  a  desired 
signal  with  0  dB  signal-to-noise  ratio  (SNR)  per  element 
arriving  from  broadside  {dj  ~  0”),  and  interference  with  a  40 
dB  interfeience-to-noise  ratio  (INR)  per  element.  The  SINR  is 
shown  for  several  values  of  relati’'e  bandwidth  B,  the  ratio  of 
the  absolute  bandwidth  to  the  center  frequency.  As  may  be 
seen,  for  B  =  0.02  the  output  SINR  has  dropped  about  3  dB 
below  its  value  for  B  =  0.  Larger  bandwidths  cause 
increasingly  more  degradation. 

When  the  bandwidth  performance  of  an  adaptive  array  is 
inadequate,  three  methods  exist  for  improving  its  perform¬ 
ance: 

1 )  using  more  elements  in  the  array, 

2)  using  tapped  delay-lines  behind  the  elements,  and 

3)  using  fast  Fourier  transforms  (FFT’s)  behind  the  ele¬ 
ments. 

Manuscript  received  October  27,  1986:  revised  May  I.S.  1987.  This  work 
was  supported  in  part  by  Naval  Air  Systems  Command  under  Contract 
N(XX)19  8,S  C-OI  19  and  in  part  by  the  Joint  Services  Electronics  Program 
under  Contract  NtXX)l4-78-C-(X)49. 

The  author  is  with  the  Electro-Science  Laboratory,  The  Ohio  .Slate 
University.  Columbus.  OH  4,3212 
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6,  (  DEG) 

Fig.  I.  SINR  versus  8,:  two-element  array,  one  weight  per  element,  8^  = 
0°.  SNR  =  0  dB.  INR  =  40  dB. 

Let  us  compare  the  performance  obtained  with  each  of  these 
approaches. 

First,  suppose  we  add  more  elements  to  the  array.  Fig.  2 
shows  the  SINR  for  arrays  with  three,  five,  ten.  or  twenty 
elements,  instead  of  two  as  in  Figs.  1.  (Each  array  is  a  linear 
array  with  half-wavelength  spacing  between  elements.  All 
other  parameters  are  the  same  as  in  Fig.  1 .)  For  each  array,  the 
SINR  is  shown  for  B  =  0  and  B  =  0.2.  As  may  be  seen  by 
comparing  Figs,  1  and  2,  adding  elements  does  improve  the 
SINR.  However,  it  is  interesting  that  no  matter  how  many 
elements  are  used,  there  is  always  a  region  for  0,  near  Oa  where 
the  SINR  for  B  =  0.2  is  poorer  than  for  B  -  0. 

The  second  way  to  improve  bandwidth  performance  is  to 
use  a  tapped  delay-line  behind  each  element.  (For  Figs.  1  and 
2,  a  single  complex  weight  was  assumed  behind  each 
element.)  Fig.  3  shows  a  two-elemenf  rray  with  a  two-tap 
delay  line  behind  each  element.  Fig,  4  ^hows  the  output  SINR 
versus  6,  achieved  by  this  array  for  B  -  0.2  when  each  delay 
is  a  quarter  wavelength.  (The  other  parameters  are  the  same  as 
in  Fig,  I .)  Comparing  Fig.  4  with  Fig.  1  shows  that  the  delay 
lines  have  fully  overcome  the  bandwidth  degradation.  The 
performance  for  B  =  0.2  in  Fig.  4  is  just  as  good  as  that  for  B 
=  0  in  Fig.  1 . 

A  third  method  for  improving  bandwidth  performance  is  to 
use  an  FFT  behind  each  element  of  the  array,  with  a  .separate 
weight  on  each  frequency  bin.  This  approach  is  shown  in  Fig. 
5.  At  the  output  of  each  element,  and  A/D  converter  takes 
samples  of  the  received  signal.  When  K  samples  are  available 
from  each  element,  these  samples  are  transformed  with  an 
FFT.  The  FFT  produces  K  frequency  domain  samples  of  each 
element  output.  Each  frequency  domain  sample  is  multiplied 
by  a  weight  and  then  added  to  the  corresponding  frequency 
samples  from  other  elements.  Finally,  the  inverse  FFT  (IFFT) 
is  taken  of  the  frequency  domain  samples  to  obtain  the  time- 
domain  array  output  samples. 


(X)18-926X/88/01(X)-(X)l5$01.(X)  ©  1988  IEEE 
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Fig.  3.  A  two-elemem  array  with  two-lap  delay  lines. 
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Fig.  4.  SINK  versu.s  8,:  two-element  array,  two-taps  per  element.  8^  =  0°. 
SNR  =  0  dB.  INR  =  40  dB. 


I 


Id) 


Fig  2  SIN  '  ersus  8,:  One  weight  per  element.  8^  =  0”,  SINR  =  0  dB, 
INR  ^  40  dB  (a)  Three  elements,  (b)  Five  elements  (c)  Ten  elements,  (dl 
Twenty  elements. 


The  use  of  FFT's  behind  the  elements  has  a  certain  intuitive 
appeal  as  a  method  of  improving  array  bandwidth  perform¬ 
ance.  In  effect,  the  FFT  divides  the  signal  bandwidth  into 
smaller  subbands.  (For  this  reason,  this  technique  is  .some¬ 
times  called  frequency  subbanding.)  With  a  separate  weight 
on  each  frequency  bin,  the  array  can  compensate  differently  in 
each  frequency  subband. 

Unfortunately,  calculations  of  array  output  SINR  for  FFT 
processing  often  show  poorer  performance  than  that  obtained 
with  tapped  delay  lines.  Fig.  6  shows  a  typical  set  of  results.  It 
shows  the  output  SINR  from  the  same  two-element  array  as  in 
Fig  1,  but  with  a  Af-point  FFT  behind  each  element.  The 
curves  are  computed  for  the  same  bandwidth,  B  =  0.2,  and 
for  a  sampling  interval  that  makes  one  period  of  the  FFT 


ELEMENT  I 


Fig.  -S.  An  array  with  FFT  prixressing. 

frequency  response  equal  to  the  signal  bandwidth.  The  SINR  is 
shown  for  K  =  two,  four,  eight  and  sixteen  samples  in  the 
FFT’s.  As  may  be  seen,  the  performance  does  improve  with 
K,  but  even  for  Af  =  16  it  is  not  as  good  as  the  performance  for 
tapped  delay  lines  with  only  two  taps,  as  seen  in  Fig.  3.  Thus, 
in  spite  of  the  intuitive  appeal  of  FFT's,  their  performance  can 
be  di.sappointing. 

The  pre.sent  study  was  done  in  an  effort  to  understand  the 
relationship  between  tapped  delay-line  and  FFT  processing  in 
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(DEG) 

Fie  6  SINR  ^ersu^  B/.  two-elemeni  array.  A'*point  FFTS.  B  =  0.2,  = 

i)\  SNR  -  0  dB.  INR  =  40  dB. 

adaptive  arrays.  The  study  was  motivated  by  the  fact  that  there 
seemed  to  be  no  apparent  reason  why  FFT  performance  should 
be  poorer  than  tapped  delay-line  performance. 

What  we  shall  show  is  that  inserting  an  FFT  between  the 
delay-line  taps  and  the  weights  in  an  adaptive  array  in  fact  has 
nu  effect  on  the  output  SINR.  The  performance  differences 
noted  above  between  the  two  approaches  are  simply  due  to  the 
use  of  different  time  delays  between  samples  or  different 
numbers  of  samples  in  each  case.  When  a  tapped  delay-line 
array  and  an  FFT  array  use  the  same  time  between  samples 
and  the  same  number  of  samples,  their  performance  is 
identical. 

We  proceed  as  follows.  In  Section  II,  we  show  that  inserting 
any  linear,  invertible  transformation  between  the  delay-line 
taps  and  the  weights  in  an  adaptive  array  has  no  effect  on 
either  the  output  signal  oi  the  output  SINR.  We  prove  this 
result  f,”-  both  the  least  mean  square  (LMS)  array  and  the 
Applebaum  array.  (For  the  Applebaum  array,  the  proof  holds 
only  if  the  steering  vector  is  transformed  in  the  appropriate 
way.)  Then  in  Section  III,  we  show  that  using  FFT’s  in  an 
array  simply  inserts  a  linear  invertible  transformation  between 
the  delay-line  taoi.  and  the  weights.  Taken  together,  these 
results  'how  that  the  performance  of  FFT  processing  is 
identical  to  that  of  tapped  delay-line  processing.  Finally,  in 
Section  IV  we  consider  some  related  questions:  the  effect  of 
FFT  processing  on  the  array  weights  and  the  covariance 
matri.x  eigenvalue  spread.  We  also  discuss  how  tapped  delay- 
line  and  FFT  parameters  are  usually  chosen,  and  point  out  how 
these  choices  result  in  the  performance  differences  between 
the  two  methods  noted  above.  Section  V  contains  our 
conclusions. 


itself,  with  no  delay.  Let  denote  the  (analytic)  signal 

from  element  m  at  tap  k.  Then  .v,„,  (f)  is  the  signal  received  on 
element  m,  and 

ktnki^ ) “ I (t  —  (A:— I]  To).  (I) 

We  suppose  the  .v„,*(/)  are  used  as  inputs  to  an  LMS  adaptive 
array  processor  [  1  ] .  This  processor  multiplies  each.v„,i  (()  by  a 
complex  weight  and  then  adds  the  weighted  signals  to 
produce  the  array  output  .f»(/),  as  shown  in  Fig.  7.  The 
proces.sor  uses  LMS  feedback  loops  ( 1  ]  or  an  equivalent 
technique  [8J  to  .set  the  weights  to  their  optimal  values.  These 
weights  maximize  SINR  at  the  array  output  [9]. 

For  a  given  .set  of  tap  signals  .)?„*(().  the  optimal  weights 
may  be  calculated  as  follows.  Let  X„(t)  and  IV„  (with  1  <  m 
<  M)  be  column  vectors  containing  the  signals  and  weights  at 
the  K  taps  behind  element  m. 

Xm(l)  =  [x„ft),  x„2(t),  •  •  •,  .W(f)]'',  (2) 

and 

^  m  [  i »  tAy„2,  ■  *  * ,  ]  (3) 

(Superscript  T  denotes  transpose.)  We  refer  to  X„{t)  as  the 
element  signal  vector  and  to  as  the  element  weight  vector. 
Then  let  X(t)  and  Whe  the  total  signal  and  weight  vectors  for 
the  entire  array, 

r  ^i(o  1 


II  A  Si.MPi.E  Property  of  Adaptive  Arrays 

In  this  section  we  show  that  inserting  an  arbitrary  invertible 
linear  transformation  between  the  delay  line  taps  and  the 
weights  in  an  adaptive  array  has  no  effect  on  either  the  output 
signal  or  the  output  SINR.  We  prove  this  result  for  LMS 
arrays  in  Section  II-A  and  for  Applebaum  arrays  in  Section  11- 
B.  For  Applebaum  arrays,  the  steering  vector  must  be 
transformed  in  the  proper  way  along  with  the  signals  for  the 
theorem  to  hold. 


X(t)  = 


-^2(0 


Xm  ( t ) 


A.  The  LMS  Array 

Consider  an  adaptive  array  with  M  elements,  as  shown  in 
Fig.  7.  Assume  each  clement  is  followed  by  a  tapped  delay¬ 
line  with  K  taps  and  a  delay  of  T»  seconds  between  taps.  The 
output  of  the  first  tap  behind  each  element  is  the  element  signal 


W  = 


w. 


L  J 


(4) 


(5) 
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where  we  use  a  partitioned  vector  notation.  The  optimal 
weight  vector  in  the  array  is  then  given  by  [1],  [2] 

(6) 

where  4>v  is  the  signal  covariance  matrix, 

4',=£'[A'*A'^],  (7) 

and  Sv  is  the  reference  correlation  vector, 

S,  =  E[X*F{t)].  (8) 

In  these  equations,  the  asterisk  denotes  complex  conjugate  and 
r{t)  is  the  reference  signal  [1 1.  We  assume  the  signals  x^kU)  as 
well  as  r(t)  are  all  jointly  stationary  random  processes,  so  4>, 
and  Sj  do  not  depend  on  t.  With  the  weight  vector  IV  given  by 
(6),  the  array  output  signal  is 

4(r)  =  A'^(t)ir=A'^(/)<I>^ 'S,.  (9) 

Now  consider  the  following  alternative  situation.  Suppose 

that,  instead  of  using  the  signals  x,„k{t)  as  inputs  to  the 
processor,  we  first  combine  them  in  .some  manner  to  produce  a 
new  set  of  signals  where  1  <  m  s  M  and  1  <  k  <  K. 

Specifically,  suppose  Y,„  is  the  -component  vector 

>'m  =  [Tml(0,  Tm2(0.  (10) 

and  Y  is  the  iVfAf-component  vector, 

■  ■ 

K, 

YU)  =  -  -  .  (11) 

.  yM  . 

Then  let  us  assume  that 

YU)=TXU),  (12) 

where  T  is  an  MK  x  MK  matrix  of  constants.  Thus,  each 

y„,kU)  is  a  linear  combination  of  the  XmkU)-  Now  let  us  use  the 
y„,kU)  as  inputs  to  the  same  LMS  proce.ssor  as  before.  Fig.  8 
shows  the  new  arrangement  with  transformation  T  between  the 
x,„k{l)  and  the  ymk(t).  For  this  case,  we  denote  the  mArth  array 
weight  by  to  distinguish  it  from  in  Fig.  7. 

With  the  signals  y„,kU)  aJ'  inputs,  the  LMS  proces.sor  will 
produce  optimal  weights  given  by 

(13) 

where  U  is  the  new  weight  vector, 

(y=lW|i,  Ur.,  ■  ■  ■ ,  Uir  ■  ■  ■ ,  u^ikV,  (14) 

4'v  is  the  covariance  matrix  associated  with  the  signals  j?,,,*!?), 

^,  =  E[Y*U)Y^U)\,  (15) 

and  S,  is  the  reference  correlation  vector  for  the  signals  „*(/), 

S,  =  E[Y*U)nt)\.  (16) 


Fig.  8.  A  lapped  delay-line  array  with  transformation  T. 


r(t)  is  the  same  reference  signal  as  in  (8).  The  array  output 
signal  for  this  case  s,  (0  is 

sM)=y^(ocy=Y^u)%.'s,.  (17) 

Now  it  is  easy  to  show  that  if  T  is  invertible  Sy(/)  and  .f,(f) 
are  in  fact  identical  signals.  Substituting  (12)  into  (15)  and 
(16),  and  using  (7)  and  (8),  we  find 

<P,  =  E[  Y*(0  Y^(f)l  =  E[ T*X*(t)X^(e)  r^i  =  r*4>,.r^, 

(18) 

and 

Sy=E[  Y*U)rU)l  -■=  E[  r*X*U)r(r)]  =  T*S,.  (19) 

If  r  is  invertible  (i.c.,  nonsingular).  Sy(/)  in  (17)  reduces  to 
s,.U)=Y''U)<Py'Sy 

=  x^U)r^[E*<i>.rn  'r*s, 

=  A'^(/)4-,  'S, 

=  5v(f).  (20) 

Furthermore,  the  output  SINR  is  the  same  for  the  two 
arrays.  Substituting  (18)  and  (19)  into  (13)  shows  that  the 
weight  vectors  (7  and  IV  are  related  by 

c/=[r*‘P,.r^]  'r*Sy 

=  [7-^1 

=  (r^!  'IV.  (21) 

Consider,  for  example,  the  output  desired  signal.  Suppose 
ATrfff)  is  the  desired  signal  part  of  signal  vector  X((}  and  Y,/(f) 
is  the  desired  signal  part  of  T(f).  Then 


Yjf)=rx^(n. 


(22) 
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The  array  output  desired  signal  in  Fig.  7  is 

=  (21) 

whereas  the  output  desired  signal  in  Fig.  8  is 

Sy,(t)=YlV.  (24) 

However,  using  (21)  and  (22)  in  (24)  gives 

s.^{t)  =  [  TX,(t)]  T^]  - '  H"=5,^(/).  (25) 

Thus,  the  arrays  in  Figs.  7  and  8  have  identical  output  desired 
signals,  and  hence  identical  output  desired  signal  powers.  A 
similar  argument  shows  that  the  output  interference  and 
thermal  noise  powers  are  also  identical  for  the  two  arrays. 
From  this  it  follows  that  the  output  SINR  is  the  same  in  Figs.  7 
and  8. 

Thus,  inserting  a  linear  transformation  T  between  the 
elements  and  the  processor,  as  in  Fig.  8,  has  no  effect  on  the 
output  signal  or  the  output  SINR.  The  only  requirement  for 
this  result  to  hold  is  that  the  transformation  be  invertible. 

B.  The  Applebaum  Array 

Now  suppo.se  the  array  processor  in  Fig.  7  uses  Applebaum 
control  loops  [2]  or  an  equivalent  technique  [8]  to  set  the 
weights  Applebaum  control  loops  use  a  steering  vector 
instead  of  a  reference  signal  to  point  the  array  beam  at  the 
desired  signal.  With  .\pplebaum  loops,  the  steady-state  weight 
vector  in  the  array  will  be  (21 


(26) 

where  n  is  an  arbitrary  (nonzero)  gain  constant  and  V  is  the 
steering  vector.  The  array  output  signal  will  be 

=  (27) 

Now  suppose  a  transformation  T  is  inserted  between  the 

signals  Tm*(/)  and  the  Applebaum  processor,  as  in  Fig.  8.  Let 
the  processor  now  have  a  new  steering  vector  Q.  The  steady- 
state  weight  vector  in  this  case  is 

(/  =  /l4>;'Q.  (28) 

If  (18)  is  substituted  for  4>v,  (28)  becomes 

U  =  AT^\  'Q,  (29) 

so  the  array  output  signal  is 

,?,(/)=  YT{t)U 

=  iiXHt)T^[T^\  '<i>^  '[7-*i  'g 

=  MA^(/)<f>/[r*l  'g.  (30) 

Comparing  (30)  with  (27)  shows  that  5,  (/)  and  5,.(t)  will  be  the 
same  if 


v=\T*\  'g, 


i.e.,  if 


(31) 

(32) 


Thus,  inserting  the  transformation  7  between  the  elements  and 
the  processor  has  no  effect  on  the  output  signal  (or,  as  with  the 
LMS  array,  on  the  output  SINR),  if  the  steering  vector  is 
transformed  according  to  (32). 

We  have  now  shown  that  placing  an  invertible  transforma¬ 
tion  T  between  the  delay-line  taps  and  the  adaptive  processor 
has  no  effect  on  the  output  signal  or  the  output  SINR.  This 
result  holds  for  the  LMS  array  and  also  for  the  Applebaum 
array  if  the  steering  vector  is  properly  transformed. 

It  is  important  to  note  what  this  result  says  about  array 
bandwidth  performance.  Since  the  transformation  T  has  no 
effect  on  the  output  signal  or  SINR  of  an  array,  it  also  can 
have  no  effect  on  the  bandwidth  performance  of  an  array. 
In  other  words,  the  theorem  applies  no  matter  what  signals  are 
present  in  the  array.  Whatever  the  signal  bandwidths,  the  array 
SINR  will  be  the  same  with  or  without  the  transformation  T. 
Thus,  there  is  no  invertible  transformation  T  that  one  can 
insert  between  the  delay-line  taps  and  the  weights  that  will 
improve  the  bandwidth  performance. 

III.  An  Array  with  FFT  Processing 

Now  consider  an  array  with  FFT  processing.  Such  an  array 
was  shown  in  Fig.  5.  An  A/D  convener  behind  each  element 
samples  the  signal  from  that  element  every  s.  The  samples 
from  each  element  are  collected  in  the  input  buffer  of  a  K- 
point  FFT  [10].  When  K  samples  have  been  stored,  the  FFT  is 
taken.  This  process  generates  K  frequency  domain  samples 
from  each  element.  These  samples  are  multiplied  by  weights 
and  then  added  in  corresponding  frequency  bins  to  the 
weighted  samples  from  other  elements.  The  result  is  a  set  of  K 
frequency  domain  samples  of  the  array  output.  Finally,  the 
inverse  FFT  is  taken  to  obtain  K  time  domain  samples  of  the 
array  output.  This  entire  process  is  repealed  every  K  samples. 

The  process  described  above  is  called  block  processing, 
since  the  input  time  samples  are  handled  in  blocks  of  K 
samples.  After  each  block  of  K  input  samples  is  collected,  a 
block  of  K  array  output  time  samples  is  generated  by  the 
inverse  FFT.  Each  FFT  cycle  involves  a  block  of  K  entirely 
new  samples. 

The  FFT  processing  can  also  be  done  in  a  sliding  window 
mode.  In  this  case,  the  FFTs  are  recomputed  after  each  new 
time  sample,  using  always  the  most  recent  K  time  samples  in 
each  FFT  input  buffer.  As  we  shall  see  below,  with  this 
approach  it  is  not  necessary  to  do  the  inverse  FFT  to  obtain  the 
time  domain  array  output.  The  time  domain  output  is  simply 
the  sum  of  the  weighted-frequency  domain  samples. 

Block  processing  has  the  advantage  over  sliding  window 
processing  that  the  FFT’s  need  be  computed  only  once  per 
block,  instead  of  once  per  sample.  However,  sliding  window 
processing  has  the  advantage  that  no  inverse  FFT  is  required 
to  obtain  the  array  output.  In  this  section  wc  shall  consider 
both  forms  of  processing. 

We  first  define  notation  for  the  sampled  signals.  To  make 
the  notation  here  consistent  with  that  in  Section  II,  we  denote 
the  signal  on  the  mth  element  of  the  array  by  x„,i(0-  Let  us 
concentrate  on  a  particular  set  of  K  contiguous  samples  in  each 
FFT  input  buffer  in  Fig.  5.  Suppose  that,  of  these  K  .samples, 
the  most  recent  was  taken  at  t  =  /o-  Then  the  latest  sample  of 


Q=T*V. 
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in  the  mth  FFT  input  buffer  is  The  previous 

sample  in  that  buffer  is  jc,„i  (/o  -  Tj),  and  the  earliest  sample  is 
-fmi(^o  -  [K  -  llTj).  If  we  define  the  signal  to  be' 

lirj,  (33) 

we  may  write  these  samples  as 

J  (/()). 

1  (^0  -fm2(^o)» 

\]T,)==x„^(to).  (34) 


then  the  inverse  FFT  of  the  /„  prcxluces  the  following  time 
samples  of  s(/), 

^*('o)  =  -J;  IS/tsA:.  (39) 

In  a  practical  array,  the  factor  l/K  in  (39)  may  be  omitted. 
This  factor  is  simply  a  gain  constant  in  the  array  output  signal, 
and  it  has  no  effect  on  the  output  SINR. '  Hence  we  assume  the 
array  output  is  actually  obtained  from 

■y*(4)=S/'>^A'‘*“‘’‘''"‘’'  (40) 

n  -  I 


Now  consider  the  FFT  obtained  from  these  samples.  Let  the 
K  frequency  domain  samples  produced  b)’  the  FFT  behind 
element  m  be  denoted  by  _v„|,  _y„2>  ' ' ,  v^a  •  These  y„,„  are 

given  by- 

A 

Vm,  =  Y,  1  <  /I  <  Af,  (35) 

t  ■  I 

where 


Thus,  with  block  processing,  a  block  of  K  input  samples  is 
used  in  this  manner  to  produce  a  block  of  K  array  output  time 
samples.  The  entire  process  is  repeated  every  KT,  s,  using  for 
each  cycle  an  entirely  new  set  of  K  samples  from  each 
element. 

If  sliding  window  processing  is  used,  on  the  other  hand,  it  is 
not  necessary  to  perform  the  IFFT  in  (40).  Note  that  the  most 
recent  sample  of  s(t),  s(to).  is  given  by  (40)  with  k  =  1. 


Ei,  =  e  (36) 

The  array  processor  multiplies  each  frequencv  domain 
sample  y„„  by  a  complex  weight  We  assume  the.se 
weights  are  set  to  their  optimum  values,  which  maximize 
SINR  at  the  array  output.  (The  weights  can  be  controlled  with 
an  LMS  processor,  an  Applebaum  processor,  or  any  other 
equivalent  processor.)  The  weighted  samples  are  then  com¬ 
bined,  in  one  of  two  ways,  to  produce  the  array  output.  The 
method  used  to  combine  the  samples  depends  on  whether 
block  processing  or  sliding  window  processing  is  u.sed. 

If  block  processing  is  used,  the  weighted  frequency  domain 
samples  from  each  element  are  added  in  corresponding 
frequency  bins,  as  shown  in  Fig.  5.  This  step  produces  array 
output  frequency  domain  samples  /„,  given  by 

Vf 

Tr  ~  ^^mny mtf  (37) 

m  I 

Then  the  inverse  FFT  of  the  /„  is  taken  to  obtain  the  time 
domain  samples  of  the  array  output.  If  we  denote  the  array 
output  signal  by  s((),  and  its  samples  by  5*(/), 

5*(0  =  5(/„-|A:-117-,),  1<A:<A:,  (38) 


Kquiition  has  the  same  form  as  ( 1 )  ol  Scelum  II.  with  T,,  replaced  b) 
7 

It  IS  common  in  the  FFT  lileralure  1 10)  to  denote  the  time  domain  samples 
by,e„,.V|,  ■  • .  I  and  the  Ircquency  domain  samples  by  ,V,„A'i,  •■•.A', 

In  this  case  the  FFT  is  usually  written 

A  I 

X„  Y,  Osn-sA'  1. 

and  the  H  I  T  is 

1  ^  ' 

'''•  0<A<A  I. 

However,  to  make  t)ur  F  FT  notation  correspond  to  that  in  Section  H,  wc 
instead  write  the  FF  T  as  in  (.^5)  and  allow-  the  indices  k,  n  to  vary  from  !  tn  K. 


Hfo)  =  SAto)='Z/n-  (41) 

n  =  1 


Thus  s(7o)  is  just  the  sum  of  the  /„.  With  sliding  window 
processing,  the  other  samples  of  s(t)  that  could  be  found  from 
(40)  are  not  needed,  because  an  entire  FFT  cycle  is  performed 
for  each  new  input  time  sample.  Successive  samples  of  the 
array  output  are  obtained  simply  by  repeating  (41)  at  each 
sample  time.  Hence  the  total  array  processing  in  this  ca.se  is  as 
shown  in  Fig.  9. 

Note  that  the  optimal  weights  u,„„  in  the  processor  are  the 
same  regardless  of  whether  block  processing  or  sliding 
window  processing  is  used.  The  optimal  weights  maximize 
SINR.  defined  by 


S1NR= - ^  , 

P.+  Pn 


where  P,i,  P„  and  P„  are  the  average  desired,  interference  and 
thermal  noise  powers  at  the  array  output,  respectively.  If 
Sa(t,),  and  s„Uj)  denote  the  desired,  interference  and 
thermal  noise  signals  at  the  array  output  at  a  particular  ^mple 


time  tj.  then  these  powers  are  given  by 

) 

Prf  =  £I|Srf(f,)|=], 

(43) 

P,  =  £[ls,(0)!M. 

(44) 

and 

P,-£(|s„(7,)Pi. 

(45) 

Because  wc  assume  the  signals  i,„*(/)  are  stationary,  the  array 
output  time  samples  are  also  stationary.  Hence  each  of  the 


'  An  I.MS  priKcssor  adjusts  the  weights  su  the  airay  output  matches  the 
reference  signal  Omitting  the  faclor  I/A'  |usi  results  in  weighis  smaller  by  .1 
factor  I /A  than  they  would  have  been.  For  an  Applebaum  privessor.  the 
optimal  weighis  contain  an  arbitrary  gain  constant  anyway .  such  as  g  in  (76| 
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Fig  9.  Sliding  window  FFT  processing 


powers  in  (43)-(45)  has  the  same  value  at  every  sample  time 
tj.  Therefore  the  weights  that  maximize  SINR  at  one  sample 
time  also  maximize  it  at  every  other  sample  time. 

To  see  that  the  optimal  weights  with  sliding  window 
processing  arc  the  same  as  those  wuh  block  processing,  it 
suffices  to  note  that  the  array  output  for  sliding  window 
processing  in  (41)  is  the  same  as  the  array  output  for  block 
processing  in  (40)  when  ^  =  1.  Hence  the  weights  that 
maximize  the  SINR  at  the  Ar  =  1  sample  for  block  processing 
also  maximize  if  for  sliding  window  processing. 

Since  the  optimal  weights  are  the  same  for  either  type  of 
processing,  and  since  these  weights  produce  the  same  output 
SINR  in  either  case,  we  shall  simplify  the  discussion  below  by 
considering  only  sliding  window  processing. 

Now  let  us  consider  the  relationship  between  FFT  process¬ 
ing  and  tapped  delay-line  processing.  First,  we  note  that  (33) 
for  the  time  samples  in  the  FFT  processor  has  the  same  form 
as  (1)  for  the  signals  in  a  tapped  delay-line  processor,  except 
that  the  intertap  delay  Tii  in  ( 1 )  is  replaced  by  the  sampling 
time  T,  in  (33).  Hence,  for  mathematical  purposes,  we  may 
view  the  samples  in  the  FFT  processor  as  having  been 
obtained  from  tapped  delay-lines  as  shown  in  Fig.  10.  If  the 
delay  between  taps  in  Fig.  10  is  T^,  and  if  every  tap  is  sampled 
simultaneously  at  t  =  the  same  set  of  K  samples  will  be 
obtained  from  the  tapped  delay-lines  as  from  a  single  A/D 
converter  behind  each  clement  as  in  Fig.  9. 

Second,  we  note  that  the  frequency  domain  samples  are 
each  a  linear  combination  of  the  input  samples  The 

linear  combination  is  just  the  FFT  in  (35).  Third,  we  have 
shown  that  the  array  output  (for  sliding  window  processing)  is 
just  the  sum  of  the  weighted  frequency  domain  .samples  as  in 
(41).  Hence,  an  array  with  FFT  processing  is  mathematically 
equivalent  to  an  array  with  tapped  delay-lines,  followed  by  a 
linear  transformation  of  the  signals,  followed  by  weighting 
and  summing,  as  shown  in  Fig.  10. 

Moreover,  note  that  the  A/D  converters  at  the  delay-line 
taps  in  Fig.  10  play  no  fundamental  role  in  the  operation  of  the 
array.  The  same  array  output  samples  would  be  produced  by 


LINEAR 

TRANSFORMATION 


Fig.  10.  An  equivalent  tapped  delay-line  array. 


LINEAR 

TRANSFORWAT  ION 


Fig.  11.  A  simpler  equivalent  tapped  delay-line  array. 

eliminating  the  A/D  converters  in  Fig.  10  and  instead  putting  a 
single  A/D  converter  at  the  array  output  as  in  Fig.  11.  The 
array  is  then  an  analog  adaptive  array  with  tapped  delay-lines, 
followed  by  an  A/D  converter  at  the  array  output.  The  A/D 
converter  in  Fig.  1 1  serves  only  to  discretize  the  array  output, 
but  has  no  effect  on  the  output  SINR  of  the  array. 

The  transformation  between  the  and  the  y„„  in  (35) 

may  be  expressed  in  matrix  form  as  in  Section  II.  of  course. 
Let  X„{to)  be  the  element  signal  vector  at  time  lo. 

•^m(/o)  “  I*^ml  (/o)»  .^m2(/o)t  *  ‘  *  •  (^6) 

Then  X„{to)  contains  the  FFT  input  samples  from  element  m 
used  in  (35).  Also,  let  Tm  be  a  vector  containing  the  frequency 
domain  FFT  samples  from  element  m. 


Tffi  —  [ymli  ymlt  *  *  '  »  j/ffiA'I 


(47) 
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Then 


r  E\ 


E  = 


„  are  related  by 

Y  -  FX 

'  m  m* 

),  £  is  the  matrix 

\  El 

F^  -1 

[  E'k  El 

A  - 1 
*A 

’  El  El 

r.2(A-n 

Ek 

)  pK-\  c2{K-\) 

fti 

I _ 

1 

1 

^-y2»(l/A) 

g-j2r{K  -  DA) 

^-jlra/K) 

g-j2ta(K  -1)/A|) 

-J2r(K-\/K) 

^  -y2ir((A-l|VA) 

is  just  the  inverse  FFT  in  matrix  form. 


(48) 


If  X(to)  is  the  complete  signal  v-ictor  for  the  entire  array, 

r  1 


X(to)  = 


(50) 


;^2(fo) 


XmUo)  J 


and  Y  is  the  vector  containing  all  the  frequency  domain 
samples, 

r  Y,  1 


Y  = 


<  M 


(51) 


then  Y  and  X  are  related  by 

Y=TX(to), 


T  = 


r  ^  1 

0  1 

... 

0  ■ 

1 

0 

--  1 

1 

E  1 

--  1 

--  1 

0 

1 

0 

:  i 
_ 1 

0  i 

I 

...  1 

£ 

(53) 


Note  that  Tis  a  block  diagonal  matrix.  It  has  this  form  because 
each  FFT  uses  time  samples  from  only  one  array  element. 
Tis  an  invertible  matrix,  of  course  The  inverse  of  E  in  f49) 


£  '  = 


(49) 


K 


r  F^^ 

^A 

^A 

Ek' 

/p  (A  1 ) 
^A 

/ro 

^A 

Ek- 

P  2(A  1) 

^A 

/ro 

_  ^A 

JT"  "  I  A  “  1  ) 

^A 

FT  ^  ^  ^  ^ 

Ek 

'  £• 

- 

^  is  then  just 

■  £• 

1  0  , 

0  ' 

0 

i  1 

!  E‘  1 

1 

■■■  ,  0 

0 

1  i 

1  0 

■  ■  i  : 

£•  _ 

(54) 


(55) 


K 


T'. 


(52) 


Thus,  an  array  with  FFT  processing  is  mathematically 
equivalent  to  a  tapped  delay-line  array  with  a  linear  invertible 
transformation  between  the  taps  and  the  weights.  The  equiva¬ 
lent  tapped  delay-line  array  has  the  same  number  of  taps  in 
each  delay-line  as  the  number  of  samples  in  the  FFT’s,  and  has 
an  intertap  delay  To  equal  to  the  sampling  time  £,.  It  then 
follows  from  the  theorem  in  Section  II  that  an  array  with  FFT 
processing  will  produce  the  .same  output  SINR  as  the  corres¬ 
ponding  array  with  tapped  delay-lines.  The  FFT’s  can  be 
inserted  or  omitted  with  no  change  in  performance. 

An  important  conclusion  that  follows  from  this  result  is  that 
FFT  processing  in  and  of  itself  does  not  offer  any  improve¬ 
ment  in  array  bandwidth  performance.  The  same  bandwidth 
performance  can  be  obtained  simply  by  storing  K  samples  of 
each  element  signal  and  then  weighting  these  samples  directly. 
Including  the  FFT’s  between  the  .samples  and  the  weights 
merely  adds  to  the  computational  burden,  but  d(x;s  nothing  for 
the  bandwidth  performance. 


IV.  Additional  Co.m.ments  on  FFT  Prjki 


■SSINCi 


In  this  .section  we  di.scuss  a  few  additional  points  of  interest 
concerning  FFT  processing. 

A.  Optimal  IVeighfs  With  and  Without  FFT  Processing 

First,  we  consider  how  the  optimal  weights  with  FFT 
procc-ssing  compare  to  those  with  tapped  delay-line  priKcss- 
ing.  Let  U  and  W  be  the  optimal  weight  vectors  with  and 
without  the  FFT  transfoi mation  T  in  the  array,  respectively. 
Then,  from  (21),  U  and  W  arc  related  by 


f/=l7'*|  'W. 
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However,  the  matrix  T  in  (53)  is  symmetrical,  because  E  in 
(49)  is  symmetrical.  Hence  (56)  simplifies  to 

U--T'W.  (57) 

Moreover.  U  and  W  may  each  be  expressed  in  terms  of 
element  weight  vectors  U„,  and  W„  as  in  (5).  Equation  (57) 
then  reduces  to 

U„,  =  E-'W„,  (58) 

Hence  the  optimal  weight  vector  behind  each  element  with 
FFT’s  is  just  the  inverse  FFT  of  the  optimal  weight  vector 
without  FFT’s.  Note  that  because  (57)  holds,  the  same  array 
output  signal  is  obtained  with  or  without  the  FFT’s, 

YW=ITX]^[T  'iV\=X^lV,  (59) 

as  the  theorem  of  Section  II  requires. 

B.  Covariance  Matrix  Eigenvalues 

Next,  we  consider  the  eigenvalues  of  the  covariance  matrix 
seen  by  the  adaptive  array  processor  with  and  without  the 
FFT’s.  These  eigenvalues  are  of  interest  because  they  control 
the  transient  behavior  or  convergence  propierties  of  the 
algorithm  used  to  adapt  the  weights  [11].  Without  the  FFT’s, 
the  signal  vector  is  X  and  the  covariance  matrix  is 

^,  =  E[X*XT\.  (60) 

Suppose  <!>.,  has  orthonormal  eigenvectors  e^,  and  eigenvalues^ 

I  <  /  <  XM.  (61 ) 

The  eigenvectors  e^.  satisfy 

e\fxj  =  1  <  i,  J  <  KM  (62) 

where  the  superscript  dagger  denotes  conjugate  transpose  and 
d,j  is  the  Kronecker  delta. 

Now  define  new  vectors 

ey,-=sfKT  '  1  <  /  <  KM.  (63) 

These  also  form  an  orthonormal  set.  From  (63),  we  have 

=  (64) 

But  because  7" is  symmetrical  (T^  =  r)and  7"  '  =  (\/K)T* 
(.sec  (55)),  we  have 


Now  substitute  e,,  =  (l/\/K)Teyi  (the  inverse  of  (63))  in 
(61)  and  multiply  on  the  left  by  T  '.  This  gives 

T  '^yTey.  =  \,,ey..  (67) 

Then  replace  T  '  by  (l/7r)7’*  and  Tby  7'^, 

[T*tiyT^]ey,  =  K\y.ey,  (68) 

Finally,  from  (18)  note  that 

T*i>yT^=t^y,  (69) 

so  (68)  is  just 

4>,,e,,  =  A:X,,e^.,  \<i<KM.  (70) 

Equation  (70)  shows  that  and  K\y.  are  the  /th  eigenvector 
and  eigenvalue  of  ^y.  Thus,  each  eigenvalue  of  4',.  is  simply  K 
times  the  corresponding  eigenvalue  of 

From  this  it  follows  that  ^y  and  have  the  same  eigenvalue 
spread.  (The  eigenvalue  spread  is  the  ratio  of  the  largest  to  the 
smallest  eigenvalue.)  Hence  typical  problems  caused  by 
eigenvalue  spread,  such  as  long  convergence  times,  roundoff 
errors  in  covariance  matrix  inversions,  etc.,  will  be  the  same 
with  or  without  the  FFT’s. 

C.  Weight  Dynamic  Range 

Now  we  consider  an  issue  of  practical  interest;  how  FFT 
processing  affects  the  dynamic  range  of  the  weights.  We  may 
gain  insight  into  this  question  as  follows. 

McClellan  and  Parks  [12]  have  studied  the  eigenstructure  of 
the  FFT  transformation  matrix.  From  their  results,  it  is  easily 
shown  that  the  matrix  E  in  (49)  has  a  complete  set  of 
orthonormal  eigenvectors  Cej,  1  <  y  <  A",  and  that  every 
eigenvalue  \ej  of  E  has  one  of  the  four  values  -Jk,  -  \fK, 
+j'fK,  or  —j\fK.  The  multiplicity  of  each  eigenvalue  varies 
with  K,  the  order  of  E. 

From  the  eigenvectors  and  eigenvalues  of  E  one  can  obtain 
the  eigenvectors  and  eigenvalues  of  T  in  (53)  in  an  obvious 
way.  Each  eigenvector  ejj  of  T  will  have  (M  -  l)/f 
components  equal  to  zero  and  K  components  consisting  of  one 
eigenvector  e£^  of  E.  The  eigenvalues  \tj  of  T  will  be  the  same 
as  those  of  E  but  with  multiplicities  M  times  higher. 

Suppose  W  is  the  optimum  weight  vector  without  FFF’s  and 
U  the  optimum  weight  vector  with  FFT’s.  Then  from  (21)  we 
have 

U=[T^\-'W=T  'W.  (71) 

The  optimal  weight  vector  W  may  be  expressed  in  terms  of  its 
components  along  each  of  the  eigenvectors  of  T. 


so  (64)  reduces  to 


e\e.^Ke\  -  TT 

y,  j  X, 


I  </,  j<KM. 


(66) 


*  4',  IS  a  positive  definite  Hermitian  matrix,  so  it  has  a  complete  set  of 
eigenvectors  and  its  eigenvalues  are  all  real  and  positive 


W=Y,ocjer^ 


(72) 


where  each  aj  is  a  scalar  constant.  Moreover,  the  matrix  7"  ' 
may  be  written  in  terms  of  the  eigenvectors  e/v  and  eigenvalues 
\tj  of  T  using  the  spectral  decomposition  formula. 


T 


MK  J 


■=i: 


(73) 
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Substituting  (72)  and  (73)  into  (71)  then  gives 

MK  n 

(74) 

We  cannot  determine  the  magnitude  of  the  components  of  U 
exactly  without  considering  specific  cases,  because  some 
are  real  and  some  are  imaginary.  But  because  (Xr^l  =  'JK  for 
every  j.  (74)  shows  that  the  weights  with  FFT’s  will  generally 
be  smaller  than  the  weights  without  FFT’s  by  a  factor  of  about 
\/sfK.  The  ratio  of  the  largest  to  the  smallest  weight  is 
approximately  the  same  with  or  without  FFT  processing. 

D.  Performance  Differences  Between  Tapped  Delay-Line 
and  FFT  Processing 

Next,  let  us  consider  how  the  delay  parameters  are  usually 
chosen  in  tapped  delay-line  and  FFT  processors.  In  the 
introduction  we  noted  that  array  performance  can  be  poorer 
for  FFT  processing  than  for  tapped  delay-line  processing.  Fig. 
6,  showing  typical  results  with  FFT’s,  was  compared  with 
Fig.  4  for  tapped  delay-lines. 

However,  it  is  clear  from  the  results  of  Sections  II  and  III 
that  the  SINR  achieved  by  an  array  with  FFT’s  must  be 
identical  to  that  achieved  by  the  equivalent  tapped  delay-line 
array.  The  equivalent  tapped  delay-line  array  has  the  same 
number  of  taps  as  the  number  of  samples  in  the  FFT’s  and  has 
an  intenap  delay  equal  to  the  FFT  sampling  interval. 

The  performance  difference  noted  in  the  Introduction  is  due 
entirely  to  the  fact  that  typical  comparisons  have  assumed 
different  intertap  delays  or  different  numbers  of  taps  for  the 
two  types  of  arrays.  For  a  tapped  delay-line  processor,  the 
intertap  delay  is  often  assumed  to  be  a  quarter  wavelength  at 
the  carrier  frequency.  For  an  FFT  processor,  the  sampling 
time  is  usually  chosen  so  the  period  of  the  FFT  frequency 
response  approximates  the  signal  bandwidth.  These  two 
amounts  of  delay  are  usually  very  different. 

Consider  a  typical  case.  First,  suppose  the  signal  carrier 
frequency  is  u)„.  The  time  delay  required  to  produce  a  90” 
pha.se  shift  at  the  carrier  frequency  (a  quarter-wave  delay)  is 
then 

7-90  =  ;^.  (75) 

2wo 

In  general,  suppose  we  have 

To  =  rT^,  (76) 

where  r  is  the  number  of  quarter-wave  delays  in  Tq.  Although 
there  is  actually  no  fundamental  reason  to  do  so,  with  tapped 
delay-line  priKcssing  it  is  common  (4)  to  assume*  r  =  1. 

Now  consider  the  choice  of  F,  in  an  FFT  processor.  We 
may  view  the  FFT  in  (35)  as  a  filter  bank.  The  input  to  the 
filter  bank  is  x„\(t)  and  the  outputs  are  y„i,  y„i,  •  •  -  , 

One  filter  produces  the  output  y„|,  another  produces  the 
output  y„i.  and  so  forth.  Let  us  consider  the  transfer  function 
of  each  of  these  filters. 


'  It  IS  shown  in  |71  that  for  a  two-cicmcni  array  any  choice  of  r  in  Ihe  range 
0  ^  r  ''  I /ft  will  work  |usl  as  well 


Suppose  the  input  signal  x„i(t)  is  a  sinusoid  at  frequency  w, 
x„,(t)  =  ey<  (77) 


Then,  from  (33), 


x„t(f)  =  ey‘-’l'^(^-‘>^sl.  (78) 


For  a  specific  n,  the  output  signal  y„„  may  be  found  by 
substituting  (78)  into  (35), 


fmn=  S  X„i(t)e--'<^’"''^>‘^-’^<''-» 
i  =  } 


-  l)lu>Ts +  (2r /fCHn  - 


(79) 


This  may  be  written. 


y„„  =  H„(w)eJ-‘,  (80) 


where  the  nth  transfer  function,  is 


g-y(*-l)|w7V  +  (2T/A)(n-l)) 


*  =  l 


)/2  |u>ri  +  (2T/A)(n  -  D) 


K 

lx 

sin  — 

wF;-!-—  (n  —  1) 

2 

K  J 

1 

2Tr 

sin  - 

wFj-e—  (n-  1) 

2 

1  ^  J 

(81) 


In  general,  is  a  periodic  function  of  frequency  with 

peaks  at  frequencies 


/=•••,  -2,  -1,0,  1.2, 


(82) 


Fora  given  n,  the  peaks  of //„(w)  occur  every  25r/7’^  along  the 
frequency  axis.  For  adjacent  n,  the  peaks  are  separated  by  lx/ 
KT,.  Fig.  12  shows  a  typical  set  of  ■  •  • ,  over 

part  of  the  frequency  axis. 

In  studies  of  FFT  processing,  it  is  common  to  choose  Fc  so 
one  complete  set  of  K  filter  passbands  approximately  covers 
the  signal  bandwidth.  (This  choice  seems  sensible,  since  it 
divides  the  signal  bandwidth  into  K  subbands.)  If  the  signal 
bandwidth  is  Aw,  we  set 


or 


lx 

—  =  Aw, 

n 


(83) 


(84) 
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HuuoNcr.  (84)  may  he  rearranged  into  the  form 


TT  u.'(|  4 


(85) 


v\  here  B  is  the  relative  bandwidth  ol  the  signals. 

Au) 

B=-~  ,  (86) 

a'd 


and  T^,  is  given  in  (75).  It',  for  example,  the  signal  has  a  I 
pereent  relative  bandwidth,  then 


7'.  =  400r«,. 


(87) 


Note  that  this  ehoiee  corresponds  to  r  =  400  in  (76).  i.e..  loan 
mteriap  delav  ot  4(K)  quarter-waves  in  the  equivalent  tapped 
delav  -  line  array ! 

In  F  ig.  4.  which  shows  the  .SINR  of  a  two-element  tapped 
delav  line  arrav .  there  arc  two  taps  per  element  and  one 
quarter-wave  delav  between  taps.  In  Fig.  6.  which  shows  the 
SINK  for  a  two-element  arrav  with  FFT  processing,  the 
sampling  time  has  been  selected  according  to  (84).  Thus,  the 
tapped  delav -line  arrav  in  Fig.  4  and  the  FFT  array  in  Fig.  6 
arc  not  equivalent.  1  he  difterence  in  their  performanee  is  due 
to  the  ditterence  between  T,,  and  T,.  as  well  as  A . 

In  an  earlier  paper  |7).  the  author  discussed  in  detail  how  the 
number  ot  taps  and  the  amount  of  intertap  delay  affect  the 
SINK  pertormance  ot  a  two-element  tapped  delay-line  array. 
In  particular,  it  was  shown  there  that  setting  7".  according  to 
(84i(i  e  .  setting /■  -  4/ /7)  makes /•  too  large  to  obtain  optimal 
SINK  Imm  the  array.  For  optimal  SINK,  r  must  be  in  the 
range  (’  '  /  <  ]/B.  Thus,  although  it  seems  intuitively 
sensible  to  choose  T.  so  the  signal  bandwidth  is  divided  into  K 
suhhands.  in  tact  this  choice  yields  suboptimal  SINK.  Better 
pertormance  w  ill  be  obtained  il  T,  is  chosen  so  the  Ff'T  period 
IS  ai  least  four  limes  the  signal  bandwidth.  The  reader  is 
rcicrrcd  to  |7|  tor  turlhcr  discussion  ot  this  question. 

/  .  \n  Advaniuf’c  of  BI  T  Processing 

It  should  be  pointed  out  that  even  though  FFT’s  dr)  not 
improve  banilwidth  pertormance  per  se.  they  may  nevertheless 
he  usctiil  lor  other  reasons.  F'or  example,  when  the  sample 
matiiv  inverse  (SMI)  technique  |8|  is  used  to  control  the 
weights,  ihc  number  ol  multiplications  required  for  each 
weight  upilate  is  proportional  to  (KM)',  the  number  of 


weights  cubed.  As  a  result,  the  computational  burden  in¬ 
creases  rapidly  with  the  number  of  weights,  and  can  quickly 
become  prohibitive,  Flowever.  taking  FFT's  tends  to  reduce 
the  correlation  between  samples  in  different  frequency  sub¬ 
bands.  In  the  ideal  case  in  w  hich  samples  in  different  subbands 
are  completely  decorrelated,  the  covariance  matrix  has  a  block 
diagonal  form  and  the  optimal  weights  can  he  computed 
separately  in  each  subband.  In  this  case  one  need  only  compute 
M  weights  tor  each  of  K  subbands,  so  the  total  number  of 
multiplications  is  proportional  to  KM'  rather  than  K'M'.  For 
large  A  the  computational  sav  ings  may  more  than  ofiset  the 
extra  burden  of  taking  the  FFT's. 

In  practice  the  samples  in  different  frequency  suhhands  are 
usually  not  completely  decorrelated.  (The  actual  decorrelation 
depends  on  the  signal  spectra  and  the  sampling  rate.) 
Flowever,  even  with  imperfect  decorrelation,  it  may  still  be 
advantageous  to  compute  weights  in  each  subband  separately  . 
Although  the  resulting  weights  are  suboptimal.  the  computa¬ 
tional  savings  may  be  w.irth  the  loss  in  .SINK.  Using  FFT's  in 
the  array  makes  this  trade-olf  possible.  Studies  of  this 
approach  have  been  made  by  Berni  and  Kretschmer  [l.^l. 
Dillard  (14|.  Gabriel  115|.  Gcriach  |I6|  and  Brennan  and 
Doyle  |17|. 

V.  Com  i.i  SION 

We  have  shown  that  the  SINK  achieved  bv  an  adaptive  array 
with  FFT  processing  is  identical  to  that  achieved  by  an 
adaptive  array  with  the  equivuleni  tapped  delay-line  process¬ 
ing.  In  the  equivalent  tapped  delay-line  processor,  the  number 
ol  taps  in  the  delay-lines  is  equal  to  the  number  ol  samples 
used  in  the  FFT's.  and  the  delay  between  laps  is  equal  to  the 
delay  between  samples  in  the  FFT's. 

In  .Section  II.  we  showed  that  inserting  a  linear  invertible 
transformation  between  the  delay-line  taps  and  the  weights  in  a 
lapped  delay-line  array  has  no  ellect  on  the  arrav  output  signal 
or  SINK.  Whatever  changes  are  caused  in  the  signals  bv  the 
linear  transformation  are  compensated  for  by  corresponding 
changes  in  the  weights.  Then  in  Section  III  we  showed  that 
using  FFT's  behind  each  element  is  mathematically  equivalent 
tv)  using  tapped  delay-lines  tollowed  by  a  linear  transformation 
ol  the  signals.  The  main  conclusivin  follows  from  the  results  of 
Sections  II  and  III. 

In  Section  IV.  we  considered  the  effects  of  FFT's  on  the 
optimal  weights,  the  covariance  matrix  eigenvalues,  and  the 
dynamic  range  of  the  weights.  Finally,  we  discussed  the 
rea.sons  for  the  performance  differences  noted  between  FFT 
processing  and  tapped  delay-line  processine. 

rhe  most  important  conclusion  that  follows  from  these 
results  is  that  FFT  processing  in  and  of  itsell  does  not  offer  any 
imprv)vement  in  array  bandwidth  performance.  The  same 
bandwidth  perlormance  will  be  obtaincil  bv  simpiv  storing  A 
samples  Irom  each  element  signal  and  then  weighting  and 
combining  these  samples  directlv. 
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Scattering  by  an  Inhomogeneous  Dielectric/Ferrite 
Cylinder  of  Arbitrary  Cross-Section 
Shape— Oblique  Incidence  Case 

ROBERTO  G.  ROJAS 


Abstract — A  moment  meitaoti  (MM)  solution  is  deveiopcd  for  the  fields 
scattered  by  an  inhomogeneous  dielectric/ferrite  cylinder  of  arbitrary 
cross-section  shape.  The  incident  field  is  assumed  to  be  a  plane  wave  of 
arbitrary  polarization  with  oblique  incidence  with  respect  to  the  axis  of 
the  cylinder.  The  total  electric  and  magnetic  fields  are  the  unknown 
quantities  in  two  coupled  integral  equations  from  which  a  system  of  linear 
equations  is  obtained.  Once  the  total  electric  and  magnetic  fields  within 
the  cylinder  are  computed,  the  scattered  fields  at  any  other  point  in  space 
are  easily  calculated.  It  is  noted  that  for  the  case  of  oblique  incidence,  the 
scattered  field  has  TE;  and  TM;  polarized  fields  regardless  of  the 
polarization  (TM;  or  TE;)  of  the  incident  field.  The  echo  widths  of 
cylinders  and  shells  of  circular,  semicircular,  and  rectangular  cross 
section  are  calculated  for  TE;  and  TM,  polarized  incident  fields. 
Furthermore,  it  is  shown  that  the  results  obtained  for  dielectric/ferrite 
cylinders  and  shells  of  circular  cross  section  with  the  solutions  developed 
here  agree  very  well  with  the  corresponding  exact  eigenfunction  solutions. 

I.  Introduction 

The  electromagnetic  scattering  by  dielectric 
and/or  magnetic  bodies  has  been  studied  by  several 
authors  in  the  past.  For  objects  of  arbitrary  shape,  two 
formulations  have  been  widely  used;  namely,  volume  (sur¬ 
face)  and  surface  (line)  integral  equations  for  three-(two-) 
dimensional  objects.  These  integral  equations  can  then  be 
solved  numerically  with  the  method  of  moments. 

The  volume  integral  equations  are  obtained  by  replacing  the 
dieiectric/ferrite  objects,  which  can  be  inhomogeneous,  by 
equivalent  volumetric  polarization  currents.  This  method  has 
been  used  in  [1|-[6J  to  solve  scattering  problems  from  two- 
and  three-dimensional  bodies  and  to  study  the  fields  induced 
inside  biological  bodies  [7].  A  different  approach  is  the 
surface  integral  formulation  in  which  a  homogeneous  dielec¬ 
tric  object  is  replaced  by  equivalent  currents  along  the  surface 
of  the  scatter.  This  method,  which  can  also  be  used  to  study 
objects  made  up  of  homogeneous  layers,  is  employed  in  [8J- 
[  1 1 1  to  solve  a  variety  of  problems  involving  dielectric  objects. 

In  addition  to  the  two  methods  mentioned  earlier,  a 
characteristic  mode  .solution  is  developed  in  [12]  for  two- 
dimensional  dielectric  bodies  which  are  replaced  by  equivalent 
surface  currents.  A  different  approach  is  followed  in  [13], 
where  an  impedance  sheet  approximation  is  used  to  study  the 

Manuscnpl  received  July  2 1 .  1986.  revi.scd  August  3.  1987  Thi.s  work  was 
supported  in  part  by  the  Joint  Services  Electronics  Program  under  Contract 
N0(K)I4  78  C0049  and  in  part  by  Ttie  Ohio  .State  University  Research 
Foundation 

The  author  is  with  the  ElectroScience  [.aboratory .  Department  of  Electrical 
Engineering,  The  Ohio  State  University,  Columbus.  OH  43212. 

IEEE  I-og  Number  8718298 


EM  scattering  from  thin  dielectric  shells.  The  unimoment  [  14] 
and  finite  element  [15]  methods  have  also  been  used  to 
calculate  the  fields  scattered  by  dielectric  cylinders.  Recently, 
the  conjugate  gradient  method  [  16]  has  been  applied  to  analyze 
the  scattering  from  two-dimensional  dielectric  structures. 

The  problem  considered  in  this  paper  is  the  EM  .scattering 
by.  a  dieiectric/ferrite  cylinder  of  arbitrary  cro.ss-section  .shape 
[17].  The  incident  field  is  a  plane  wave  of  arbitrary  polariza¬ 
tion  with  oblique  incidence  with  respect  to  the  axis  of  the 
cylinder  as  shown  in  Fig.  1.  The  cylinder  is  assumed  to  be 
linear  and  isotropic;  however,  it  can  be  inhomogeneous  and 
lossy.  By  replacing  the  cylinder  with  equivalent  polarization 
currents,  two  coupled  integral  equations  are  obtained  for  the 
total  electric  and  magnetic  fields  inside  the  dieiectric/ferrite 
cylinder.  The  solution  of  the  integral  equations  is  obtained  by 
following  a  method  similar  to  that  employed  by  Richmond  J 1  ]. 
(2],  That  is.  the  cylinder  is  divided  into  square  cells  which  are 
small  enough  so  that  the  electric  and  magnetic  fields  are  nearly 
constant  within  each  cell,  except  for  the  exponential  z- 
dependance  of  all  the  fields  due  to  the  oblique  incidence  of  the 
plane  wave  with  respect  to  the  axis  of  the  cylinder  which 
coincides  with  the  z-axis.  A  system  of  linear  equations  is 
obtained  by  enforcing  the  condition  that  the  integral  equations 
must  be  exactly  satisfied  at  the  center  of  each  cell.  Unlike  [1], 
[2],  this  paper  considers  the  general  case  of  dieiectric/ferrite 
cylinders.  Furthermore,  as  mentioned  before,  the  incident 
plane  wave  field  is  obliquely  incident  to  the  axis  of  the 
cylinder,  and  it  can  have  arbitrary  polarization.  Note  that  ail 
the  fields  in  the  following  di.scussion  have  the  conventional 
e/"'  time  dependence  which  is  suppressed  to  simplify  the 
notation. 

II.  Formulation  of  the  Problem 

Assume  that  (S',  /?')  is  the  incident  field  in  the  absence  of 
the  dieiectric/ferrite  cylinder.  Without  loss  of  generality,  the 
medium  exterior  to  the  scatter  is  assumed  to  be  free  space.  Let 
(S,  H)  represent  the  total  field;  that  is.  the  field  excited  by  the 
incident  field  in  the  presence  of  the  dieiectric/ferrite  cylinder. 
The  difference  between  the  total  and  incident  fields  is  usually 
referred  to  as  the  scattered  field  H^).  Thus, 

S  =  E'  +  E^;  H=H‘  +  H\  (1) 

It  follows  from  Maxwell’s  equations  that  the  scattered  field 
may  be  considered  to  be  the  field  generated  by  a  set  of 
equivalent  electric  7  and  magnetic  M  polarization  currents 
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Fig  1  Geometry  for  EM  scattering  by  dielectric/ferrite  cylinder  of 
arbitrary  cross-section  shape. 

radiating  in  free  space.  These  currents  can  be  expressed  as 
follows: 

7{r)=jkYo{ir(p)-\)E{r) 

^(n=yAr>?o(Mp)-i)^(n  (2) 

where  rjo  and  Yo  =  l/rjo  are  the  free-space  impedance  and 
admittance,  respectively,  and  k  is  the  free-space  wavenumber. 
Furthermore, 

=  (^{p)  ^  1.  ("(.p)  ^  0 

(3a) 

is  the  relative  permittivity,  while 

p.r(p)  =  p’{p)-JPr  {p)\  Pr(p)  ^  I,  Prip)  ^  0 

(3b) 

is  the  relative  permeability.  Also  7  =  xx  +  yy  +  zz  and  p  = 
XX  +  yy.  Note  that  (,'(p),  €,(p),  n'ip),  and  u"(p)  are  all  real 
quantities  whose  values  depend  on  o,  but  not  on  z- 

Since  the  cylinder  is  a  two-dimensional  object  and  the 
incident  field  is  a  plane  wave,  the  polarization  currents  7  and 
M  and  all  the  field  components  will  have  the  same  exponen¬ 
tial  z  dependence  as  the  incident  field.  It  can  be  shown  [18) 
that  if  all  the  field  components  have  the  same  exponential  z- 
dependence  exp  (yArz  cos  0'),  then,  all  the  fields  can  be 
expressed  in  terms  of  Ej  and  as  follows; 

Eir)  =  Vx{Vx  (zE,(T))  -jkrioZH,{r))/K^ 


where /T  =  Arsintf'  andO  <  0'  <  r.  Therefore,  the  complete 
solution  can  be  expressed  in  terms  of  and  only.  Thus, 
assume  that  the  incident  field  (E^,  is  given  by 

E' (r )  =  Eoi  exp  ( -jKp  •  j5)  exp  ( -jk'^  z) 

and 

//' (r )  =  No2  exp  ( -jKp  ■  p)  exp  (-Jk^ z)  (5) 

where  Eqj  and  //o^  are  arbitrary  constants,  k^  =  -  k  cos  0 ' , 
and 

-jf  cos  d>' sin  (6) 

Note  that,  except  for  this  problem  is  still  a  two- 

dimensional  problem.  To  simplify  the  notation,  the  z  depen- 
dance  of  the  fields  and  currents  in  the  following  analysis  will 
not  be  shown  explicitly. 

Once  the  electric  and  magnetic  currents  are  defined,  the 
scattered  fields  (E‘,  can  be  expressed  in  terms  of  the 
electric  and  magnetic  free-space  dyadic  Green’s  functions, 
namely  [19] 

E^ip)=  -lim  f  [#^(p,  p')  ■  M(p') 

+JI(voS°iP,  p')  •  7(p')]  ds'  -  (7) 

JkYo 

L  ,  t^m(p.?')  •  yip’) 

-jkY^i^p,  p')  •  Mip')]  ds'  (8) 

Jkvo 

where  is  the  area  occupied  by  the  equivalent  currents  and 
p'  =  £*■'  -F  ^y'  is  the  source  location.  The  area  As,  which 
excludes  the  singularities  of  and  ,  i.e.,  p  =  p ' ,  is  called 
the  “principal  area”  [19],  It  becomes  infinitesimally  small  in 
the  limit  as  its  maximum  chord  length  6  approaches  zero. 
Since  the  value  of  T  and  the  integrals  in  (7)  and  (8)  depend  on 
the  geometry  of  As,  the  area  As  is  assumed  to  be  a  circular 
disk.  The  reasons  for  choosing  this  shape  will  be  explained 
later.  The  electric  free-space  dyadic  Green’s  function  is 
given  by 

^®(p,  p')  =  —  j  //<2<(A'|p-p' I);  p^tjJ',  (9) 

while  the  magnetic  free-space  dyadic  Green’s  function  can 
be  expressed  as  follows: 

=  Vx(7//«>(/^|p-p'|)):  p*p'  (lOa) 

where 

F=Jcc  +  y_p  +  zz 
d  d 

^  =  —  —  +  zjk  cos  0' 

Px  Py 


and 


f}(r)  =  Vx(Vx  (zH,(r))  +jk YoZEAn)/K^  (4) 


(10b) 
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and  is  the  Hankel  function  of  the  second  kind  of  zeroth 
order.  It  is  important  to  point  out  that  even  though  T and  the 
integrals  in  (7)  and  (8)  depend  on  the  shape  of  A^,  their  sum 
does  not. 

To  obtain  the  integral  equations,  one  enforces  (1)  inside  the 
dielectric/ferrite  object;  namely, 

^(p)  +  lim  f  L/^i?o[Mr(p')- lll^(p.  p') 

5-0  JAj-A), 

■  Hift')-k^€r(p')-\}§l(p,?')  ■  E(fl')]ds' 

+  [tr{fi)-\]J  ■  E{p)=E‘{fi)  (11) 

and 

/?(p)-lim  j  [jkYoUrip')-nil(P,P') 

■  £(p')  +  ^2(p,(p')-l]#«(p,  p)  •  !i(fi')]ds' 

+  [pr(p)-\]T  ■  =  (12) 

Note  that  (11)  and  (12)  are  coupled  integral  equations  where 
the  unknowns  are  the  fields  E{p)  and  H{p). 


total  E and  H  fields.  However,  the  expressions  for  E^,  Ey, 
and  Hy  involve  the  derivatives  (with  respect  to  x  and  y)  of  E^ 
and  //j.  Thus,  if  the  derivatives  of  E^  and  are  approximated 
by  finite  differences,  (11)  and  (12)  would  become  difference 
equations.  Therefore,  all  six  unknowns  are  kept  in  each  cell  to 
avoid  this  complication.  The  resulting  set  of  6N  simultaneous 
equations  with  6N  unknowns  can  then  be  written  in  matrix 
form  as  follows: 

Z(er.  Pr)X=  Y  (15) 

where  Z(tr,  p,)  is  a  6N  X  6N  matrix  and  X  and  Y  are  bN  x  1 
column  vectors,  which  are  given  by 


4 

E‘ 

X 

Ey 

K 

Ez 

T]oftx 

E\ 

rioM 

Vofty 

Voft'y 

Jloftz_ 

Jloft[ 

III.  Solution 

The  solution  of  the  coupled  integral  equations  in  (11)  and 
(12)  will  be  obtained  in  a  fashion  similar  to  that  followed  by 
Richmond  (IJ,  (2J.  That  is,  the  integral  equations  are 
transformed  into  a  system  of  linear  equations  by  enforcing  (11) 
and  (12)  at  a  number  of  discrete  points.  The  first  step  in  this 
procedure  is  to  divide  the  cylinder  into  N  square  cells  which 
are  small  enough  so  that  the  electric  and  magnetic  fields  are 
nearly  uniform  in  each  cell.  This  is  equivalent  to  choosing  the 
pulse  functions  {/,(p  )}^„i  as  the  basis  functions  [20J.  That 
is.  let 

N 

Ep(p')  =  ^  Ep„f„(p') 

n  ■-  I 

Hp(p')='^  Hp„/„{p');  p  =  x,y,z  (13) 

n  -  I 


where 


Up')  = 


in  cell  n  of  area  cj 
elsewhere 


(14) 


and  {Ep„,  Hp„}^  ,  are  unknown  coefficients  that  have  to  be 
determined.  The  second  and  last  step  in  the  discretization  of 
(II)  and  ( 12)  is  to  define  a  set  of  testing  functions  [201.  Here, 
the  Dirac  delta  functions  {6(jr  -  x„)8(y  -  .y„)}^,,i  are  chosen 
as  the  testing  functions,  where  {x„,  y„)  is  the  center  of  cell  n. 
This  is  equivalent  to  enforcing  (II)  and  (12)  at  the  center  of 
each  cell;  i  e..  the  total  field  must  be  equal  to  the  sum  of  the 
incident  and  scattered  fields  at  the  center  of  each  cell. 

Substituting  (13)  into  (II)  and  (12),  and  enforcing  (1)  at  the 
center  of  each  cell,  a  set  of  6(V  simultaneous  c  quations  with  6N 
unknowns  is  obtained.  Note  that,  in  general,  there  are  six 
unknowns  in  each  cell,  i.e.,  E^,  Ey,  £j,  //^,  Hy,  and  Hi- 
However,  as  shown  in  (4),  only  two  field  components; 
namely,  E.  and  H.,  are  necessary  to  determine  completely  the 


The  vectors  Ep,  ftp,  E'^,  and  H'^  (p  =  jr,  y,  z)  are  /V  x  1 
column  vectors  and  they  can  be  expressed  as  follows: 


pi  -  I  pi  pi  ...  pi  ...  pi  1 T 
‘^p2’  ’  ‘^pn’  >  ^pN‘ 

Ep  =  lEpu  Ep2,  •  •  • ,  Ep„,  •  •  • ,  Epp/]  ^ 
ff‘p  =  [fi‘pi>  ffpz 

ftp~  \ftp\i  Hp2,  *  9  Hpn,  ,  ££pi 


■'f^‘pn> 


H'  V 

'  “pNl 


9  ftpn »  *  *  '  >  ftps  ]  »  P  —  ^9  y  9  Z  (12) 


where  E'^„  and  H'^„  represent  the  p  components  of  the  incident 
electric  and  magnetic  fields,  respectively,  at  the  center  of  cell 
n  and  T denotes  the  transpose  operation.  Note  that  Ep„  and  //p„ 
were  defined  in  (13).  That  is,  Ep„  and  Hp„  represent  the  total 
electric  and  magnetic  fields,  respectively,  at  the  center  of  cell 
n. 

In  calculating  the  elements  of  the  matrix  Z(€„  p,),  the 
following  types  of  surface  integrals  need  to  be  evaluated: 


,  =  lim 
5-0  J 


H^^\K\p-p'\)ds' 


4  =  lim  1 

6^0  J 


1„  =  lim 
6^0 


—  H^^KK\p-p’\)  ds' , 

uX\ 


Xi=x  OT  y 

JC2 = Of  y 


(18) 


where  A  is  the  area  of  the  wth  cell  and  Ai„  is  the  principal 
area  located  at  the  center  of  the  mth  cell.  In  general,  these 
integrals  cannot  be  evaluated  in  closed  form,  except  for  some 
special  geometries,  e.g.,  circular  disks.  Thus,  some  sort  of 
numerical  integration  algorithm  must  be  used  to  evaluate  these 
integrals,  keeping  in  mind  that  care  should  be  exercised  when 
the  observation  point  is  within  the  mth  cell.  The  expressions 
given  in  (18),  where  the  .'singularity  of  the  integrand  is  isolated 
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by  Ai„  as  the  limit  6  -*  0  is  taken,  are,  in  general,  not  suitable 
for  practical  numerical  calculations.  This  is  due  to  the  fact  that 
one  does  not  know  a  priori  how  small  Ai„  should  be  to  obtain 
a  result  with  a  preselected  accuracy.  There  are  alternative 
expressions  given  in  [19],  [21]  where  Asm  a  finite-sized 
pricipal  area.  These  alternative  expressions  are  more  suitable 
when  (18)  has  to  be  evaluated  numerically. 

As  already  mentioned,  when  Ajm  is  a  circular  disk,  the 
integrals  in  (18)  can  be  evaluated  in  closed  form  [1],  [2J.  Thus, 
to  simplify  the  evaluation  of  the  elements  of  the  matrix  Z((r, 
fir),  the  square  cells  are  replaced  by  circular  disks  of  the  same 
cross-sectional  area.  Furthermore,  as  indicated  before,  the 
principal  area  Asm  also  assumed  to  be  a  circular  disk  which 
allows  the  closed-form  evaluation  of  the  integrals  in  (18).  It  is 
shown  in  the  next  section  that  this  approximation,  which 
greatly  simplifies  the  evaluation  of  the  elements  of  /i,), 
gives  good  numerical  results. 

The  matrix  Z(e„  jx,)  in  (15),  which  is  partitioned  into 
submatrix  blocks,  is  then  given  by 

•»/  \  r  I  Z2(flr)~\  r, 

Z(t„  /X.)=  •— 

L  I  Z,i(flr)J 

where  Z,  and  Z^  are  3N  x  3N  matrices  and  can  also  be 
partitioned  into  submatrix  blocks,  namely. 


A 

Z,(<,)=  ‘b' 

c 


Z2(m,)  = 


p  1  F 
"o  |*L 
-Lto 


Dmn  =  -  (Ka„)JdKa„)(fir„  -1)-^  H^^HKpmn)  (27) 


rKa„  k  Hf'(.Kpm„) 

Fmn  = - ^  - y„)  -  - - 

2  K  *\pmn 


where 


^/it  -^mf  -^/i)  (29) 


Pmn  =  ({Xm-X„)^  +  (y„  -yj^) 


B.  n  =  m 


^mm  ^ mm  i^mm  Fmm  —  d 


where  0  is  the  null  N  x  N matrix.  The  matrices  A,  B,  C,  I,  J, 
P,  D,  F,  and  L  are  /V  x  N  matrices  whose  elements  are  given 
by  the  following  expressions; 

A.  m  ^  n\  n,  m  =  \,  2,  ■  •  • ,  N 


+  -;^^,[-K^Pm.(ym-yn)^Hf(Kpmn) 

(  ^Qmn  ) 

+  ((ym-yJ'-(x„-x„)2]A^//<«(An„,)]j  (21) 

i)xKP„J\{JCPn)F^iXm'~X„)(ym~~yn) 

2MPm„)^ 

•  \2W^HKpmn)-KpmnH^^\Kpm„)]  (22) 

Z-'  -  I.  i\  r  ^  FiXm-X„)  \ 

2  A  _ 

(23) 

yn)  ^  ^mniyrrti  y nt  (24) 

“  ^mn(,Vm»  yn*  V^3) 


Amm  =  /mm  =  1  -  k M jr/(o„//<«(A:fl„  )-2j\ 

[TKamHf>iKam)-4J]  (31) 


Pmm=  1  +-  {trm- \)lxKamHf>{Kam)-2J]  (32) 
jkk ' 

Dmm^l—  {Prm- DlrKamH^^KKOm) -2j]  (33) 

where  €„  and  prn  are  the  relative  permittivity  and  permeability 
of  cell  n,  respectively,  and  the  radius  of  the  nth  circular  cell, 
denoted  by  a„,  is  equal  to  Cn/'Jr.  Thus,  (21)-(33)  completely 
define  the  matrices  Z|(Er)  and  Zi(y,r).  The  expressions  for  the 
elements  of  Z/ipr)  and  Z2(e^)  can  be  easily  obtained  by 
replacing  e„  and  prn  by  Pm  and  respectively,  in  (21)-(33). 
Note  that  by  inserting  the  appropriate  equations  for  the 
incident  field,  one  can  obtain  solutions  for  any  two-dimen¬ 
sional  source,  i.e.,  line  source,  array  of  line  sources,  etc. 

Assuming  that  the  simultaneous  equations  have  been  solved, 
i.e.,  the  total  and  //;  fields  have  been  determined  at  the 
center  of  each  cell,  the  scattered  fields  £*  and  can  easily 
be  obtained  at  any  point  outside  the  dielectric/ferrite  body. 
Thus,  after  reintroducing  the  function  S  the  expressions 
for  £*  and  //^  are  given  by 

^<1=1 

■  {voH,„{x-x„)-r,oH„(y-yn)}e-j'‘i' 


Ezn+jk:  —  H^^\Kp„)[E^„ix-x„) 
Pn 


Pm.  =  -  Ur.  -  1  )  ^  JAKa„)  H'^'iKpm.)  (26) 

2j 


+  Ey„(y-y„)]  \  e 


•£2-  ■££- 

(BP) 
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(a)  (b) 

Fig.  2.  S')  sin  9 '/X  of  circular  cylinder  for  obliquely  incident  plane  wave  (9'  =  45').  (a)  TM,  polarization:  £oj  =  l.noWo.- 

=  0.  TE,  polarization:  Eoz  =  0.  tjoHo,  =  I . 


^xnt  ^ynt 
Vo^xnt  ^O^ynt  ^rn*  t^m) 

Xfij  y/f,  Vof^xnt  VO^yn* 

^xn*  Eynt  ^zni  ^rn)  (35) 

where 

P„  =  [(x-x„y  +  {y-y„)^]'^\ 

The  far-zone  scattered  fields  are  obtained  by  employing  the 
asymptotic  form  of  the  Hankel  function  (large  argument  form) 
and  by  approximating  p„  as  follows: 

1  1 

p„~Po-  x„  cos  <f7  -  ><„  sin  </>; -  (36) 

Pn  PO 

where  po  =  +  y^V'^-  The  expression  for  £’  in  the  far 

zone  becomes 


E{(Po,  </>.  z)  ~y  ^  {Ka„)J,(Ka„) 


(Prn-  ^)lVo ffyn  cos  <#)  -  T|o//«  sin  J 


)[E^„ - (cos  «£■„  +  sin  <t>E,„) 

A 


.  pjX(x„  cos  *  +  y„  sin  « 1 _ g  /k  j'r  ^ 

and  H\  is  obtained  by  substituting  (37)  into  (35). 

The  scattering  properties  of  a  two-dimensional  body  can  be 
expressed  in  terms  of  its  echo  width.  The  echo  width  6') 
is  defined  as  follows  [18]: 


ft '(<5,  ff')=  lim  27rpn 

*’0  ** 


Substituting  (4),  (5),  (35),  and  (37)  into  (38)  yields  the 
following  expression  for  the  echo  width  per  wavelength: 

W(<i>,e')  \E‘,\^+\r,oH‘^\^ 

- X - "  fa.  I  Lf  12 

X  ->o-»  |£orl  +ho^0rr 

where  X  is  the  free-space  wavelength. 

Note  that  for  the  case  of  oblique  incidence,  the  scattered 
field  will  have  both  TMj  and  TEj  polarized  fields  regardless  of 
the  polarization  of  the  incident  plane  wave  field.  In  the  next 
section,  $')  sin  0'/\  will  be  calculated  for  various 

geometries  for  a  TM^  and  TEj  polarized  incident  plane  wave 
field,  respectively. 

IV.  Numerical  Results 

The  results  obtained  in  Section  ni  have  been  implemented 
with  a  Fortran  program  on  a  VAX  11/780  computer.  Using 
(35),  (37),  and  (39),  numerical  results  were  obtained  for  the 
following  geometries. 

A.  Cylinder  of  Circular  Cross  Section 

Figs.  2(a)  and  2(b)  depict  die  echo  width  of  a  circular 
cylinder  of  radius  0.  IX  for  obliquely  incident  (d'  =  45”)  TMj 
(Eoz  =  I,  //on  =  0)  and  TEj  polarized  (Eoz  =  0,  no//oz  =  1) 
plane  wave  fields,  respectively.  For  each  polarization,  two 
sets  of  values  of  {f„  pr)  are  considered  to  illustrate  the  effect  of 
tr  and  pr  on  the  echo  width.  As  indicated  in  the  previous 
sections,  the  circular  cylinder  is  divided  into  cells  whose 
cross-sectional  areas  must  be  as  close  to  squares  as  possible.  It 
is  known  from  experience  [IJ,  [2)  that,  to  obtain  good 
numerical  results,  c  must  satisfy  the  inequality 


where  c  is  the  length  of  one  side  of  the  square  cell.  In  other 
words,  c  should  be  less  than  or  equal  to  one-tenth  the 
wavelength  inside  the  dielectric  cylinder.  The  cylinder  in  Fig. 
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Fig.  3.  9')  sin  6'/X  of  cylindrical  shell  of  circular  cross-section  shape,  (a)  TM^  polarization:  £o,  =  I,  =  0.  (b)  TE.. 

polarization:  £«;  =  0,  ijoW#,  =  1. 


Fig.  4.  9')  sin  9' /A  of  cylindrical  shell  of  circular  cross-section  shape  for  obliquely  incident  plane  wave  (9'  =  45').  (a)TM, 

polarization:  £o;  =  I.  iioWo,  =  0.  (b)  TE;  polarization:  £o,  =  0,  ijoWpi  =  1. 


2  was  divided  into  25  square  cells  (N  =  25)  of  the  same  cross- 
sectional  area,  i.e.,  (3.54  x  10 The  moment  method 
solutions  for  the  circular  cylinder  shown  in  Fig.  2  are 
compared  with  the  exact  eigenfunction  solutions  which  consist 
of  infinite  series  involving  Bessel  and  Hankel  functions  [22]. 
Note  that  the  agreement  between  these  two  independent 
solutions  is  very  good. 

B.  Cylindrical  Shell  of  Circular  Cross  Section 

In  Figs.  3(a)  and  3(b),  the  echo  width  of  a  circular  cylindri¬ 
cal  shell  is  depicted  for  a  TMj  and  TEj  incident  plane  wave, 
respectively.  In  both  cases,  the  shell  was  divided  into  66  cells 
IN  =  66)  and  the  solutions  for  a  normally  and  obliquely 
incident  plane  wave  are  depicted.  In  Fig.  4  a  shell  with 
different  dimensions  was  considered.  The  angle  B'  was  set  to 
45"  and  the  parameters  e,  and  Ur  were  changed  to  illustrate  the 
effect  of  the.se  parameters  on  the  echo  width.  Note  that  for  the 


TM;  case,  the  echo  width  in  the  backscattered  direction  (0  = 
180°)  is  significantly  reduced  when  the  values  of  and  Ur  are 
changed  from  €,  =  2  -  y0.08,  fi,  -  Z  -  jO.5  to  =  3  - 
^.3,  Hr  =  2  -  y'0. 1.  The  opposite  effect  is  observed  for  the 
TEi  case  as  shown  in  Fig.  4(b).  The  shell  was  divided  into  41 
cells  {N  =  41)  which  means  that  a  system  of  246  simultaneous 
equations  was  solved.  It  took  about  3  min  of  CPU  time  on  a 
VAX  11/780  computer  to  obtain  the  moment  method  solution 
for  each  polarization  considered  in  Fig.  4.  As  in  the  case  for 
the  circular  cylinder,  the  moment  method  solutions  for  the 
circular  shell  are  compared  with  the  exact  eigenfunction 
solutions.  The  agreement  between  the  two  solutions  is  very 
good  as  illustrated  in  Figs.  3  and  4. 

C.  Semicircular  Shell 

Figs.  5(a)  and  5(b)  show  the  echo  width  of  a  semicircular 
shell  which  was  divided  into  20  cells  of  the  same  cross- 


•t,.  If-  se-  it-  1"-  V.  .  -  . 

(8P)  X/, ««!•(, »  *)M 

(BP)  X/,®u|»(,®  ♦)* 
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Fig.  5.  9')  sin  fl'/X  of  cylindrical  shell  of  semicircular  cross-section  shape,  (a)  TM,  polarization:  £oi  -  1.  0-  (b) 

TE,  polarization:  Eo:  -  0,  rfoH^  -  1. 


Fig.  6.  6')  sin  9'/X  of  cylinder  of  rectangular  cross-section  shape  excited  by  broadside  incident  plane  wave,  (a)  TM, 

polarization:  £<>,  =  1,  iioAfo,  =  0.  (b)  TE,  polarization:  =  0,  =  •• 


sectional  area.  Both  the  TMj  and  TEj  polarizations  are 
considered;  however,  no  exact  solution  is  available  for  this 
geometry  to  compare  with  the  solutions  obtained  here.  To 
study  the  effect  of  the  angle  6 '  on  the  echo  width.  Fig.  5  shows 
the  echo  width  calculated  for  a  normally  and  obliquely  incident 
plane  wave,  respectively. 

D.  Cylinder  of  Rectangular  Cross  Section 

Finally,  in  Figs.  6  and  7,  the  echo  width  of  ?  cylinder  of 
rectangular  cross  section  is  considered.  In  Fig.  6,  he  angle  of 
incidence  is  0 '  =  90°  (broadside),  while  in  Fig.  7,  the  case  of 
grazing  incidence  is  considered  (<!>'  =  0°).  Note  that  in  both 
cases  9'  =  45  °  and  unlike  the  previous  examples,  the  cylinder 


is  allowed  to  be  inhomogeneous.  First,  the  echo  width  of  a 
homogeneous  rectangular  slab  is  calculated  for  6,  =  3.  -  /0.3 
and  Hr  =  2.  -  yO.l.  Next,  the  same  slab  is  assumed  to  be 
inhomogeneous  (in  x),  namely, 

6,(jf)=  3.  -yO.3  +  2  cos  {tx/L) 

Hr{x)  =  {.2.-j0.\)\x\/L+\ 

where  jr  varies  from  -  L/2  to  L/2  and  L  is  the  width  of  the 
rectangular  slab.  Since  the  integral  equations  in  (11)  and  (12) 
are  enforced  at  the  center  of  each  nth  cell,  t,  and  Hr  have  to  be 
evaluated  at  (x„,  y„).  Thus  and  Hm  can  be  written  as 
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Fig.  7.  8')  sin  0  VX  of  cylinder  of  rectangular  cross-section  shape  excited  by  plane  wave  having  grazing  incidence,  (a)  TM, 

polarization:  Eoj  =  1,  ijo/foj  =  0.  (b)  TEj  polarization:  fo,  =  0,  ijoZ/fc  =  1. 


number  of  Z.  Unfortunately,  as  pointed  out  in  [24],  the 
condition  number  will  not  indicate  whether  the  best  expansion 
functions  are  being  used.  Finally,  several  numerical  examples 
were  presented  and  compared  with  the  exact  eigenfunction 
solutions  when  they  were  available.  The  agreement  between 
the  independent  MM  and  exact  solutions  was  shown  to  be  very 
good  for  the  cases  considered  here.  An  interesting  feature  of 
the  case  of  oblique  incidence  in  problems  involving  dielectric/ 
ferrite  cylinders,  which  does  not  hold  for  the  special  case  of 
normal  incidence,  is  that  the  scattered  field  has  TEj  and  TMj 
polarized  components  regardless  of  the  polarization  (TM^  or 
TEj)  of  the  incident  field. 


follows: 

e™(Jfn)  =  3.-y0.3  +  2  cos  (irx„/L) 

^„{x„)  =  (2-j0A)\x„\/L  +  i. 

Since  the  cylinder  was  divided  into  80  identical  square  cells,  a 
system  of  480  simultaneous  equations  was  solved.  As  in  the 
case  for  the  semicircular  shell,  no  exact  solution  is  available 
for  the  cylinder  of  rectangular  cross  section. 

V.  Conclusion 

A  moment  method  solution  has  been  developed  to  calculate 
the  scattering  by  a  dielectric/ferrite  cylinder  of  arbitrary  cross- 
section  shape.  Even  though  the  cylinder  is  assumed  to  be  linear 
and  isotropic,  it  can  be  inhomogeneous  and  lossy.  It  is  noted 
that  for  the  problems  considered  here,  the  integral  equations 
for  the  electric  and  magnetic  fields  are  coupled.  The  solution 
of  this  pair  of  integral  equations  was  obtained  by  transforming 
them  into  a  system  of  simultaneous  linear  equations  by 
choosing  appropriate  basis  and  testing  functions.  In  this  paper, 
pulse  and  Dirac  delta  functions  were  chosen  for  the  basis  and 
testing  functions,  respectively. 

It  is  possible  to  improve  the  accuracy  of  the  solutions 
presented  here  by  evaluating  the  integrals  in  (1 8)  numerically 
over  the  square  cells;  however,  this  obviously  will  increase  the 
CPU  time.  An  alternative  approach  is  to  follow  the  procedure 
described  in  [23]  where  the  square  cells  are  still  approximated 
by  circular  disks,  but  a  new  set  of  basis  functions  is  used  which 
takes  into  account  the  variation  of  the  fields  within  each  ceil. 
This  method,  as  shown  in  [23],  allows  the  use  of  larger  cells 
resulting  in  a  smaller  matrix.  However,  the  calculation  of  each 
element  of  the  matrix  is  more  difficult  than  in  the  method 
followed  here.  It  is  noted  that,  in  the  solutions  presented  here, 
their  sensitivity  to  errors  in  the  calculation  of  the  elements  of 
the  matrix  Z  can  be  checked  by  computing  the  condition 
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This  paper  presents  an  overview  of  a  hybrid  technique  for  solv¬ 
ing  electromagnetic  radiation  and  scattering  problems  by  com¬ 
bining  the  method  of  moments  (MM)  with  a  special  Green's  func- 
t'on.  The  method,  commonly  referred  to  as  an  MM.'Creen's  func¬ 
tion  solution  combines  the  abildy  of  MM  solutions  to  treat  geo- 
metricalh,  complex  bodies  with  the  accuracy  and  computational 
efficiency  of  Green's  function  solutions.  4s  compared  to  a  stan¬ 
dard  MM  solution,  the  MM/Gre^■n's  function  solution  reduces  the 
number  of  unknowns,  and  thus  reduces  the  computer  storage 
requirements.  In  most,  but  not  all  cases,  the  CPU  time  for  the  MM/ 
Green's  function  solution  is  considerably  less  than  that  fora  stan¬ 
dard  MM  solution.  The  basic  formalism  of  the  MM/Green's  func¬ 
tion  solution  IS  presented  and  contrasted  to  that  of  the  standard 
MM  solutior,.  The  example  problem  of  TM  scattering  by  a  semicir¬ 
cular  strip  in  the  presence  of  a  circular  cylinder  is  solved  by  the 
MM,  and  by  the  MM/Green's  function  technique  with  a  matrix, 
exact  eigenfunction,  and  high-frequency  Green's  function. 

!,  iNTKonuc'iiorj 

This  paper  will  present  an  overview  of  a  technique  which 
combines  the  methocf  of  moments  (MM)  (l]-[3]  and  a 
Green's  function  (4)  in  the  solution  of  electromagnetic 
radiation  and  scattering  problems.  The  technique  is  termed 
an  MM/Green's  function  solution  and  combines  the  flex¬ 
ibility  of  MM  solutions  for  treating  scatterers  of  complex 
geometry  with  the  accuracy  and  computational  efficiency 
of  Green's  function  solutions. 

A  general  problem  in  electromagnetics  is  that  of  finding 
the  fields  of  known  or  impressed  currents  radiating  in  a  vac¬ 
uum  or  homogeneous  medium  in  which  is  present  one  or 
more  irihomogeneities  or  scatterers.  Traditionally  these 
problems  have  been  solved  by  what  can  be  called  Green's 
function  tec  hniques.  That  is,  one  attempts  to  find  either 
exact  or  approximate  explicit  formulas,  known  as  Green's 
functions,  for  the  fields  of  an  infinitesimal  current  element 
radiating  in  the  presence  of  the  scatterers  and/or  bound¬ 
aries.  The  fields  of  the  known  impressed  current  are  then 
found  by  superpcjsition,  that  is  by  integrating  through  the 


Manusrnpl  received  August  i1,  1987;  revised  January  14,  1908. 
The  submission  of  this  paper  was  encouraged  after  review  of  an 
advance  proposal.  This  work  was  supported  under  Contract 
N00014'78-(/-0049  between  The  Ohio  State  University  Research 
foundation  and  the  joint  Service  Electronics  Program. 

The  author  IS  with  the  Department  of  Electrical  Engineering,  The 
Ohio  Stale  Universiiv,  Columbus,  OH  4)212,  USA. 

IEEE  Tog  Number  8820078. 


region  of  the  current  the  vector  dot  product  of  the  current 
distribution  and  the  dyadic  Green's  function.  Green's  func¬ 
tions  tend  to  be  highly  accurate  and,  as  compared  to  MM 
solutions,  in  many  cases  they  are  computationally  efficient 
in  that  they  can  be  evaluated  with  a  minimum  of  effort.  The 
main  limitation  of  Green's  function  solutions  is  that,  except 
for  a  few  simple  shapes  [4]-[6],  the  Green's  functions  are 
difficult  to  obtain,  with  each  new  geometry  requiring  a  new 
analysis. 

With  the  widespread  availability  of  high-speed  digital 
computers  in  the  mid-1960s,  a  numerical  technique  known 
as  the  method  of  moments  (MM)  (1]-(.3]  began  to  gain  pop¬ 
ularity.  Consider  the  standard  MM  solution  for  a  problem 
involving  two  scatterers,  which  we  term  Scatterer  1  and 
Scatterer2.  The  first  step  is  to  use  the  surface  and/or  volume 
equivalence  theorems  [1],  (7)  to  replace  both  scatterers  by 
free-space  and  equivalent  currents.  An  exact  integral  equa¬ 
tion  for  the  equivalent  currents  is  then  formulated  and 
involves  the  relatively  simple  free-space  Green's  function 
in  its  kernel.  The  unknown  equivalent  currents  are  then 
expanded  as  a  finite  sum  of  N,  basis  or  expansion  functions 
on  Scatterer  1  and  Nj  basis  functions  on  Scatterer  2.  /V,  and 
/V^  weighted  averages  of  the  integral  equation  are  enforced 
on  Scatterers  1  and  2,  respectively.  This  transforms  the  inte¬ 
gral  equation  into  an  order  /V,  4-  N2  matrix  equation,  which 
can  be  solved  for  the  /V,  -1-  Nj  coefficients  in  the  expansion 
for  the  equivalent  currents.  The  total  fields  radiated  by  the 
impressed  currents  in  the  presence  of  the  two  scatterers  is 
the  sum  of  the  free-space  fields  of  the  impressed  currents 
and  the  equivalent  currents  on  Scatterers  1  and  2.  The  main 
advantages  of  the  MM  approach  are  that  it  is  accurate  and 
extremely  versatile  as  to  the  geometries  which  it  can  treat. 
For  example,  while  the  exact  Green's  function  solution  for 
scattering  by  a  dielectric  cylinder  appears  only  to  be  pos¬ 
sible  for  the  circular  cross  section  [6],  MM  solutions  are 
available  for  the  scattering  by  dielectric  cylinders  of  essen¬ 
tially  arbitrary  cross  section  [8],  [9].  However,  as  compared 
to  Green's  function  techniques,  MM  solutions  usually 
require  more  computational  effort. 

In  an  MM/Green's  function  solution  to  the  same  two  scat¬ 
terer  problem  described  above,  Scatterer  1,  but  not  Scat¬ 
terer  2,  is  replaced  by  free-space  and  equivalent  currents. 
An  exact  integral  equation  for  the  equivalent  currents  rep¬ 
resenting  Scatterer  1  is  formulated  and  will  involve  the  rel- 


0018  9219/88/0300-0270$ni.nOf':  1988  ITEt 


PROCEEDINGS  OF  THE  IEEE,  VOl  78,  NO  1,  MARCH  1988 


atively  complicated  Scatterer  2  (as  compared  to  the  free- 
space)  Green's  function  in  its  kernel.  The  unknown  equiv¬ 
alent  currents  on  Scatterer  1  are  expanded  as  a  finite  sum 
of  N,  basis  functions.  N,  weighted  averages  of  the  integral 
equation  are  enforced  on  Scatterer  1.  This  transforms  the 
integral  equation  into  an  order  iV,  matrix  equation,  which 
can  be  solved  for  the  N,  coefficients  in  the  expansion  for 
the  current  on  Scatterer  1.  The  total  fields  radiated  by  the 
impressed  currents  in  the  presence  of  the  two  scatterers  is 
the  sum  of  the  fields  of  the  impressed  currents  and  the 
equivalent  currents  on  Scatterer  1,  both  radiating  in  the 
presence  of  Scatterer  2. 

As  compared  with  the  Green's  function  technique,  the 
MM/Creen's  function  method  has  the  advantage  that  it  is 
applicable  to  a  much  wider  class  of  geometries.  This  is 
because  the  MM/Green's  function  method  requ ires  that  we 
know  the  Green's  function  for  either  Scatterer  1  or  2,  while 
the  Green's  function  method  requires  that  we  can  find  the 
Green's  function  for  the  combination  of  Scatterer  1  in  the 
presence  of  Scatterer  2.  As  compared  to  a  standard  MM 
solution,  the  MM/Green's  function  method  has  the  advan¬ 
tages  that  the  number  of  unknowns  in  the  matrix  equation 
is  reduced  from  N,  -t-  N,  to  N,,  thus  reducing  the  required 
computer  storage.  The  disadvantages  of  the  AtM/Green's 
function  technique  is  that  since  the  kernel  of  its  integral 
equation  involves  the  relatively  complicated  Scatterer  2 
Green's  function,  the  evaluation  of  a  typical  element  in  the 
MM/Green's  function  matrix  equation  is  more  difficult  and 
time-consuming  than  that  in  a  standard  MM  solution.  How¬ 
ever,  if  Scatterer  2  is  substantially  larger  than  Scatterer  I, 
then  N,  »  /V,,  and  the  CPU  time  for  the  MM/Green's  func¬ 
tion  solution  is  almost  always  considerably  less  than  that 
of  the  standard  MM  solution. 

Probably  the  most  common  use  of  MM/Cireen's  function 
solutions  has  been  for  problems  involving  antennas  in  the 
presence  of  a  plane  dielectric  interface,  such  as  a  flat  earth. 
In  this  case,  the  antenna  is  Scatterer  1  and  the  dielec  trie  half 
space,  representing  the  earth,  is  Scatterer  2.  Of  the  many 
papers  in  this  area  we  mention  the  work  of  the  group  at 
Lawrence  Livermore  Laboratory  [10|-[131,  much  of  which 
has  been  incorporated  into  a  user-oriented  c  omputer  code 
[14],  the  solution  of  Chang  and  Wait  for  a  vertical  wire  over 
the  earth  [15],  the  use  of  ray  methods  by  Tiberio  ef  a/,  to 
represent  the  energy  reflec  ted  from  the  earth  [16],  and  the 
use  by  Parhami  and  Mittra  of  an  approximate  but  highly 
accurate  representation  of  the  exact  half  space  Green's 
function  [17].  Soluticjns  for  obstacles  other  than  wires  in  the 
presence  of  a  flat  earth  have  also  been  presented  m  [18]- 
[20].  A  ( losely  related  problem  is  that  of  printed  circuit 
antennas.  Here  the  printed  circuit  antenna  is  Scatterer  1 
and  the  dielectric  substrate  is  Scatterer  2.  Again,  there  are 
a  large  number  of  papers,  and  we  mention  MM/Green's 
function  solutions  for  microstrip  antennas  by  Pozar  [21], 
[22],  Newman  and  Forrai  [2.5],  and  Bailey  and  Deschamps 
[24].  In  addition,  Alexopoulos  ef  a/,  have  published  several 
papers  on  printed  circ  uit  dipoles  [25],  [26].  A  sec  ond  related 
area  is  that  of  periodic  arrays  in  multilayered  dielec  trie  slabs 
of  which  [27],  [28]  are  representative. 

Another  popular  use  of  MM/Green's  function  solutions 
has  been  frjr  problems  involving  antennas  or  other  obsta- 
c  les  in  waveguides  and  cavities.  In  these  cases,  Scatterer  I 
was  the  antenna  and  Scatterer  2  was  the  waveguide  or  cav¬ 
ity.  Possibly  the  first  MM/Green's  function  solution  was 


Rao's  (29],  [30]  analysis  of  a  two-element  Yagi  array  in  a  par¬ 
allel  plate  waveguide  in  1965.  It  is  interesting  that  this  work 
was  done  before  Harrington  [2]  published  his  description 
of  the  MM  in  1967.  Other  work  involving  wires  in  wave¬ 
guides  or  cavities  include  Taylor's  [31]  and  Tesche's  [32] 
solutions  for  a  wire  in  a  parallel  plate  waveguide,  and  Sei¬ 
del's  [33]  solution  for  a  wire  in  a  cavity.  MM/Green's  func¬ 
tion  solutions  for  posts  in  waveguides  have  been  done  by 
Leviatan  eta/.  [34],  Auda  and  Harrington  [35],  and  ]arem  [36]. 
Material  bodies  in  waveguides  have  been  analyzed  by  Wang 
[37],  Omar  and  Schunemann  [38],  and  Hsu  and  Auda  [39]. 
Khac  and  Carson  [40]  have  analyzed  a  slot  in  a  waveguide 
and  Thong  [41]  has  analyzed  waveguide  discontinuities. 

Several  MM/Green's  function  solutions  have  been 
obtained  for  cases  in  which  Scatterer  2  is  one  of  the  classical 
shapes  which  fits  into  a  separable  coordinate  system,  and 
thus  has  a  well-known  Green's  function.  Solutions  for  wires 
in  the  presence  of  spheres  have  been  presented  by  Tesche, 
Neureuther,  and  Stovall  [42]-[44]  and  by  Butler  and  Ke- 
shavamurthy  [45].  MM/Green's  function  solutions  involv¬ 
ing  circular  cylinders  have  been  done  by  Misra  and  Chen 
[46],  Steyskal  [47],  Karunaratne  eta/.  [48],  and  Lamensedorf 
and  Ting  [49].  Wire  antennas  near  the  edge  of  a  half-plane 
or  a  wedge  have  been  analyzed  by  Pozar  and  Newman  [50], 
[51].  Newman  has  analyzed  a  material  cylinder  of  arbitrary 
cross  section  in  the  presence  of  a  half-plane  [52],  [53],  and 
Newman  and  Blanchard  [54]  have  analyzed  an  impedance 
sheet  in  the  presence  of  a  parabolic  cylinder.  Section  III  of 
this  paper  presents  an  analysis  for  a  semicircular  strip  in  the 
presence  of  a  circular  cylinder. 

Most  of  the  above  referenced  works  were  natural  MM/ 
Green's  function  solutions  in  that  Scatterer  2  was  one  of  the 
few  shapes  for  which  an  exact  Green's  function  was  known. 
Thiele  and  Newhouse  [55]  greatly  expanded  the  range  of 
problems  which  could  be  solved  via  the  MM/Green's  func¬ 
tion  technique  by  recognizing  that  the  geometrical  theory 
of  diffraction  (GTD)  [56]  could  be  used  to  obtain  the  asymp¬ 
totic  or  high-frequency  Green's  function  for  a  large  class 
of  electrically  large  bodies  (Scatterer  2).  This  important  spe¬ 
cial  case  of  the  MM/Green's  function  technique,  where  the 
GTD  is  used  to  evaluate  the  Green's  function,  is  referred 
to  as  an  MM/GTD  solution.  For  problems  involving  elec¬ 
trically  small  and  large  parts,  MM/GTD  solutions  are  ideal 
since  the  MM  can  efficiently  treat  the  electrically  small  part 
of  the  problem  (Sc  atterer  1),  while  the  GTD  can  efficiently 
treat  the  electrically  large  part  (Scatterer  2).  The  earliest  use 
cif  the  MM  with  an  asymptotic  Green's  function  appears  to 
be  that  of  Green  [57]  for  a  monopole  on  the  base  of  a  large 
cone.  Other  applications  include  that  by  Awadalla  and 
Maclean  [58],  [59]  and  by  Marin  and  Catedra  [60]  to  analyze 
a  monopole  on  a  plate.  MM/GTD  solutions  for  wires  on 
curved  surfaces  have  been  presented  by  Ekelman  and  Thiele 
[61]  and  by  Henderson  and  Thiele  [62],  [63].  Thiele  and  Chan 
[64]  have  used  the  MM/GFD  to  efficiently  generate  large 
amounts  of  frequency  domain  data  so  that  the  Fourier 
transform  could  beused  toobtain  time  domain  results.  Also, 
Ko  and  Mittra  [65]  have  developed  an  iterative  MM/GTD 
solution  whic  h  allows  for  a  check  as  to  how  well  the  solu¬ 
tion  satisfies  the  boundary  conditions. 

Harrington  and  Mautz  [66]  and  Glisson  and  Butler  [67] 
showed  that  for  a  Scatterer  2  geometry  which  is  so  complex 
that  it  is  not  feasible  to  obtain  a  functional  expression  for 
Its  Green's  function,  an  MM/Green's  function  solution  is 
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still  possible.  This  is  done  using  a  numerical  Green's  func¬ 
tion  which  is  evaluated  by  an  MM  solution  of  Scatterer  2. 
Harrington  and  Mautz  used  the  MM  to  find  the  numerical 
Green's  function  for  a  body  of  revolution.  Glisson  and  But¬ 
ler  applied  the  MM/Green's  function  technique,  with 
numerical  Green's  function,  to  the  problem  of  a  wire  (Scat¬ 
terer  1)  in  the  presence  of  a  body  of  revolution  (Scatterer 
2).  The  concept  of  a  numerical  Green's  function  is  similar 
to  Marker's  [68]  matrix  partitioning  method  and  to  the  matrix 
Green's  function  discussed  in  the  next  section. 

There  are  several  hybrid  techniques,  related  to  the  MM/ 
Green's  function  technique,  which  will  not  be  treated  in 
this  paper.  In  particular,  we  mention  the  so-called  GTD/MM 
technique  which  uses  the  MM  to  numerically  evaluate  an 
unknown  diffraction  coefficient  [69]-[71].  Thiele  eta/,  have 
developed  a  hybrid  theory  of  diffraction  (HTD)  which  uses 
a  high-frequency  approximation  for  the  current  on  a  por¬ 
tion  of  the  body  and  the  MM  on  the  remainder  [72],  [73].  In 
a  related  technique,  Mitschang  and  Wang  incorporate  the 
high-frequency  currents  into  the  MM  solution  for  scatter¬ 
ing  by  a  body  of  revolution  [74].  Azarbar  and  Shafai  [75]  effi¬ 
ciently  analyzed  large  reflector  antennas  by  employing  an 
MM  solution  which  solved  for  the  difference  between  the 
actual  and  the  physical  optics  currents  on  the  surface  of  the 
reflector.  Finally,  Richmond  [76]  has  developed  a  physical 
basis  technique  for  an  MM  solution  of  a  wide  dielectric  strip 
which  involves  only  three  basis  functions. 

Section  II  of  this  paper  presents  the  basic  formalism  for 
a  standard  MM  solution  and  an  MM/Green's  function  solu¬ 
tion.  The  two  methods  are  compared  and  the  concept  of 
of  a  matrix  Green's  function  is  introduced.  Section  III  solves 
the  example  problem  of  TM  scattering  by  a  perfectly  con¬ 
ducting  semicircular  strip  in  the  presence  of  a  perfectly 
conducting  circular  cylinder  by  a  standard  MM  solution, 
and  by  the  MM/Green's  function  method  using  a  matrix, 
exact  eigenfunction,  and  GTD  Green's  function.  Section  IV 
briefly  summarizes  the  main  points  of  this  paper. 

II.  MM  AND  MM/Green's  Function  Formulaiions 
A.  Problem  Geometry 

This  section  will  outline  the  MM  and  MM/Green's  func¬ 
tion  solution  for  the  scattering  by  two  perfectly  conducting 
scatterers.  The  basic  geometry  is  shown  in  Fig.  1(a).  Here 
we  have  the  impressed  currents,  (/',  M'),  radiating  in  the 
presence  of  two  perfectly  conducting  obstacles,  termed 
Scatterers  1  and  2,  and  producing  the  total  fields  (f,  H).  In 
free-space  the  impressed  currents  radiate  the  incident  fields 
(f'*’,  H'”).  Scatterer  1  is  enclosed  by  the  surface  S,  which  has 
outward  unit  normal  ri,,  and  similar  definitions  apply  to 
S<  atterer  2.  The  ambient  medium  is  free-space  with  perme¬ 
ability  and  permittivity  (fio-  fill-  All  fields  and  currents  are 
time  harmonic,  with  the  e'"'  time  dependence  suppressed. 
Flere  u;  =  27r/  is  the  radian  frequency,  X  denotes  the  free- 
space  wavelength,  and  k  =  lir/X.  For  simplicity,  we  present 
the  MM  and  MM/Green's  function  solution  for  perfectly 
conducting  obstacles,  and  unless  specifically  noted,  all 
general  remarks  apply  equally  well  to  problems  involving 
penetrable  scatterers. 

The  MM  and  MM/Green's  function  solutions  can  be  nota¬ 
tion  ally  c  omplex,  involving  many  quantities,  some  of  which 
differ  only  slightly  in  their  meaning.  To  minimize  confu¬ 
sions  we  introduce  a  notation  based  upon  subscripts  and 
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Fig.  1.  (a)  In  the  original  problem  the  impressed  currents 
radiate  in  the  presence  of  two  perfectly  conducting  scat¬ 
terers.  (b)  In  the  standard  MM  solution,  both  scatterers  are 
replaced  by  free-space  and  equivalent  currents,  (c)  In  the 
MM/Creen's  function  solution,  only  Scatterer  1  is  replaced 
by  free-space  and  equivalent  currents. 


superscripts.  For  exam  pie,  we  use  the  notation  of  the  super¬ 
scripts  or  to  indicate  a  quantity  computed  from  the 
fields  of  a  current  in  free-space,  in  the  presence  of  Scatterer 
2,  or  the  fields  scattered  from  Scatterer  2, respectively.  The 
subscripts  ,  or  2  will  be  used  to  denote  a  quantity  associated 
with  Scatterers  1  or  2,  respectively.  The  integer  subscripts 
,„  and  „  are  used  to  refer  to  MM  basis  function  numbers, 
while  the  integer  subscript  p  refers  to  term  p  in  a  cylindrical 
eigenfunction  expansion.  Finally,  the  superscript '  denotes 
a  quantity  associated  with  the  impressed  currents.  This 
notation  is  summarized  in  Table  1. 


Table  1  Summary  of  Superscript  and  Subscript  Notation 

Notation 

Implies  a  Quantity  Associated  with  ,  .  . 

Superscript  0 
Superscript  2 
Superscript  S2 
Subscript  1 

Subsript  2 
Superscript  / 
Subscript  m  or  n 
Subscript  p 

the  free-space  fields  of  a  current 
the  fields  in  the  presence  of  Scatterer  2 
the  fields  scattered  from  Scatterer  2 
Scatterer  1  or  the  N,  modes  on  Scatterer  1 
Scatterer  2  or  the  N2  modes  on  Scatterer  2 
the  impressed  currents  (/',  M') 

MM  modes  m  or  n 
cylindrical  eigenfunction  term  p 

B.  MM  Solution 

As  illustrated  in  Fig.  1(b),  the  first  step  in  the  standard  MM 
solution  is  to  replace  all  matter,  i.e.,  Scatterers  1  and  2,  by 
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free-space  and  by  the  equivalent  electric  surface  current 
density  /  where 

fix  =  Aj  X  H  on  Si 

(1) 

h  -  A2  X  H  on  Sj. 

Note  that /  is  unknown  since  H  is  unknown,  however, /will 
be  found  in  the  MM  solution.  By  definition,  the  scattered 
fields  are  the  difference  between  the  total  fields  and  the 
incident  fields.  In  the  equivalent  problem  of  Fig.  1(b),  the 
scattered  fields  are  the  free-space  fields  of  /,  denoted  (£*(/), 
H“(/)).  In  this  case,  the  total  fields  are 

f  =  f «  +  £»(/)  (2) 

H  =  H*  +  H®(/).  (3) 

Note  that  we  use  the  notation  of  superscript  “  to  imply  the 
free-space  fields  of  a  current  distribution. 

An  electric  field  integral  equation  (EFIE)  for  /  is  obtained 
by  enforcing  the  boundary  condition  that  the  total  electric 
field  tangential  to  5|  and  S2  must  vanish  on  the  surfaces  5i 
and  Si-  Then  from  (2) 

-f®{/)  =  f*  tangential  components  on  S,  and  Sj.  (4) 
Equation  (4)  is  an  integral  equation  for  /  since 

f®(/)  =  II  /  •  C'  ds'  (5) 

S, +S! 

where  C®  is  the  dyadic  free-space  Green's  function  [4].  Basi¬ 
cally  C®is  a  3  X  3  matrix  which  gives  the  free-space  vector 
electric  field  of  an  arbitrarily  oriented  infinitesimal  electric 
current  element.  For  example,  in^the  rectangular  coordi¬ 
nate  system,  the  i,  /  element  of  C®  is  the  x,  y,  or  z  polar¬ 
ization  (for  /  =  1, 2,  3)  of  the  free-space  electric  field  due  fo 
an  infinitesimal  electric  current  element  with  dipole  ori¬ 
entation  X,  y,  or  z  (for  /  =  1,  2,  3). 

Equation  (4)  must  now  be  solved  for  /.  The  first  step  is  to 
expand  /  in  terms  of  an  appropriate  set  of  expansion,  basis, 
or  interpolating  functions.  Thus  we  write 

/  =  ^  (nin  (6) 

n  =  1 

where  the /„  are  a  set  of  N  known  linearly  independent  basis 
functions  defined  on  S,  and  S2,  and  the  l„  are  a  set  of  N 
unknown  coefficients  (n  =  1,  2,  •  •  •  ,  N).  Denoting  f®(/„)  as 
the  free-space  electric  field  of  /„,  and  substituting  (6)  into 
(4)  yields 

N 

-  I,  l„E’‘{l„)  =  f" 

n  ■=  1 

tangential  components  on  Si  and  S2.  (7) 

Now  define  a  set  of  N  linearly  independent  vector  weight¬ 
ing  functions,  w„(m  =  1,  2,  •  •  •  ,  N),  on  and  tangential  to 
the  surfaces  Si  and  S2.  If  in  (6)  the  first  expansion  func¬ 
tions  are  on  Si  and  the  last  N2  are  on  Si  {N  =  +  Ni),  then 

the  first  N,  weighting  functions  are  on  Si  and  the  last  Ni  are 
on  S2.  Taking  the  inner  product  of  both  sides  of  (7)  with  each 
of  the  N  weighting  functions  converts  (7)  into  an  N  x  N 
system  of  simultaneous  linear  algebraic  equations  which 
can  be  written  in  matrix  form  as 

(Zl(/]  =  [V®]  (8) 


where  [Z®]  is  the  N  x  N  impedance  matrix,  [V®]  is  the  length 
N  right-hand-side  or  voltage  vector,  and  (/]  is  the  length  N 
solution  or  current  vector  which  contains  the  N  =  +  Ni 

coefficients  in  the  original  expansion  for  the  current  in  (6). 
Typical  elements  of  [Z®]  and  [V®]  are  given  by 

Zmn  =  -  5  5  f®(/„)  •  ds 

m 

m  n 

V®^  =  J  J  f*  ■  w„  ds.  (10) 

m 

As  indicated  in  (9)  and  (10)  the  ds  integrals  are  over  the  sur¬ 
face  of  the  mth  weighting  function,  while  the  ds'  integrals 
are  over  the  surface  of  the  nth  expansion  function. 

Assuming  /Vi  basis  functions  are  employed  on  Scatterer 
1,  and  Nj  basis  functions  on  Scatterer  2,  Fig.  2  shows  the 
matrix  equation  (8)  partitioned  into  blocks,  corresponding 
to  the  basis  functions  on  Scatterers  1  and  2.  Here  [Zii]  is  the 


[Z"]  [I]  =  [V] 


Fig.  2.  The  standard  MM  matrix  equation  is  partitioned  into 
blocks  related  to  basis  functions  on  Scatterers  1  and  2. 

Ni  X  N,  block  of  [Z“]  which  represents  coupling  between 
basis  functions  on  Scatterer  1,  [Z12]  is  the  Ni  x  Ni  block  of 
[Z®]  which  represents  coupling  between  basis  functions  on 
Scatterer  1  and  basis  functions  on  Scatterer  2,  [fi]  is  the  first 
N,  elements  of  [/]  containing  the  coefficients  of  the  expan¬ 
sion  functions  on  Scatterer  1,  etc.  Note  that  [Z?i]  and  [Z22] 
are  the  MM  impedance  matrices  for  isolated  Scatterer  1  or 
Scatterer  2,  respectively,  in  free-space.  Similarly,  [V®]  and 
[V2)  are  the  voltage  vectors  for  isolated  Scatterer  1  or  Scat¬ 
terer  2,  respectively,  in  free-space.  As  shown  in  Table  1,  the 
notation  being  used  is  that  the  subscript  1  indicates  a  quan¬ 
tity  associated  with  the  first  N,  basis  functions  on  Scatterer 
1,  while  the  subscript  2  indicates  a  quantity  associated  with 
the  Ni  basis  functions  on  Scatterer  2. 

Using  standard  technique  j  of  matrix  algebra,  (8)  can  now 
be  solved  for  the  current  vector  [/]  which  when  substituted 
into  (6)  provides  an  approximation  to  the  current  on  the 
scatterers.  In  principle,  as  N  is  increased,  a  well-formulated 
MM  solution  approaches  the  exact  solution.  For  problems 
which  are  formulated  in  terms  of  an  unknown  surface  cur¬ 
rent  density,  the  number  of  unknowns,  /V,  which  must  be 
retained  in  the  MM  solution  is  proportional  to  the  electrical 
surface  area  (Si  +  SiVX^,  with  values  from  24  to  100  basis 
functions  per  being  typical. 
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The  CPU  time  necessary  to  compute  [Z®]  is  proportional 
to  N^.  The  CPU  time  to  solve  (8)  tends  to  be  proportional 
to  for  small  to  modest  N,  but  to  for  large  N.  Thus,  if 
N  is  not  too  large,  the  computer  CPU  time  and  storage 
requirements  needed  to  carry  out  the  MM  solution  vary 
roughly  as  or  as  f  ^  As  the  frequency  is  increased  N  must 
be  increased,  and  at  some  point  the  computer  resources 
needed  to  solve  the  problem  become  prohibitive.  For  this 
reason,  MM  solutions  are  often  referred  to  as  low-fre¬ 
quency  solutions,  applicable  to  bodies  which  are  not  too 
large  in  terms  of  a  wavelength. 

C.  MM/Creen's  Function  Solution 

The  fundamental  difference  between  the  MM  and  MM/ 
Green's  function  solutions  is  that  in  the  MM/Green's  func¬ 
tion  solution  some,  but  not  all,  of  the  matter  is  replaced  by 
free-space  and  equivalent  currents.  In  the  equivalent  prob¬ 
lem  of  Fig.  1(c),  Scatterer  1,  but  not  Scatterer  2,  is  replaced 
by  free-space  and  equivalent  currents.  Then,  in  contrast  to 
(1),  the  equivalent  currents  for  the  MM/Green's  function 
solution  are 


y  =  /,  =  n,  X  H  on  S,  only.  (11) 

In  Fig.  1(c),  the  total  fields  are  the  superposition  of  the  fields 
of  the  impressed  currents  and  I,,  both  radiating  in  the  pres¬ 
ence  of  Scatterer  2.  Then  denoting  (f'^,  H'^)  and  (f^(/i), 
H*(/,))  as  the  fields  of  the  impressed  currents  and  /t,  respec¬ 
tively,  radiating  in  the  presence  of  Scatterer  2,  the  total  fields 
are 

E  =  P*  -I-  Ehh)  (12) 

H  =  +  HHIx)-  (13) 

As  indicated  in  Table  1,  the  notation  of  superscript  ^  implies 
the  fields  of  a  current  distribution  in  the  presence  of  Scat¬ 
terer  2.  Inherent  in  the  MM/Green's  function  formulation 
is  that  we  know  (to  an  acceptable  accuracy)  the  Green's 
f u  nction  for  Scatterer  2.  That  is,  we  know  the  near  zone  fields 
of  a  current  element  in  the  vicinity  of  Scatterer  2. 

TheEFIE  isobtained  by  enforcing  the  boundary  condition 
that  the  total  electric  field  tangential  to  S,  must  vanish  on 
the  surface  Then  from  (12) 

-f*(/,)  =  £'*  tangential  components  on  S,  only,  (14) 

Note  that  it  is  not  necessary  to  explicitly  satisfy  the  bound¬ 
ary  conditions  on  Scatterer  2,  since  it  is  implicit  in  (14)  that 
all  sources  radiate  in  the  presence  of  Scatterer  2,  and  by 
definition  these  fields  satisfy  the  boundary  conditions  on 
Scatterer  2.  Equation  (14)  is  an  integral  equation  for/, since 

f^/i)  =  J  {  /'  •  ds-  (15) 

Si 

where  is  the  dyadic  Green's  function  for  Scatterer  2.  C’ 
is  similar  to  C®in  (5),  except  the  electric  current  element  is 
radiating  in  the  presence  of  Scatterer  2. 

Equation  (14)  must  now  be  solved  for  /,.  We  begin  by 
expanding  /,  as 

N, 

/i  =  s  l„l„.  (16) 

n  =  1 

This  expansion  is  identical  to  that  in  (6),  except  that  we 
include  only  the  first  /V,  basis  functions  on  Scatterer  1.  Sub¬ 


stituting  (16)  into  (14)  yields 
-  S  /„£'(/,)  =  f" 

n  -  ^ 

tangential  components  on  5,  only  (17) 

where  E\l„)  is  the  electric  field  of  /„,  located  on  S,,  and 
radiating  in  the  presence  of  Scatterer  2.  Taking  the  inner 
product  of  (17)  with  a  set  of  N,  weighting  functions  located 
on  S,  reduces  (17)  to  the  matrix  equation 

[Z'][/,l  =  [V'l  (18) 

where  [Z^]  is  the  /V,  x  /V,  impedance  matrix,  (/,]  is  the  length 
/V,  current  vector  containing  the  unknown  coefficients  in 
the  expansion  for/,,  and  [l/^]  is  the  /V,  element  voltage  vec¬ 
tor.  Typical  terms  of  [Z^]  and  [V^]  are  given  by 

Zmn  =  “  I  I  (f^(W  •  •*'/n  ds 


C'  ds' 


ds 


(19) 


I'm  =  I  j  p"  •  ds.  (20) 

m 

The  above  expressions  for  the  elements  in  the  MM/Green's 
function  matrix  equation  are  identical  to  those  for  the  stan¬ 
dard  MM  solution  (9),  (10),  except  that  we  replace  the  free- 
space  fields  with  the  fields  in  the  presence  of  Scatterer  2 
Equation  (18)  can  now  be  solved  for  [/,],  which  when  sub¬ 
stituted  into  (16)  provides  an  approximation  to  the  current 
on  Scatterer  1.  The  total  fields  are  then  found  using  (12)  and 
(13). 

The  fields  of  any  current  distribution  in  the  presence  of 
Scatterer  2  can  always  be  written  as  the  sum  of  the  free-space 
fields  of  the  current  plus  a  correction  term,  corresponding 
to  the  fields  scattered  from  Scatterer  2.  Thus  we  can  write 

c’  =  c®  +  c” 

E^(ln)  =  f®(/„)  +  f”(/„) 

p2  =  E”  +  P”  (21) 

where  the  superscript  implies  the  fields  scattered  from 
Scatterer  2.  Using  this  notation,  (18)  can  split  into  its  free- 
space  and  scattered  components  as 

([Z?,J  +  [Z”])[/,]  =  [V?]  +  (\/“]  (22) 

where  the  [Z®,]  and  [U?]  are  the  Scatterer  1  matrix  elements 
in  the  absence  of  Scatterer  2  as  defined  by  (9),  (10),  and  Fig. 
2.  [Z^^]  and  are  perturbation  terms  which  account  for 
the  fields  scattered  from  Scatterer  2,  and  are  given  by  (19), 
(20),  with  the  superscript  ^  replaced  by 
In  some  cases,  it  is  advantageous  to  split  the  impedance 
matrix  into  its  free-space  and  scattered  components,  as 
shown  in  (22).  This  is  a  result  of  the  fact  that  it  is  almost  always 
easier  and  faster  to  accurately  find  the  elements  of  [Z®,]  than 
thoseof  (Z^]or(Z^^].  In  many  problems  the  free-space  com¬ 
ponents  will  be  much  larger  than  the  scattered  compo¬ 
nents.  In  this  case,  it  is  computationally  efficient  to  first  eval¬ 
uate  the  elements  of  [Z®,]  with  high  accuracy  and  relatively 
little  CPU  time,  and  then  expend  as  much  CPU  time  as  is 
reasonable  to  evaluate  the  elements  of  [Z*^].  If,  for  example. 
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a  typic al  element  ot  IZ ''']  is  about  10  percent  as  large  as  the 
corresponding  element  in  |2'J|1,  then  a  10-percent  error  in 
evaluating  that  element  in  (Z'^l  will  result  in  only  about  a 
1-percent  error  in  the  corresponding  element  in  [Z^].  Thus 
one  can  save  considerable  CPU  time  by  requiring  only  mod¬ 
est  accuracy  in  the  computation  of  those  elements  of 
The  split  shown  in  (22)  is  especially  advantageous  when 
treating  the  singularity  in  the  self-impedance  (i.e.,  m  -  n) 
terms,  or  other  terms  where  the  expansion  and  weighting 
functions  physically  overlap.  Since  this  singularity  is  entirely 
in  [Z  n),  the  split  in  (22)  allows  one  to  analyze  the  singularity 
with  the  relatively  simple  free-space  Creen's  function,  and 
not  the  more  complex  Sratterer  2  Green's  function.  An 
ex(  option  would  be  if  Scatterers  1  and  2  touch  at  an  edge, 
or  (  orner  of  Sc  atterer  2,  in  which  case  would  be  singular 
at  the  attachment  line  or  point,  respectively.  Treatment  of 
this  singularity  in  is  highly  problem  dependent,  and  is 
beyond  the  si  ope  ol  this  tutorial  paper.  The  split  shown  in 
(22)  IS  also  natural  for  the*  MM/GfD  mc'lhod  where  thc‘  ray 
piiture  ol  the  Si  allerer  2  (  ireen's  funition  expressc's  lhc“ 
lields  as  the  sum  ot  an  ini  iiJent  ray  plus  several  scattered 
or  dilfrai  teil  rays.  A  further  prai  lical  advantage*  of  the  split 
in  (22)  IS  that  lomputer  programs  for  the  evaluation  ol 
and  I V'',')  may  already  be  available.  Wei  aulion  that  there 
are  instani  es  where  certain  elements  of  (Z',',!  are  almost  the 
negative  ot  the  corresponding  elements  of  [Z''!,  making 
the  spill  in  (22)  a  numeric  ally  unstable  method  of  com¬ 
puting  IZ)  (S2|,  177). 

D  A  (  oniparison  Helween  the  MM  and  MM/Creen's 
I  un(  linn  So/ufions 

first  consider  the  basic  accuracy  ot  the  MM  and  MM/ 
( iri*en's  tunc  lion  solutions,  the  basic  integral  equations  on 
which  the  MM  and  MM/Grc>en's  function  solutions  are 
basc'd  are  tiolh  exact.  If  both  inc*thods  use  the*  same*  N, 
exp.insion  and  wc*ighting  tunc  lions  on  Sc  atlc*rer  1,  and  the 
i*xai  t  (iri'en's  tunc  tion  is  used  in  the  MM/Cirec*n's  tunc  lion 
solution,  then  in  the*  limit  as  N,  and  N,  *  oo,  both  solutions 
should  in  princ  ipli*  yield  the  exac  I  result  I  or  the  <  se  of 
linile  N,,  but  in  the  limit  as  N,  •  oo,  both  solutions  should 
[iroclui  e  the  same  approxini.ite  result  In  partu  ular,  the*  N, 
c‘lc“mi*nls  ot  (/||  m  ( 18)  should  be  idc'ntic  al  to  the  lirsi  N,  elc*- 
inc-nts  ot  |/|  in  (8)  ffowc*ver,  in  prac  tic  c*  N,  anil  N.  will  both 
be*  finite*,  anil  the*  two  solutions  will  yii*ld  somewhat  dit- 
l(*renl  ri*sulls  (he*  most  ac  i  urate*  mc*thoil  is  the  one*  with 
the*  most  ac  c  urate*  modc*l  ot  Sc  atti*rc*r  2  The*  MM  solution 
i*mplovs  an  MM  mocl(*l  ot  Sc  atterc*r  2,  while*  the*  MM/<  ,ri*c*n's 
tunc  tion  method  employs  the*  Sc  altc*ri*r  2  ( irc*c*n's  tunc  tion 
If  the*  c*xai  t  Sc  alteri*r  2  (irec*n's  tunc  lion  is  usc*d  (and  wc* 
assume  that  it  c  an  be*  i*valuati*d  i*xac  tly),  ttii*n  the*  MM/ 
(,rrrn\  tunc  tion  solution  will  be*  the*  most  ac  i  urate.  How- 
evei.  It  an  approximate*  (ir(*en's  tunc  lion  is  usc*d,  lhi*n  the* 
MM/(ireen's  tunc  lion  solution  may  not  be  as  ai  c  urate  .is 
the*  MM  solution  In  this  c  ,ise,  the  rc*lalive  accuracy  will 
de[)i*nil  upon  the*  ac  c  urai  y  ol  the*  a[)proximali*  Sc  alleri*r  2 
( .rec’ii's  tunc  lion  ,ind  on  the  nurnt)i*r  ot  liasis  tunc  lions  A/, 
use  cl  in  the*  MM  model  ol  Sc  .ilteri*r  2 

Next  c  onsieier  llie  (  f’U  lime  and  storage*  lor  Iht*  MM  and 
MM/(  .ri*c*n's  luni  tion  solutions.  Ihc*  MM  solution  lor  the* 
i  urrent  on  Sc  .itlerers  1  and  2  mvolvi*s  .in  orclc*r  .V  N,  i 
N,  m.ilrix  i*qu.ilion,  while*  the*  MM/( .rc*i*n's  tunc  lion  sold 
lion  involves  an  cirrier  N  N,  matrix  equation.  Since*  N’ 


Storage  locations  are  required  for  the  impedance  matrix  ((N^ 
+  N)/2  for  a  symmetric  matrix),  the  MM/Green's  function 
solution  requires  less  storage,  espec Tally  if  »  N,.  By  the 
same  argument,  the  matrix  solution  time  is  less  for  the  MM/ 
Green's  func  tion  solution.  The  C.PU  time  to  compute  a  sin¬ 
gle  element  in  an  MM/Creen's  func  fion  impedanc  e  matrix 
generally  requires  mor,e  CPU  lime  than  a  corresponding 
element  in  a  MM  impedance  matrix.  This  is  because  the 
elements  in  the  MM/Green's  func  tion  impedance  matrix 
involves  the  relatively  complic  ated  Sc  atterer  2  Ciri*i*n's 
function.  In  both  cases,  the  total  CPU  time*  to  compute*  or 
fill  the  impc*danie  matrix  is  proportional  to  N  ’.  Howc*ver, 
if  Nj  »  N,,  then  the  CPU  time  to  i  ornputc*  the*  N]  elements 
in  the  MM/Green's  func  tion  impedanc  e  matrix  will  usually 
be  less  than  the  CPU  time  to  compute  the  (N,  +  N .)'  i*lc*- 
ments  in  the  MM  impedance  matrix. 

f.  The  Matrix  Creen's  function 

As  mc*nlionc*d  above,  the  MM  and  MM/Creen's  func  tion 
solutions  produi  i*  essentially  the  same  ri*sult  lor  I/,].  It  lol 
lows  that  there  must  be  a  vi*ry  i  lose*  ri*lalic>nship  be*lwi*i*n 
the  MM  matrix  ec|uation  (8)  and  the  MM/C.ri*c*n's  tunc  tion 
matrix  c*cfuation  (18)  or  (22).  Wi*  will  now  obtain  this  rc*la 
lionship  bv  c  asling  (8)  into  an  ordi*r  N,  matrix  equation  lor 
1/,|,  and  Ihc'n  comparing  the  result  to  (22). 

As  illustrati'd  in  fig.  2,  the*  MM  matrix  c*cjuation  (8)  is 
equivalent  to  the  louplecl  matrix  c*c)uations 

l^nllM  *  IV''.')  (21) 

>  l^'.vll/..)  iV;).  (24) 

Left  mulli|)lying  (24)  by  !Z',',1|Z','.|  '  yi(*lc)s 

Ic'oll/I.r '|/",l|/,l  (  l/'Mlbl 

'|V.|.  (2T) 

It  wenowsubirai  I  (2"))  Irom  (2 1),  Ibi'l/  .)  ter  ms  c  am  i*l  lc*aving 
the*  order  N,  matrix  i*quation  tor  |/|) 

l|/ni  |V"1  |Z',',||Z'!,1  '|V':i  I2(.l 

Alter  (2t>)  has  been  sc)lvc*tl  lor  |/||.  tbi*n  |/.|  c  an  be*  obtained 
trom  (24)  as 

i/,i  iz':,i  'iv';i  iz';,i  'iz',',ii/,i.  a?) 

(  om()arison  with  (22)  shows  ih.it  I2(>)  is  in  ihc*  lorm  ol  ,in 
MM/( ,rc*i*n's  tunc  lion  solution,  wb(*ii‘  the*  pcTiurbalion 
lc*rms,  c  ausc*d  by  Sc  ani*rc*r  2,  arc*  given  by 

l/'-'l  1/';..1|/".|  'IZ'.M  (28) 

iz',',iiz':,i  'iv";i.  12-1) 

IZ  ’■’!  and  IV"  ']  in  (28),  (2‘1|  an*  not  icli*nlic  al  to  those*  in  (22), 
since*  ditli*ri*nt  moeli*ls  arc*  bi*ing  usi*d  lor  Sc  .merer  2  In 

(irinc  ipic*,  they  will  bi*i  ome  idenlical  it  the  i*x.ic  I  (irec'ii's 
tunc  tion  IS  usc*d  toe  om|)Ule  (Z  '  |  .ind  |V' '  '|  m  (22),  and  it  N. 

•  *»  basis  tunc  lions  an*  usi'il  to  model  Sc  alli*n*r  2  m  the* 
evalualionollJh)  for  tinileN,,  lliee  orn*sponding  c*lemc*nls 
in  lhc*se  c*cpialic)ns  will  be*  .ip()riiximatc*ly  the  same*.  In  i*ilhc*r 
case*,  (26)  can  be  inli*rprc*ti'cl  as  .in  MM/(.n*i*n's  tunc  (ion 
solution  tor  lhi*i  urrent  on  Sc  alli*ri*r  I.  t1owc*vi*r,  (he*  C.ri*c*n's 
tunc  lion  IS  in  the*  lorm  ol  a  matrix  r.ithi*r  than  a  tunc  tion, il 
c'xpri*ssion.  I  bus,  wi*  c  an  loosi*ly  rc*li*r  lo(Z','.|lZ'!.|  '(Z’nl  as 
a  matrix  (.n*c*n's  tunc  lion  lor  Sc  .illerc*r  2,  sine  i*  it  is  a  c  om 
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plete  description  of  the  scattering  of  electromagnetic  waves 
from  Scatterer  2  due  to  the  source  currents  modeling  Scat- 
terer  1.  The  advantage  of  the  matrix  Green's  functirjn  is  that 
It  can  be  obtained  for  any  Scatterer  2  geometry  for  whir  h 
a  standard  MM  solution  lor  Scatterer  2  in  free-spar  e  is  avail¬ 
able.  tmploying  (26),  with  the  matrix  Green's  function,  is 
similar  to  Glisson  and  Butler's  use  of  a  numerical  Green's 
function  to  analyze  a  wire  antenna  in  the  presence  of  a  body 
of  revolution  (BOR)  (67|  and  to  Marker's  matrix  partitioning 
method  |68|. 

The  following  physic  al  interpretation  can  be  made  fttr  the 
matrix  terms  in  (26): 

■  (^'jillM  i'’  the  electric  field  incident  upon  Scatterer  2 
caused  by  thee  urrent  on  Sc  atterer  1  radiating  in  free-spar  e. 

•  '[Z''||(/|)  is  the  c  urrent  induced  on  Scatterer  2  by 
the  above  me  ident  field. 

1Z'’-'|  -  |Z';,llZ';,r  'iz'lill/,!  is  tbe  electnc  field  inci¬ 
dent  upon  Sc  atterer  1  c  aused  by  the  above  current  on  Scat- 
tc-rer  2  radiating  in  free-space,  i.e.,  this  term  accounts  for 
the  coupling  between  the  currents  on  Scatterers  1  and  2. 

•  IZ",1  '|V'"1  IS  the  current  induced  on  Scatterer  2  by  the 
original  inc  ident  field,  (5'“,  H'“). 

•  [V^'l  ^  IZ'i'jllZ",]  '[Ujl  is  the  electric  field  incident 
upon  Sc  atterc’r  I  c  aused  by  the  above  c  urrent  cjn  Sc  atterer 
2,  I.e,  this  term  ac  c  ounts  for  the  perturbation  In  I  he  elec  trie 
tield  me  ident  upon  Scattc-rer  1  caused  by  the  presence  of 
Sc  attc-rer  2. 

Although  the  MM  and  MM/(ireen's  tunc  tion  solution  with 
matrix  Grc'CTi's  tunction  are  algc’braic ally  equivalent,  there 
are  times  whem  the  MM/matrix  Green's  function  solution 
c  an  rc-duc  e  the  (  PU  times  A  prac  tic  al  example  would  be  a 
[laramc-ter  study  to  tmcl  the  Icmgth  and  loc  ation  ol  a  dipole 
cm  an  airfilane  m  order  to  obtain  a  presc  ribed  input  imped¬ 
ance  and/or  radiation  pattern,  I  o  solve  this  dc'sign  probicmi 
we  analyze  dipolc's  ol  various  lengths  and  locations  on  the 
airplanes  uniil  a  length  and  location  is  found  which  meets 
the  pattern  and  impeclanc  e  s[)ec  itic  alions.  In  the  MM  model 
ot  the-  ili[)olc-  and  the  aire  rail,  the  numbc'r  ol  unknowns 
nec-ded  to  model  llie  airplane  wcculcl  tar  exc  eed  that  nc>edc‘cl 
tor  the  dipoles  It  we‘  le'l  the-  dipole-  lie-  Scatterer  I  and  the 
airplane  Sc  alli-re-r  2,  this  probic-m  is  an  e-xc  ellc-nl  c  ancfidatc- 
tor  an  MM  t  ire-en's  tunc  tion  solution  sme  c-  /V,  »  N,.  Using 
itim  wire-  and  surlac  e  pale  h  modeling  te-c  hnic,|uc-s,  a  stan- 
clarcl  MM  solution  lor  the  dipole-  m  the-  prese-nc  e  ol  the-  air- 
[il.me  IS  .ivailablc-  |7H|  f  lowe-ve-r,  this  ( /V,  ♦  N ,)  trasis  tunc  - 
lion  MM  solution  would  tee-  time-  consuming,  e-spe-c  lally 
sme  e  It  would  hacc-  to  be  repc-ale-d  lor  many  dipcrle-  le-ngths 
,md  locations  Ihi-  M.M  ( ,re-c-n's  tunction  solution,  witli 
m.ilrix  ( .reen's  tunc  lion,  c  an  dramatic  ally  re-duc  c-  the-  <  PU 
lime  lor  the-  sec  onci  and  subsc-c)uc-nt  runs  m  the-  parame-te-r 
study  liy  till-  lollowmg  lour  stc-p  (Koce-dure: 

1 1  Begin  by  c  ompuling  |Z",|,  the  MM  impe-danc  c-  matrix 
lor  die-  .iirplani'  m  Iri-e  spac  e-  fhe-n  c  ompulc-  IZ'I.)  '  (and 
store-  It  m  the  loc  alions  originally  use-d  tor  |Z'!.|).  for  large- 
N this  can  lie-  a  very  lime  consuming  proc  e-ss.  Howe-ver, 
It  IS  only  done  one  e,  .md  die-  ri-mamde-r  ot  the-  c  om))utation 
IS  muc  h  taster 

2i  Next  ,1  cli|-oli-  loc  .iiicin  and  length  is  c  hose-n  and  Ihe- 
inalrie  es  |Z','i|,  |Z','.l,  and  |Z  I,]  an-  c  ompulc-d.  [he-  (  PU  lime- 
icM  ompute  die-se  Ihre-e  -  matric  e-s  will  be-  muc  h  le-ss  than  that 
Id  c  oinpule  (Z".|,  since  S.  [he  ve-c  (cirs  (V','l  and 

1 1'  . I  are  .ilso  c  ompiiled. 

ti  I  cpi.ition  (26)  IS  sc)lvi-d  tor  (/||,  whic  h  then  is  inserted 


into  (27)  to  find  (/J.  These  operations  are  relatively  fast,  as 
compared  to  computing  and  inverting  [Z"^),  since  they 
involve  only  matrix  multiplications  and  the  solution  of  an 
order  N,  matrix  c-quation. 

4)  With  the  c  urrent  on  the*  dipole  and  airplane  known, 
the  computation  of  the  dipole  input  impedance  and  far- 
zeme  radiation  patterns  is  straightforward  and  fast.  If  the 
pattern  and  input  impedance  meet  specifications,  then 
stop;  if  not,  go  back  to  step  2. 

The  advantage  of  the  above  procedure  is  that  the  most 
time-consuming  part,  i.e.,  the  computation  and  inversion 
of  IZ22],  is  done  only  once,  regardless  of  the  number  of 
dipole  lengths  and  locations  which  are  analyzed.  Steps  2- 
4  may  be  fast  enough  to  be  done  interactively. 

As  an  aside,  if  the  dipole  was  a  monopole  which  con¬ 
tacted  the  aircraft,  then  the  MM  model  for  the  monopole 
on  the  aircraft  would  c  ontain  an  attachment  mode  at  the 
wire  to  surface  junction  point  [78],  [79].  This  attachment 
mode  is  used  to  enforce  continuity  of  current  at  the  wire/ 
surface  junction  and  involves  currents  on  the  wire  and  on 
the  aircraft  surface.  In  the  MM/matrix  Green's  function 
solution,  the  attac  hment  mode  should  be  c  onsidc-red  as  part 
of  the  wire  or  Scatlc-rc-r  1. 

III.  MM  AND  MM/([kl!NS  Fdmc  IION  ExAMI’ltS 

This  section  presents  MM  and  MM/Gre-en's  function 
solutions  to  the  two-dimensicjnal  problem  of  TM  sc  attering 
by  a  perfec  tly  c onduc  ting  semic  irc  ular  strip  in  the  presence 
of  a  perfectly  conducting  c  ire  ular  cylinder.  The  strip  will  be 
Scatterer  1,  and  the  cylinder  will  be  Scatterer  2.  As  illus¬ 
trated  in  Fig.  T,  the  c  ylinder  has  radius  a,  and  the  strip  is  at 
radius  b  and  extends  over  the  angular  range  -<t>,  <  <t>  <  ti>^. 


Fig.  T.  (ic-omelry  Inc  ,1  I M  plane  wave  ini  iileni  upon  a  per 
lc‘<  lly  <  onduc  ling  -.ernic  m  ular  slop  in  the  preseni  e  ol  a  per 
tc-c  lly  c  onclui  ling  1  1  re  ular  c  ylincti-r 

Ihe  inc  idc-nl  lic-ld  is  the-  plane-  wavc- 

f"  -  ze'*'  (TO) 

inc  icic-nl  from  the-  t  x  axis.  [  or  this  prol)lc-m,  all  i-lec  Inc  fic-lds 
and  c  urre-nts  will  be-  z  polar izc-d.  Thus  lor  sincplic  ily,  in  this 
sc-ction  we  will  drop  the-  ve-ctor  notation,  and  Ihe-  i  e om- 
pone-nl  is  unde-rslood  The-  solution  to  this  problem  is  pre-- 
se-retc-d  using: 

1)  a  straight  MM  solution, 

2)  an  MM/( ire-e-n's  tunction  solution  with  a  matrix 
(iieen's  tune  lion, 

Tl  an  MM/(iret-n's  function  solution  with  an  exae  I 
Grec-n's  fune  lion, 

4)  an  MM/(ire-e-n's  tunction  solution  with  a  (ill)  (ge-o- 
melrie  al  oplie  s)  (ire-en's  fune  liein. 
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All  computer  CPU  times  are  for  the  VAX  8550,  which  is 
about  five  times  faster  than  a  VAX  11/780.  Also,  by  CPU  time 
it  is  meant  total  CPU  time,  i.e.,  matrix  fill  and  solution  time. 
Although  the  matrices  for  this  simple  example  have  the  Toe- 
plitz  property,  we  did  not  use  this  property  in  our  solution 
so  that  the  CPU  times  would  be  more  typical  of  most  prob¬ 
lems  which  do  not  have  Toeplitz  matrices. 

A.  MM  and  MM/Matrix  Green's  Function  Solution 

The  MM  solution  for  TM  scattering  by  a  perfectly  con¬ 
ducting  cylinder  of  arbitrary  cross  section  is  well  known  [1], 
and  the  particular  solution  employed  here  is  based  upon 
that  of  Wang  [80].  As  illustrated  in  Fig.  4,  to  implement  the 
MM  solution,  we  make  a  piecewise  straight  approximation 
to  the  circular  cylinder  and  strip.  To  obtain  reasonable 

STRIP  MODELED  AS 


SIDED  REGULAR  POLYGON 

Fig.  4.  For  the  MM  solution,  a  piecewise  linear  approxi¬ 
mation  IS  made  to  the  strip  and  cylinder  contour  in  Fig.  3. 

results,  the  width  of  the  straight  segments  should  not 
exceed  \/4,  with  X/10  being  typical.  If  we  denote  the  strip 
as  Scatterer  1  and  the  cylinder  as  Scatterer  2,  the  strip  is 
modeled  as  S,  straight  segments  of  equal  length  and  the 
circular  cylinder  is  modeled  by  an  /V2-sided  regular  poly¬ 
gon.  Referring  to  (6),  the  expansion  functions  are  the  piece- 
wise  constant  or  pulse  functions 

l„  =  1/d„,  n  =  1,  2,  •  ■  •  ,  N  =  N,  -F  Nj  (31) 

which  are  numbered  so  that  the  first  N,  are  on  the  strip 
(Scatterer  1)  and  the  last  are  on  the  cylinder  (Scatterer 
2).  The  width  of  basis  function  n  is  denoted  dn.  The  weight¬ 
ing  functions  are  chosen  identical  to  the  expression  func¬ 
tions,  I.e.,  =  l„.  This  is  referred  to  as  a  Calerkin  solution, 

and  results  in  a  symmetric  impedance  matrix.  The  MM 
matrix  equation,  given  by  (8)-(10)  and  illustrated  in  Fig.  2, 
can  then  be  evaluated  using  computer  subroutines  sup¬ 
plied  bv  Wang  [80). 

('onsider  the  specific  example  of  a  circular  cylinder  of 
radius  a  =  X,  and  a  strip  with  radius  b  =  1.01X  and  angular 
sectcirio,  10' ,  The  radius  b  is  chosen  slightly  larger  than 
a  to  emphasize  the  coupling  between  the  strip  and  the  cyl¬ 
inder.  For  this  geometry.  Fig.  5  shows  the  magnitude  and 
phase  of  the  c  urrent  density  at  the  center  of  the  strip  versus 
^  the  number  of  basis  functions  used  to  model  the  cyl- 


Fig.  S.  The  MM  or  MM/matrix  Green's  function  solution  for 
the  center  current  of  a  circular  strip  in  the  presence  of  a  cir¬ 
cular  cylinder  versus  Nj  =  the  number  of  basis  functions  on 
the  cylinder. 

inder.  Numerical  experimentation  showed  that  /V,  =  3  basis 
functions  on  the  strip  results  in  a  reasonably  well  con¬ 
verged  result,  and  this  will  be  used  in  all  computations  to 
follow.  As  is  typical  of  MM  solutions,  as  N2  increases,  the 
strip  center  current  density  converges,  in  this  case  to  about 
5.45  at  an  angle  of  -2.8°  mA/m.  About  N,  =  100  basis  func¬ 
tions  are  needed  on  the  cylinder  to  obtain  a  reasonably  con¬ 
verged  result,  which  corresponds  to  a  segment  size  of  about 
0.063X.  The  computer  CPU  times  for  the  MM  solutions  in 
Fig.  5  are  shown  by  the  solid  line  in  Fig.  6.  The  CPU  time 


Fig.  6.  The  CPU  time  on  a  VAX  8550  for  the  MM  and  MM/ 
matrix  Green's  function  solution  to  the  geometry  of  Fig.  5. 

is  roughly  proportional  to  (/V^)^,  and  about  10  s  were  required 
for  the  N.  =  100  basis  function  solution. 

The  MM/matrix  Green',  function  solution,  defined  by  (26), 
is  algebraically  equivalent  to  the  straight  MM  solution.  Thus 
the  data  in  Fig.  5  also  applies  to  the  MM/matrix  Green's 
function  solution.  The  corresponding  CPU  times  for  the 
MM/matrix  Green's  function  solution  are  shown  by  the 
dashed  line  in  Fig.  6,  and  are  considerably  less  than  that  for 
the  straight  MM  solution.  It  is  important  to  point  out  that 
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these  times  do  not  include  the  time  to  compute  and  invert 
(Z22I.  If  a  series  of  problems  is  being  run  using  the  MM/ 
matrix  Green's  function  formulation,  with  the  cylinder  fixed 
but  with  the  strip  geometry  being  varied,  these  CPU  times 
would  be  for  the  second  and  subsequent  runs.  Also,  if  a 
large  number  of  runs  is  being  made,  then  these  times  rep¬ 
resent  the  average  CPU  time  for  each  run  (including  the  first 
run  where  [Z^j]  is  computed  and  inverted). 

B.  MM/Exact  Green 's  Function  Solution 

This  section  describes  the  MM/Creen's  function  solution 
to  the  problem  of  Fig.  3  using  the  exact  eigenfunction  cyl¬ 
inder  Green's  function.  We  begin  by  presenting  the  exact 
eigenfunction  representation  of  the  cylinder  Green's  func¬ 
tion.  Consider  a  unit  amplitude  line  current  located  at  the 
source  point  with  cylindrical  coordinates  (p',  </>')  and  radiat¬ 
ing  in  the  presence  of  a  perfectly  conducting  circular  cyl¬ 
inder  of  radius  a  which  is  I  ated  concentric  with  the  z  axis. 
The  total  field  of  this  line  source  at  the  field  point  (p,  </>),  i.e., 
the  cylinder  Green's  function,  is  given  by  [7] 

oe 

C’(p,  0;  p',  0')  =  C  Z  (pFpIp,  p')  cos  p(0  -  0')  (32) 

p=0 

in  which  C  =  tp  =  Mi  p  =  Q  and  Cp  =  2  if  p  ^  0, 

and 

fp(p,  P")  =  l-l'p(kp^)[Bp(kp^)  +  CpHp'(/cp,.)] 


=  F^pip,  p') 

(33) 

Bpika) 

H'^Hka)" 

(34) 

=  the  minimum  of  (p,  p') 

=  the  maximum  of  (p,  p'). 

(35) 

Here  Bp  denotes  the  Bessel  function  of  the  first  kind  and 
Hp^’  denotes  the  Hankel  function  of  the  second  kind,  both 
of  order  p. 

If  the  same  cylinder  is  illuminated  by  a  unit  amplitude 
plane  wave  incident  from  the  +x  axis  (30),  then  the  total 
field  at  (p,  0)  is 


STRIP  SEG  INTO 


Fig.  7.  For  the  MM/exact  Green's  function  solution  the 
semicircular  strip  is  segmented  into  N,  smaller  semicircular 
strips  corresponding  to  the  MM  basis  functions. 

ments  in  the  MM/Green's  function  impedance  matrix. 
Referring  to  (19),  a  typical  element  in  our  case  is  given  by 

F\l„)Ubd<t>  =  ZL 

m,  n  =  ^,  2,  ■  ■  ■  ,  N-,.  (39) 

Here  F\)„)  is  the  electric  field  cf  expansion  function  n, 
located  on  the  semicircular  strip,  and  radiating  in  the  pres¬ 
ence  of  the  circular  cylinder.  f^(/n)  is  computed  by  inte¬ 
grating  over  expansion  function  n  the  product  of  J„  and  the 
cylinder  Green's  function 

5002 

y„(0')  C\b,  0;  b,  4,')b  c/0'  (40) 

00 1 

in  which  we  have  setp  =  p'  =  b  since  in  our  case  the  source 
and  field  point  are  on  the  strip.  Recognizing  that  y„(0')  is 
constant  for  0„,  s  0  s  0„2,  and  inserting  from  (32)  into 
(40)  yields 

»  p0n2 

FHI„)  =  CInb  E  fpFp{b,b)  cosp(0  -  0')  c/0'.  (41) 

p  —  0  J  0n1 

Equation  (41)  can  now  be  easily  integrated  to  yield 

E^Un)  =  cy„b  E  fpFpib,  b) 

p=0 


f-  =  E  Opfple'P*  (36) 

p  =  '  00 

in  which 

Dp(p)  =  (-/)-P(flp(/cp)  +  CpHfikp)].  (37) 

While  in  the  MM  solution  it  was  convenient  to  make  a 
piecewise  linear  approximation  to  the  curved  cylinder  and 
strip,  when  using  the  above  eigenfunction  expansion  of  the 
fields,  it  is  advantageous  to  retain  the  true  circular  nature 
of  the  strip.  Thus  in  Fig.  7  the  semicircular  strip  is  shown 
segmented  into  N,  smaller  semicircular  strips.  Each  of  the 
N,  smaller  strips  corresponds  to  a  piecewise  constant  basis 
function.  The  current  density  on  expansion  function  n  is 
given  by 

1 

I"  ""  0oi  0  <  (38) 

0(0^2  ~  0n-) 


1 

-  [sm  p(0  -  0„,)  -  sin  p(0  -  0„2)],  p  *  0 
■  ,  p 

J0n2  “  '/>nl),  P  =  0. 

(42) 

Zmn  is  now  obtained  by  inserting  F^{J„)  from  (42)  into  (39). 
Again  the  integrations  are  easily  done  yielding 

CD 

^mn  ~  ~GlfjjJnb  E  tpFp{b,  b) 

p-O  ''  '' 


^  [cos  p(0„,i  -  0„i)  -  COS  p(0„2  -  0nl) 


cos  p(0„,  -  <t>„2)  +  COS  p{<t>„2  -  <t>n2)l 


Again  we  choose  the  weighting  functions  identical  to  the 
expansion  functions,  i.e.,  w„  =  l„. 

We  now  show  in  some  detail  the  evaluation  of  the  ele- 


p  *  0 

-  <t>n2)i<l>m^  “  0m2).  P  =  0.  (43) 
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Similarly,  from  (20),  the  elements  in  the  voltage  vector  are 

{♦m2 

E'^l^b  d<t>,  m  =  1,  2,  ■  •  •  ,  /V,.  (44) 

♦ml 

Inserting  E'^  from  (36)  into  (44)  and  integrating  yields 


the  solution  to  the  problem  of  Fig.  3  using  the  MM/Creen's 
function  technique  with  a  CTD  Green's  function. 

The  CTD  Green's  function  is  described  with  the  aid  of  Fig. 
8,  which  shows  a  unit  amplitude  line  source  located  at  (p, 
<j>')  and  radiating  in  the  presence  of  a  perfectly  conducting 
cylinder  of  radiusa.  In  describing  the  field  of  the  line  source 


The  ability  to  carry  out  the  integrations  in  closed  form  for 
the  elements  in  the  impedance  matrix  and  the  right-hand- 
side  vector  is  typical  for  problems  where  the  surface  of  Scat- 
terer  1  is  a  constant  coordinate  surface  for  the  functions 
being  used  to  expand  the  Scatterer  2  Green's  function  [21], 
(23J,  [54],  [81]. 

Although  (43)  for  the  Zm„  is  in  a  relatively  simple  form, 
a  numerical  problem  arises  in  that  the  self-impedance  terms 
(i.e.,  m  =  n)  are  slowly  convergent.  Referring  to  (22),  it  is  the 
[Z“,l  or  free-space  part  of  [Z^]  which  is  slowly  convergent 
when  basis  functions  m  and  n  are  electrically  close.  For  this 
reason,  it  is  numericaJly  efficient  to  evaluate  IZ“,]  separately 
as  in  a  conventional  MM  solution  for  the  strip  in  free-space 
[1],  [80].  The  problem  then  remains  to  evaluate  (Z^^j  using 
the  eigenfunction  expansion  of  (43).  in  (33)  and  Dp  in  (37) 
both  contain  a  factor  of  the  form  [Bp  +  CpHp’].  The  term  pro¬ 
portional  to  Bp  corresponds  to  the  free-space  field,  while 
the  term  proportional  to  CpHp’  corresponds  to  the  scat¬ 
tered  field.  Thus  referring  to  (22),  the  Bp  term  contributes 
solely  to  [Z“,|  and  [V®],  while  the  CpH®  term  contributes 
solely  to  [Z'^j  and  (V'’"'].  It  can  then  be  seen  that  (43)  and  (45) 
can  be  used  to  compute  (Z’’^]  and  (V’’’^],  respectively,  by 
omitting  the  Bp  term. 

For  the  problem  illustrated  in  Fig.  5,  the  N,  =  3  basis  func¬ 
tion  MM/exact  Green's  function  solution  yielded  a  current 
density  at  the  center  of  the  strip  of  5.9  at  an  angle  of  -2.7° 
mA/m,  which  is  very  close  to  the  MM  solution  for  Ni  >  100. 
This  MM/Creen's  function  solution  required  only  three 
unknowns  and  0.11  s  of  CP(J  time.  As  compared  to  (he  N, 
=  3  and  =  100  basis  function  MM  solution,  this  is  about 
a  factor  of  100  reduction  in  CPU  time  and  1000  reduction 
in  matrix  storage  requirements.  As  the  cylinder  size 
increases,  the  relative  advantage  of  the  MM/Creen's  func¬ 
tion  solution  will  also  increase.  Although  the  reduction  in 
storage  is  a  general  characteristic  of  MM  and  MM/Creen's 
function  solutions,  the  reduction  of  CPU  time  is  not.  The 
fact  that  we  could  carry  out  the  integrations  in  (39)  and  (44) 
in  closed  form  greatly  reduced  (he  CPU  time  for  the  MM/ 
Green's  function  solution.  Fcjr  most  MM/Creen's  function 
solutions  these  integrations  must  be  done  numerically  and 
can  be  very  time-consuming.  In  some  cases,  the  CPU  time 
for  the  MM/Creen's  function  solution  can  actually  exceed 
that  of  the  straight  MM  solution. 


C.  MM/CTO  Green's  Function  Solution 

Using  the  (iTD  to  obtain  the  Green's  function  greatly 
expands  the  range  of  problems  which  can  be  treated  via 
MM/Green's  function  techniques.  This  section  describes 


Fig.  8.  The  direct  and  reflected  rays  used  in  the  CTD  Green's 
function  for  a  line  source  in  the  presence  of  a  circular  cyl¬ 
inder. 


it  is  assumed  that  the  field  point  (p,  4>)  is  in  the  lit  region, 
i.e.,  a  line  or  ray  from  the  source  point  to  the  field  point  does 
not  pass  through  the  cylinder.  It  is  also  assumed  that  ka 
»  1  and  that  the  source  and  field  point  are  not  too  near 
the  surface  of  the  cylinder.  In  the  lit  region  the  total  field 
is  dominated  by  two  rays,  shown  in  Fig.  8  as  the  direct  ray 
and  the  reflected  ray.  The  field  of  the  direct  ray  is  simply 
the  free-space  field  of  the  line  source.  The  reflected  ray 
propagates  along  a  straight-line  path  of  length  s'  from  the 
source  point  to  the  point  Q  on  the  cylinder,  and  then  along 
a  straight-tine  path  of  length  s  from  Q  to  the  field  point.  The 
point  Q  is  defined  by  the  requirement  that  the  angle  of  inci¬ 
dence  or'  is  equal  to  the  angle  of  reflection,  a.  Then,  using 
the  notation  of  (21),  the  total  field  of  the  line  source  is  [82] 

=  C"  -I-  G”  =  CH'i'ikd) 


where  d  is  the  distance  from  the  source  point  to  the  field 
point,  C  -fc^/4u){o,  and 


1  -  I  2 

p'  s'  a  cos  a' 


(47) 


Similarly,  the  field  of  the  plane  wave  of  (30)  in  the  presence 
of  the  cylinder  can  be  written  as 

^i2  _  £fS2  p/fc* 


(48) 

where  p'  and  Xq,  the  x  coordinate  of  point  Q,  are  evaluated 
for  a  source  point  at  (p'  =  oo,  </>'  =  0). 

Referring  to  (22),  the  first  term  in  (46)  and  (48)  contribute 
to  [Z®,]  and  [V^,  respectively,  i.e.,  they  result  in  the  MM 
matrix  elements  for  the  strip  in  free-space.  As  described 
above,  they  are  evaluated  using  computer  subroutines 
developed  by  Wang  [80].  The  second  term  in  (46)  and  (48) 
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contribute  to  [Z^^]  and  respectively.  These  elements 
are  evaluated  by  inserting  from  (46)  into  (39)  and  (40), 
inserting  from  (48)  into  (44),  and  performing  the  inte¬ 
grations  numerically.  For  this  simple  example,  requiring 
only  one  ray,  these  integrations  are  very  fast.  However,  for 
a  more  complicated  Scatterer  2  geometry,  more  rays  would 
be  required,  and  the  CPU  time  needed  for  the  numerical 
integrations  would  increase. 

The  insert  in  Fig.  9  shows  a  semicircular  strip  located 
X/2  above  a  circular  cylinder.  With  /V,  =  3  basis  functions 


0  /  X 


Fig.  9.  The  magnitude  of  the  center  current  for  a  semicir¬ 
cular  strip  located  X/2  above  a  circular  cylinder,  computed 
by  the  MM,  the  MM/exact  Green's  function,  or  theMM/GTD 
Green's  function  methods. 

on  the  strip.  Fig.  9  shows  the  magnitude  of  the  current  den¬ 
sity  at  the  center  of  the  strip  versus  a/X.  The  angular  sector 
of  the  strip  is  adjusted  so  that  its  width  remains  constant 
at  2b<t)^  =  0.15X.  This  data  was  generated  with  the  MM,  the 
MM/exact  Green's  function  ancf  the  MM/GTD  Green's  func¬ 
tion  techniques,  and  essentially  the  same  results  for  the  strip 
current  were  obtained  by  each  method.  For  the  MM  solu¬ 
tion,  N,  =  lOOa/X  basis  functions  were  used  on  the  cylin¬ 
der.  The  strip  current  in  Fig.  9  goes  to  zero  as  a/X  oo  since 
the  direct  ray  cancels  the  reflected  ray  on  the  strip,  causing 
[V'',’]  ’  -[^'■'1  and  thus  [V^]  —  0.  The  CPU  times  for  these 
three  methods  are  shown  in  Fig.  10.  Note  that  the  left  scale 
applies  for  the  MM  solution,  and  is  100  limes  as  large  as  the 
right  scale  which  is  for  the  MM/Creen's  function  solutions. 
Fora/X  >  1,  the  CPU  lime  for  the  MM  solution  is  twoorders 
of  magnitude  or  more  greater  than  that  for  the  MM/Creen's 
tunctK'n  solutions.  The  CPU  time  tor  the  MM/exact  Green's 
function  solution  increases  as  a/X  increases,  since  more 
term-  mij.,t  be  retained  in  the  eigenfunction  summations. 
By  comparison,  for  a/X  >  1,  the  CPU  time  for  the  MM/GTD 
Green's  function  solution  is  essentially  constant  at  0.25  s. 

As  (ompared  with  the  MM/exact  Green's  function  solu¬ 
tion,  the  advantage  of  the  MM/GTD  solulictn  is  that  it  is 
applic  able  to  a  far  wider  class  of  Scatterer  2  (in  this  example, 
I  ylmderi  geometries.  As  compared  to  the  MM,  the  advan¬ 
tage  of  the  MM'GTD  solution  is  that  it  is  much  faster  and 
requires  far  less  computer  storage  as  the  electrical  size  of 
Scatterer  2  inc  reases. 


Fig.  10.  The  CPU  times  on  a  VAX  8550  for  the  data  in  Fig. 
9  computed  by  the  MM  (dashed  curve)  and  by  the  MM/ 
Green's  (unction  methods  (solid  curves). 


IV.  Summary 

This  paper  describes  a  technique  for  combining  the  MM 
and  Green's  function  solutions  in  electromagnetics.  The 
fundamental  difference  between  the  standard  MM  and  MM/ 
Green's  function  solutions  is  in  the  application  of  the  equiv¬ 
alence  theorems  used  in  obtaining  their  respective  integral 
equations.  In  a  standard  MM  solution  all  matter  is  replaced 
by  free-space  and  by  equivalent  currents.  These  currents 
are  then  found  as  the  solution  of  an  exact  integral  equation 
whose  kernel  contains  the  free-space  Green's  function.  By 
comparison,  in  an  MM/Green's  function  solution  some,  but 
not  all,  matter  is  replaced  by  free-space  and  by  equivalent 
currents.  Again  the  currents  are  found  as  the  solution  of  an 
exact  integral  equation,  but  now  the  kernel  contains  the 
Green's  function  for  that  portion  of  the  matter  which  was 
not  replaced  by  free-space  and  equivalent  currents.  Both 
integral  equations  are  solved  by  transforming  them  into  a 
system  of  simultaneous  linear  equations,  i.e.,  a  matrix  equa¬ 
tion.  The  advantage  of  the  MM/Green's  function  technique 
is  that  the  number  of  unknowns,  and  thus  the  order  of  this 
matrix  equation  Is  reduced.  This  results  in  a  reduction  in 
computer  storage  and,  in  most  cases,  CPU  time. 

The  number  of  problems  which  can  be  solved  by  MM/ 
Green's  function  techniques  can  be  tremendously 
increased  by  not  requiring  the  Green's  functions  to  be  exact. 
In  particular,  using  the  CTD  one  can  obtain  the  Green's 
function  for  a  geometry  as  complicated  as  an  aircraft.  This 
is  referred  to  as  an  MM/GTD  solution  [55). 

It  is  shown  that,  by  manipulating  the  MM  matrix  equa¬ 
tion,  a  standard  MM  solution  can  be  put  into  the  format  of 
an  MM/Creen's  function  solution.  This  is  referred  to  as  an 
MM/matrix  Green's  function  solution.  Such  a  solution  is 
algebraically  equivalent  to  the  standard  MM  solution,  and 
can  be  obtained  for  any  geometry  for  which  a  standard  MM 
solution  is  possible.  The  advantage  of  the  MM/matrix 
Green’s  function  solution  is  that  it  is  faster  than  a  standard 
MM  solution  if  a  series  of  problems  is  being  analyzed  in 
which  only  a  small  portion  of  the  problem  geometry 
changes  from  one  run  to  the  next. 

In  order  to  illustrate  the  MM/Creen's  function  method, 
and  to  compare  it  to  a  standard  MM  solution,  the  problem 
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of  plane  wave  scattering  by  a  perfectly  conducting  semi¬ 
circular  strip  in  the  presence  of  a  perfectly  conducting  cir¬ 
cular  cylinder  is  solved  using  the  MM  and  the  MM/Creen's 
function  technique  with  a  matrix,  an  exact  eigenfunction, 
and  a  CTD  Green's  function.  Basically,  all  methods  yield  the 
same  numerical  results.  However,  the  MM/Creen's  func¬ 
tion  solutions  are  substantially  faster,  and  require  far  less 
storage  (except  for  the  matrix  Green's  function),  especially 
as  the  cylinder  size  is  increased. 
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TM  Scattering  by  an  Impedance  Sheet  Extension  of 
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EDWARD  H.  NEWMAN,  sknior  mimhpr.  ifpp.  and  JOHN  L.  BLANCHARD 


th\iraci—  \n  inleRral  eqiiafion  and  method  of  moments  (MM) 
solution  is  presented  for  the  two-dimensional  (20)  problem  of  the 
Iransserse  maRnelic  (TM)  sealterint:  by  an  impedance  sheet  extension  of  a 
perfeclly  condiictinR  parabolic  cylinder.  First  an  intet;ral  equation  is 
formulated  for  a  dielectric  cylinder  of  general  cross  section  in  the  presence 
of  a  perfectly  conducting  parabolic  cylinder.  Il  is  shown  (hat  the  solution 
for  a  general  dielectric  cylinder  considerably  simplifies  for  the  special  case 
of  TM  scallering  by  a  thin  multilayered  dielectric  strip  which  can  be 
represented  as  an  impedance  sheet.  The  solution  is  termed  an  MM/ 
(■reen's  function  solution  where  the  unknowns  in  (he  integral  equation 
are  the  electric  surface  currents  flowing  on  the  impedance  sheet,  and  (he 
presence  of  Ihe  parabolic  cylinder  is  accounted  for  by  including  its 
(jreen's  function  in  the  kernel  of  Ihe  integral  equation.  The  MM  solution 
is  briefly  resiewed,  and  expressions  for  Ihe  elements  in  the  matrix 
equation  and  Ihe  scattered  fields  are  given.  Finally,  sample  numerical 
results  are  presented. 

I.  iNIRODt  (TION 

HI.S  PAPER  will  present  an  integral  equation  and  method 
ot  moments  (MM)  [l|  solution  to  the  two-dimensional 
(2D)  problem  of  transverse  magnetic  (TM)  scattering  by  an 
impedance  sheet  in  the  pre.sence  of  a  perfectly  conducting 
parabolic  cylinder.  Previously,  the  authors  have  pre.sented  an 
MM  solution  for  a  material  cylinder  in  the  presence  of  a  half¬ 
plane  [2).  I.J].  The  previous  solution  could  be  used  to  study 
scattering  b>  a  material  coated  knife  edge.  The  present 
solution  represents  an  extension  or  generalization  of  that 
solution  in  that  the  parabolic  cylinder  can  be  used  to  model  a 
thick  edge. 

The  method  is  based  upon  an  MM  solution  of  the  integral 
equation  for  the  electric  surface  currents  representing  the 
impedance  sheet.  The  solution  is  termed  an  MM/Green's 
function  solution  [4|  since  the  presence  of  the  perfectly 
conducting  parabolic  cylinder  is  accounted  for  by  including 
the  parabolic  cylinder  Green's  function  in  the  kernel  of  the 
integral  equation.  This  can  be  compared  to  a  conventional  MM 
solution  where  one  would  solve  for  the  electric  surface 
currents  rcpicseiiiiiig  the  impedance  sheet  and  the  parabolic 
cylinder.  The  advantage  of  the  MM/Green’s  function  tech¬ 
nique  is  that  the  unknowns  in  the  MM  solution  are  limited  to 
the  surface  occupied  by  the  impedance  sheet  and  do  not 
explicitly  include  the  current  distribution  on  the  parabolic 
cylinder.  The  disadvantage  is  that  the  evaluation  of  the 


elements  in  the  MM/Green's  function  impedance  matrix  and 
right-hand-side  vector  involve  the  parabolic  cylinder  Green's 
function,  as  opposed  to  the  much  simpler  free-space  Green's 
function  in  a  conventional  MM  solution.  The  MM 'Green's 
function  solution  is  especially  advantageous  here,  since  the 
parabolic  cylinder  is  one  of  the  few  shapes  for  which  the  exact 
Green's  function  is  known.  However,  an  entirely  new  aiialysi.v 
would  be  required  to  treat  the  impedance  sheet  in  the  presence 
of  a  cylinder  of  other  than  parabolic  cross  section. 

Section  II  begins  with  a  derivation  of  the  MM/Green's 
function  volume  integral  equation  for  a  dielectric  cylinder  of 
general  cro.ss  section  in  the  presence  of  a  perfectly  conducting 
parabolic  cylinder.  By  a  small  extension  of  the  methods  of 
Harrington  and  Mautz  (5|.  Senior  [b).  or  Andreason  (7j.  it  is 
shown  that  for  the  TM  polarization  a  thin  multilayered 
dielectric  slab  can  be  represented  as  a  sheet  impedance,  and 
the  volume  integral  equation  reduces  to  a  surface  integral 
equation.  Next  the  MM  .solution  for  the  impedance  sheet  in  the 
presence  of  the  parabolic  cylinder  is  presented.  Finally, 
numerieal  results  are  shown  which  illustrate  the  accuracy  of 
the  method  and  also  show  sample  results  for  the  echo  width 
and  the  electric  field  on  the  impedance  strip. 

II.  Thf  Inthorai.  Fyi'ATioN 
A.  The  General  Dielectric  Cylinder 

This  section  will  develop  an  integral  equation  for  the  2D 
scattering  by  a  dielectric  cylinder  in  the  presence  of  a  perfectly 
conducting  parabolic  cylinder.  We  will  be  brief,  since  the 
derivation  exactly  parallels  that  for  a  dielectric  cylinder  in  the 
presence  of  a  half-plane  [2),  (3|.  Fig.  1(a)  .shows  a  perfectly 
conducting  parabolic  cylinder,  with  its  focus  on  the  z  axis.  If 
we  denote  the  focal  length  by  F,  then  the  surface  of  the 
parabola  is  given  by 

y-  =  4F{x+F).  (1) 

The  parabolic  cylinder  coordinates  (^.  i],  z)  are  related  to  the 
rectangular  {x,  y,  z)  coordinates  by 

x  =  y  =  ^v,  (2) 
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and  to  the  ip.  d),  z)  circular  cylindrical  coordinates  by 


4  ---  \'2p  cos 


r)  --  \  2o  sin 


(3) 


In  terms  of  the  parabolic  cylinder  coordinates,  the  surface  of 
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Fig.  1.  (a)  Geometr>’  for  dielectric  cylinder  in  presence  of  perfectly 

conducting  parabolic  cylinder,  (b)  Dielectric  cylinder  is  replaced  by  free- 
space  and  equivalent  electric  volume  polarization  currents. 


the  parabola  is  the  surface  of  constant  i; 

r}  =  r»i=''/2F.  (4) 


space  the  incident  electric  field  at  (jr,  y)  is 

E‘®  =  z  exp  [  -jk{x  COS  <t>o  +  y  sin  </>o)]  (7) 

where  <j>o  is  the  angle  of  incidence  measured  counterclockwise 
from  the  positive  x  axis  and  k  =  2t/X  is  the  free-space 
wavenumber.  In  this  case  alt  electric  fields  and  electric 
currents  are  z  polarized  only,  and  the  vector  equations  (5),  (6) 
reduce  to  scalar  equations,  applying  to  the  z  component.  For 
this  reason  we  will  henceforth  drop  the  vector  notation,  and  it 
should  be  understood  that  we  are  referring  to  the  z  component 
of  all  electric  fields  and  electric  currents, 

B.  The  Impedance  Sheet  Approximation 

In  this  section  we  will  show  that  for  the  case  of  a  thin 
inhomogeneous  dielectric  slab,  (6)  for  the  volume  current  J 
can  be  reduced  to  a  simpler  equation  for  an  equivalent  surface 
current  Fig,  2  shows  a  thin  dielectric  slab  of  thickness  T, 
which,  for  convenience,  is  oriented  parallel  to  the  x  axis.  The 
slab  is  shown  having  two  layers  of  thickness  Ti  and  and 
permittivity  ei  and  ez,  respectively.  This  represents  a  geometry 
of  practical  interest.  For  example,  layer  1  might  be  an 
extremely  thin  lossy  material  (commonly  referred  to  as  a 
resistive  strip  [6]),  while  layer  2  would  be  the  dielectric 
substrate  on  which  the  resistive  strip  is  deposited.  Below  we 
will  generalize  to  any  e(jr,  y)  or  TXx). 

To  apply  the  sheet  impedance  approximation  it  is  necessary 
that  the  dielectric  slab  be  sufficiently  thin  that  the  electric  field 
is  essentially  uniform  in  the  y  direction.  This  will  be  the  case  if 


Confined  to  the  region  /?  is  a  dielectric  cylinder  with 
permeability  and  permittivity  (/iq,  «).  The  dielectric  cyFnder 
may  be  lossy  and  inhomogeneous.  The  ambient  medium  is  free 
space  with  parameters  (/zq.  fo)-  The  impressed  electric  and 
magnetic  currents  are  denoted  (J*,  M‘).  All  fields  and  currents 
are  two-dimensional  (z  independent)  and  time  harmonic  with 
the  e  time  dependence  supressed.  We  will  denote  (E^,  H^) 
as  the  total  fields  of  the  impressed  currents  in  the  presence  of 
the  dielectric  and  parabolic  cylinder.  In  the  absence  of  the 
dielectric  cylinder,  but  with  the  parabolic  cylinder,  the  fields 
of  the  impressed  currents  are  (E*,  H'). 

In  Fig.  1(b),  the  volume  equivalence  theorem  [1],  [9]  is 
used  to  replace  the  dielectric  cylinder  by  free  space  and  the 
volume  polarization  currents 

J= -yw(e-fo)ET  (5) 

confined  to  the  region  R.  We  will  let  (E^,  H^)  denote  the  fields 
of  J  radiating  in  the  presence  of  the  oarabolic  cylinder.  In  the 
equivalent  problem  of  Fig.  1(b),  the  total  fields  are  the  sum  of 
the  fields  of  the  impressed  currents  and  J  radiating  in  the 
presence  of  the  parabolic  cylinder.  Then  using  (5)  we  obtain 

-E^  + - =  E‘in/?,  (6) 

-yw(e-eo) 

which  is  the  basic  equation  for  J.  It  is  an  integral  equation, 
since  E^  is  an  integral  through  R  of  the  vector  dot  product  of  J 
and  the  parabolic  cylinder  dyadic  Green's  function. 

We  now  restrict  the  excitation  to  be  a  TM  plane  wave.  In  free 


|Ar,|r,-f-|A:2|r:  1 

where  A:,  =  is  the  wavenumber  in  region  /. 

Following  the  above  procedure,  the  layered  slab  is  replaced 
by  free-space  and  the  equivalent  volume  polarization  current 
J.  Since  the  total  electric  field  is  assumed  to  be  uniform 
through  the  thickness  of  the  slab,  it  follows  from  (5)  that 


A  =  A 

Aei  Afi  ’ 


(8) 


where  Jj  is  the  value  of  J  in  layer  i  and  Ae,  =  -  6q). 

If  the  dielectric  slab  is  sufficiently  thin,  then  the  fields 
radiated  by  the  volume  current  J  will  be  approximately  the 
same  as  the  fields  radiated  by  the  surface  current 

Js=\  J  dy=\  '  J[  dy+\  Jidy  (9) 

Jo  Jo  J  Tj 


and  located  at  >'  =  7'/2.  Using  (8),  this  becomes 


J\ 

Js  =  —  or  V|=— - — — 

A6i  /|ACi+/2A€2 


(10) 


Using  (10)  and  applying  the  approximation  that  the  fields  of  J 
are  essentially  the  same  as  the  fields  of  J,  (i.e.,  =  £^‘)  to 

(6)  in  layer  1  results  in 

~E^^yZsJ,  =  E' 


(11) 
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Fig.  2,  Geometry  for  electrically  thin  two-layered  dielectric  strip. 

where  the  sheet  admittance  or  impedance  are  given  by 

^5=  1/Zj=  — yw(7’|  Afi -I- 72Ae2).  (12) 

Equation  (12)  shows  that  the  two  layers  appear  in  parallel.  For 
a  slab  with  /  layers,  the  generalization  of  (12)  is 

n=l/Z,= -yo)  ^  T^Ae,.  (13) 

f=  I 

For  a  slab  where  t  is  some  function  of  x  and  y,  and  T  is  also  a 
function  of  x\ 

Y,{x)=\/ZAx)= -jij)  \  {t{x,  y)-to)  dy.  (14) 

Jo 


P  10 


1  i\  ^ 

/  u  ' 

■n 

=  % 

Fig.  3.  Impedance  strip  of  length  L  is  split  into  N  smaller  stops. 

where  [Z  -I-  AZ]  is  the  symmetric  N  x  N  impedance  matrix, 
K  is  the  element  right-hand-side  vector,  and  I  is  the  N 
element  solution  vector  whose  components  are  the  unknown  l„ 
in  (15).  Typical  elements  in  the  impedance  matrix  are  given  by 

Z„,--f  E^Js„dx  (18) 

m 

where  is  the  total  (f  component  of  the)  electric  field  of  Js„ 
radiating  in  the  presence  of  the  parabolic  cylinder,  and  the 
integral  is  over  R„.  A  typical  element  of  the  [AZ]  matrix  is 
given  by 

AZ„„=f  ZsJ,„Js„dx  (19) 


If  Zj  =  0,  (11)  is  identical  to  that  of  a  perfectly  conducting 
strip.  For  the  special  case  of  a  homogeneous  slab,  (11)-(14) 
reduce  to  the  sheet  impedance  approximations  of  Harrington 
and  Mautz  [5],  the  resistive  strip  approximation  of  Senior  [6], 
or  the  very  thin  material  plate  of  Newman  and  Schrote  [8]. 

III.  Moment  Method  Solution 
A.  The  MM  Matrix  Equation 

This  section  will  present  a  pulse  basis  MM  solution  [1], 
[2]  of  (11),  using  the  impedance  sheet  approximation  to  a 
thin  dielectric  slab  in  the  presence  of  a  perfectly  conducting 
parabolic  cylinder.  The  impedance  sheet  will  be  located  on  the 
negative  x  axis.  As  illustrated  in  Fig.  3,  the  impedance  sheet  is 
segmented  into  N  smaller  strips  of  width  W„.  R„  will  denote 
the  region  of  strip  n.  The  strips  must  be  small  enough  so  that 
the  total  electric  field  and  Z,  can  be  assumed  to  be  reasonably 
constant  in  each  strip.  The  equivalent  current  can  then  be 
approximated  by 

Js=Y,InJsn  (15) 

n  =  I 


where  the  I„  are  a  sequence  of  N  unknown  coefficients,  and 
the  J,„  are  the  N  (z  polarized)  pulse  basis  expansion  modes 
defined  by 


J,n  = 


i/fYn, 

0, 


within  R„ 
otherwise. 


(16) 


where  the  integration  is  over  regions  R„  and  R„.  Since  we  are 
using  the  subsectional  basis  functions  of  (16),  [AZ]  is  a 
diagonal  matrix  whose  typical  element  is  given  by 

AZ„„  =  -^^  j^ZAx)dx.  (20) 

n 

Note  that  AZ„„  can  be  evaluated  in  closed  form  for  any  simple 
choice  of  Z,(x).  Typical  elements  of  the  right-hand-side  vector 
are 


y„=\  E'J,„dx  (21) 

V  m 

where  E'  is  the  total  electric  field  of  the  TM  incident  wave  in 
the  presence  of  the  parabolic  cylinder. 

The  numerical  evaluation  of  the  self-impedance  terms  in  the 
MM  impedance  matrix  always  presents  a  challenge.  Accord¬ 
ing  to  (18),  to  find  Z„„  we  must  find  the  electric  field  of  Js„  on 
the  surface  of  The  integrand  of  the  resulting  integral  will 
have  a  singularity  which  must  be  properly  treated.  To  treat  this 
problem  it  is  convenient  to  write  the  total  field  radiated  by 
in  the  presence  of  the  parabolic  cylinder  as 

El  =  El  +  El  (22) 

where  is  the  free-space  field  of  and  is  the  so-called 
scattered  field.  Using  the  notation  of  (22),  we  can  write 


We  employ  a  Galerkin  [1]  MM  solution,  with  weighting 
functions  chosen  identical  to  the  expansion  modes.  In  this 
case,  (II)  reduces  to  the  matrix  equation 

(17) 


[Z]  =  [Z»]-l-[Z-']  (23) 

where  [Z®]  is  the  impedance  matrix  for  the  perfectly  conduct¬ 
ing  strip  in  free-space  and  [Z^]  is  a  correction  matrix  which 
accounts  for  the  field  which  is  scattered  from  the  parabolic 


[Z-t-AZ]/=  V 
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cylinder.  Using  this  notation,  (18)  becomes 


=  -[  ElJ„dx-  \  ElJ^dx. 

m  j  m 


The  advantage  of  (24)  is  that  the  only  singularities  are  in  the 
integrands  of  the  terms  of  for  which  (m  -  n(  <  1. 
However,  since  they  involve  the  relatively  simple  free-space 
Green’s  function,  they  can  be  easily  treated  [10],  [11],  By 
contrast,  the  involve  the  far  more  complicated  parabolic 
cylinder  Green’s  function,  but  contain  no  singularities.  In  a 
similar  manner  it  is  advantageous  to  write  (21)  as 

V  =  yo  + 

=  j  E'^J„dx+\  E'^J,„dx.  (25) 

The  elements  of  Z®  and  K?  are  identical  to  the  elements  in 

fttn  m 

the  impedance  matrix  and  right-hand-vector  for  the  perfectly 
conducting  strip  in  free  space.  Expressions  and  computer 
codes  for  the  evaluation  of  these  elements  are  available  [lOj. 
In  the  next  section  we  discuss  the  efficient  evaluation  of  Z^. 
and  These  both  require  the  evaluation  of  fields  in  the 
presence  of  a  perfectly  conducting  parabolic  cylinder.  An 
excellent  summary  of  such  field  expressions  is  given  by 
Christiansen  [12j. 

B.  Evaluation  of  the 

Fig.  4  shows  a  perfectly  conducting  parabolic  cylinder  with 
surface  ij  =  ij|  .  On  the  negative  x  axis  (^  =  0)  are  the  strip 
current  modes  y,„  and  Z^^  from  (24)  can  be  written  as 

where  G‘’(x„  Xf)  is  the  scattered  electric  field  at  (xy,  =  0) 
radiated  by  a  unit  amplitude  electric  line  current  at  (Xj,  y,  = 
0).  Note  that  by  scattered  field  we  mean  the  difference 
between  the  total  field  radiated  by  the  line  source  in  the 
pre.sence  of  the  parabolic  cylinder  and  the  free-space  fields  of 
the  line  source.  The  following  expression  for  can  be 
obtained  by  converting  the  contour  integral  representation  of 
Robin  [13J  to  a  summation  using  the  same  method  as  Ivanov 
[161' 

■x 

GMx,,  x0  =  C  V  D;(0)D  „  ,(T,,a)D  ^  ,(r,<a) 


(-  1)/'  + 


Vi«)] 

'll")  J 


where  D,,  is  the  (integer)  order  p  parabolic  cylinder  function 
(14|.  |15|.  and 

jk- 

C=  -  -  (28) 

2ir  caff) 

'  The  suhstiiution  on  (16.  p.  262|  should  read  (  -  ((l/4lx^)  '  V  -  (1/ 
4)jr-’)  |I2| 


Fig.  4.  Modes  and  /„  in  presence  of  perfectly  conducting  parabolic- 
cylinder  tj  =  rji. 


a  =  ^/2ke 


»/>  =  the  larger  of  i'v-lxs ,  v  -  2x/) 


i;<  =  the  smaller  of  ( v  -  2xj ,  v  -  2x/).  (30) 

Recognizing  that  is  a  separable  function  of  Xj  and  X/,  the 
double  integral  in  (26)  separates  also,  yielding  (even  for  m  = 
n) 


•  A„(p)Afp)  (31) 


in  which 


'^r,{p)  =  ^  (  D.,.d^\a)dx.  (32) 

W„  Jn 

The  evaluation  of  the  symmetric  [Z^j  matrix  in  principal 
requires  (N^  +  N)/2  evaluations  of  (31).  However,  it  is  more 
efficient  to  recognize  that  the  Z^^  are  a  separable  function  of 
m  and  n  and  evaluate  the  entire  [Z^]  matrix  in  the  course  of 
performing  the  summation.  For  each  term  p  in  the  summation 
one  must  numerically  evaluate  the  N  integrals  A„{p),  n  =  I, 
2,  •  •  • ,  N.  The  result  is  that  the  computer  CPU  time  to 
evaluate  [Z^]  is  proportional  to  N  rather  than  N'. 

C.  The  Evaluation  of  the 

The  elements  of  are  defined  by  (25).  As  illustrated  in 
Fig.  4,  a  plane  wave  is  incident  upon  the  parabolic  cylinder, 
making  an  angle  0o  with  respect  to  the  -l  x  axis.  The  free- 
space  electric  field  is  given  by  (7).  When  this  plane  wave  hits 
the  perfectly  conducting  parabolic  cylinder,  the  scattered  field 
at  a  field  point  with  parabolic  coordinates  (^.  t;)  is  [16] 

I  /  cot  — 

- 1  A  \  2  / 

= - -  S  - ^ - 

.  <t>0  fTo  P'- 


DpiVtoi*) 


i(»?a),  (33) 


provided  ir/2  <  <^o  ^  tr  and  where  the  asterisk  denotes 
complex  conjugate.  Inserting  (33)  into  (25).  and  noting  that  the 
field  points  will  be  on  the  negative  x  axis  ($  =  0,  tj  =  f  -  2x, 
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the  scattered  part  of  becomes 


n(<t>o)= 


- 1 


4>o 
sin  — 
2 


OD 

s 


p 


■  DpiO) 


Dp{y\\a*) 


(34) 


The  major  computational  effort  in  evaluating  the  of 
(31)  and  the  of  (34)  is  the  evaluation  of  the  A„(p)  which 
occur  in  both.  Prior  to  evaluating  the  matrix  elements  it  is 
most  efficient  to  form  a  table  of  the  Am{p)  for  m  =  1 , 2,  •  •  • , 
N  and  p  =  1 ,  2,  •  •  • ,  P,  where  P  is  the  largest  value  of  p 
required  to  obtain  convergence  of  the  summations.  P  is 
typically  chosen  as  15.  This  table  then  contains  all  the  A„{p) 
integrals  needed  in  the  solution,  and  its  use  insures  that  each 
An,(p)  integral  is  evaluated  only  once.  Note  that  for  fixed  m, 
using  the  recursive  relation  for  the  parabolic  cylinder  functions 
[15]  allows  efficient  computation  of  the  P  values  A^ip)  P  = 
1,2,  ■  •  • ,  P.  However,  it  is  essential  to  recurse  in  the  stable 
direction  as  described  in  [14].  We  also  note  that  since  £>p(0)  = 
0  for  p  odd,  the  summations  in  (3 1 )  and  (34)  need  only  include 
the  even  values  of  p. 


D.  Evaluation  of  the  Electric  Field 

Once  the  elements  in  the  MM  matrix  equation  have  been 
evaluated,  (17)  can  be  solved  for  /,  and  the  total  field  at  any 
point  in  space  can  be  found  from 


£^=  (35) 

rt  a  I 

where  as  indicated  in  (22),  £j  is  the  total  electric  field  of  mode 
n  radiating  in  the  presence  of  the  parabolic  cylinder,  and  £'  is 
the  total  electric  field  of  the  incident  plane  wave  in  the 
presence  of  the  parabolic  cylinder.  Using  the  volume  equiva¬ 
lence  theorem  of  (5),  it  is  particularly  simple  to  evaluate  the 
total  field  within  the  dielectric  cylinder.  The  average  electric 
field  on  mode  n  is  simply  given  by 

E^=ZJ„/W„.  (36) 

Now  consider  the  evaluation  of  the  far-zone  scattered  fields, 
that  is,  as  p  00.  The  scattered  field  is  given  by  (35),  except 
that  we  replace  £'  by  £'\  Then,  assuming  that  the  I„  are 
known,  we  need  expressions  for  £^  and  £'*  in  the  far  zone. 

Referring  to  (22),  £^  can  be  written  as  the  sum  of  the  free- 
spacc  field  of  mode  n  plus  the  scattered  field  of  mode  n.  Here 
we  will  only  present  an  expression  for  the  scattered  field.  The 
far-zone  scattered  field  of  mode  n  at  the  far-zone  field  point 
(p,  </>)  can  be  most  easily  obtained  from  (34)  and  reciprocity. 
The  result  is 


Elip,  <t>)  = 


-A:’  ' 
4weo 


To 


(37) 


To  obtain  an  expression  for  £'^  in  the  far  zone,  we  replace 


the  integer  order  parabolic  cylinder  functions  in  (33)  by  their 
large  argument  approximation  [15] 

Dp(z)~z'’e~^^'*,  |z|  >  1  and  |z|  >  \p\,  (38) 

which  is  valid  for  all  integers  p  >  Q  and  all  negative  integers  p 
provided  |^|  <  35r/4.  Since  the  parabolic  cylinder  functions 
in  (33)  meet  these  conditions,  in  the  far  zone 


^  pj(kp  tr  tc/A)  00 

£«  = -  ^ 

I'Jlcp  sin  —  sin  - 


-  /  cot  —  cot  - 

2  2/  Dp{r)oa*) 


<^o  <l> 

cot  —  cot  — 
2  2 


p!  D-p-\(rjoa) 

<1. 


(39) 


IV.  Numerical  Results 

This  section  will  present  numerical  results  based  upon  the 
above  MM/Green’s  function  solution  for  TM  scattering  by  an 
impedance  sheet  in  the  presence  of  a  parabolic  cylinder.  The 
first  example  is  designed  to  illustrate  the  accuracy  of  the  MM/ 
Green’s  function  solution  by  comparison  with  a  limiting  case 
where  an  exact  solution  is  available.  The  frequency  is  300 
MHz,  and  the  problem  geometry  is  illustrated  in  the  insert  in 
Fig.  5.  Here  we  have  a  perfectly  conducting  half-plane  (i.e. ,  a 
parabolic  cylinder  with  £  =  tji  =  0)  with  a  sheet  impedance 
extension  of  length  L  =  \/2  and  impedance  Zj  =  0  (i.e.,  a 
perfectly  conducting  strip).  The  net  result  is  that  we  simply 
have  a  half-plane.  We  analyzed  the  strip  extension  of  the  tji  = 
0  parabolic  cylinder  using  an  /V  =  10  equal  segment  MM/ 
Green's  function  solution,  as  already  described.  Fig.  5  shows 
a  comparison  of  the  magnitude  and  phase  of  the  MM/Green's 
function  and  the  exact  (see  [12  ,  ch.  8])  current  induced  on  a 
half-plane  by  a  unit  amplitude  TM  plane  wave  with  edge  on 
incidence,  i.e.,  <t>o  =  180°.  The  MM/Green’s  function  points 
are  plotted  in  the  center  of  the  segments  and  represent  the 
average  current  over  the  segment,  since  we  employed  piece- 
wise  constant  expansion  modes.  Fig.  5  shows  that  the  current 
obtained  from  the  MM/Green’s  function  solution  are  very 
close  to  the  exact  half-plane  currents.  The  only  exception  is  the 
current  adjacent  to  the  edge  at  jr  =  0.  Here  the  MM/Green's 
function  value  is  about  5.8  A/m,  while  the  exact  value  at  a:  = 
0.025X  is  4.0  A/m.  Thus  one  might  conclude  that  for  the  edge 
segment  the  MM/Green's  function  value  is  high  by  a  factor  of 
about  1.45.  However,  it  must  be  remembered  that  the  MM/ 
Green’s  function  points  represent  the  average  current  over  the 
segment  and  not  the  current  at  the  center  of  the  segment.  It  is 
well  known  that  the  exact  current  has  a  1/VYcdge  singularity 
as  or  -►  0.  For  a  function  with  a  1/Vy  singularity,  the  ratio  of 
its  average  value  from  0  to  W,  divided  by  its  value  at  W/2,  is 
\/2  »  1.41.  Thus  the  MM/Green's  function  value,  which  is  a 
factor  of  1.45  above  the  exact  current  at  the  center  of  the 
segment,  is  very  close  to  the  average  of  the  exact  current  and  is 
as  well  as  the  pulse  basis  function  solution  can  do.  It  is  also 
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«  (X) 

Fig.  S.  Comparison  of  exact  and  MM/Green's  function  solution  for  current 
on  perfectly  conducting  strip  extension  of  half-plane. 


TABLE  I 

CPU  Times  in  o.oi  s  for  various  Number  of  modes  n 


N 

Compute  IZ*1 

Compute  (Z’’] 

Crout  sol. 

5 

15 

I 

3 

10 

17 

5 

3 

20 

26 

20 

3 

40 

45 

82 

19 

80 

105 

336 

143 

interesting  to  note  that,  in  the  absence  of  the  half-plane,  the 
MM  solution  for  the  strip  current  would  have  an  edge 
singularity  at  Jf  =  0.5\.  However,  by  adding  [Z^  and  K*  to 
the  free-space  impedance  matrix  and  right-hand-vector,  re¬ 
spectively,  the  MM/Green’s  function  solution  was  able  to 
“see”  that  there  was  no  real  edge  atx  =  0.5X. 

Table  I  shows  the  CPU  times  for  the  above  problem  with  N 
=  5,  10,  20,  40,  and  80  modes.  All  CPU  times  are  for  a  VAX 
8550.  The  times  shown  are  an  average  of  five  runs  on  a  time¬ 
sharing  system.  The  CPU  clock  unit  was  0.01  s,  and  thus  the 
smaller  times  are  not  reliable.  CPU  times  are  shown  for  the 
computational  of  [Z^],  the  computation  of  [Z®],  and  the 
solution  of  the  order  N  simultaneous  linear  equations  via 
Crout’s  method.  The  CPU  time  to  compute  the  right-hand- 
vector  (AZ]  or  the  far-zone  field  is  neglible.  Note  in  Table  I 
that  the  CPU  time  to  compute  [Z^]  is  roughly  linear  with  N, 
while  that  to  compute  [Z°]  is  quadratic.  In  fact,  for  N  greater 
than  about  20,  it  ukes  longer  to  compute  [Z®]  than  to  compute 

IZ"). 

The  next  set  of  data  will  be  for  the  geometry  illustrated  in 
Fig.  6  at  1  GHz.  Here  we  have  a  perfectly  conducting 
parabolic  cylinder  with  a  multilayer  dielectric  strip  extension 
of  length  L  =  X  =  30  cm.  The  multilayer  strip  consists  of  a 
resistance  strip  of  /?  0  sitting  on  top  of  a  lossless  dielectric 
strip  of  thickness  T  =  0.0106X  =  1/8  in  =  0.3175  cm  and 


R  ■  0)  — ►  z,*  jezB.sfl 
R  ■  ICX>n-»Z,-  97.5+ 115.50 

Fig.  6.  TM  plane  wave  incident  upon  parabolic  cylinder  with  multilayer 
dielectric  strip  extension.  Multilayer  strip  is  of  length  30  cm  and  consists  of 
R  ohm  resistance  card  on  lop  of  (,  =  10  dielectric  strip  of  thickness  0.3 1 75 
cm. 

relative  dielectric  constant  e,  =  10.  Setting  R  =  oo  corres¬ 
ponds  to  removing  the  resistive  strip,  and  from  (12)  the 
lossless  dielectric  strip  is  equivalent  to  the  sheet  admittance  Y, 
=  -./0.00159  0  or  the  sheet  impedance  Z,  =  y628.9  0.  If  we 
let  /?  =  100  0,  then  the  lOO-fl  resistive  strip  on  top  of  the 
lossless  dielectric  strip  is  equivalent  to  Tj  =  0.01  -y0.00159 
0  or  Z,  =  97.5  -I-  yi5.5  0.  For  parabolic  cylinders  of  focal 
length  F  =  0,  1,  10,  and  30  cm.  Figs.  7(a)-(d)  show  the 
backscatter  echo  width  for  these  two  cases  and.  for  compari¬ 
son.  the  bare  parabolic  cylinder.  The  parabola  F  =  0 
corresponds  to  a  half-plane.  In  this  case  the  data  in  Fig.  7(a) 
were  found  to  be  in  excellent  agreement  with  the  authors’ 
previous  MM/Green’s  function  solution  for  TM  scattering  by 
a  general  dielectric  cylinder  in  the  presence  of  a  half-plane, 
and  where  the  dielectric  cylinder  is  represented  by  equivalent 
electric  volume  polarization  currents  (2).  For  edge  on  inci¬ 
dence  (^,  =  180")  and  for  the  F  =  1  cm  parabola,  Fig.  8 
shows  the  magnitude  and  phase  of  the  total  electric  field  in  the 
dielectric  strip. 
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This  paper  has  presented  the  MM/Green's  function  solution 
to  the  problem  of  TM  scattering  by  an  impedance  sheet  in  the 
presence  of  a  perfectly  conducting  parabolic  cylinder.  The 
impedance  sheet  is  an  approximate  model  for  a  thin  multilay¬ 
ered  dielectric  slab.  Explicit  expressions  for  the  elements  in 
the  MM  matrix  equation  are  obtained.  The  impedance  matrix 
is  written  as  the  sum  of  the  free-spacc  impedance  matrix  plus  a 
scattered  field  matrix  which  accounts  for  the  pre.sence  of  the 
parabolic  cylinder.  It  is  shown  that  the  elements  in  the 
scattered  field  matrix  are  a  separable  function  of  modes  7,,,, 
and  J,„.  The  result  is  that  the  CPU  time  to  evaluate  the  (N-  + 
\)/2  elements  in  this  symmetric  impedance  matrix  is  propor¬ 
tional  to  N,  rather  than  to  /V-  as  in  a  conventional  MM 
solution.  Numerical  results  are  shown  to  illustrate  the  accu¬ 
racy  of  the  method  and  to  show  sample  results. 
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Electromagnetic  Diffraction  of  an  Obliquely 
Incident  Plane  Wave  Field  by  a  Wedge 
with  Impedance  Faces 

ROBERTO  G.  ROJAS,  member,  if.ee 


Abstrac! — A  uniform  asymptotic  solution  is  presented  for  the  electro- 
majinetic  diffraction  by  a  wedRe  with  impedance  faces  and  with  included 
auRles  equal  to  0  (half-plane),  t/2  iright-anRled  wedge),  r  (two-part 
plane)  and  3t  2  (right-angled  wedgei.  The  incident  field  is  a  plane  wave 
of  arbitrary  polarization,  obliquely  incident  to  the  axis  of  the  wedge.  The 
formal  solution,  which  is  expressed  in  terms  of  an  integral,  was  obtained 
by  (he  generalized  reflection  method.  A  careful  study  of  the  singularities 
of  the  integrand  is  done  before  (he  asymptotic  evaluation  of  the  integral 
can  be  carried  out.  The  asymptotic  evaluation  of  (he  integral  is  performed 
taking  into  account  the  presence  of  the  surface  wave  poles  in  addition  to 
the  geometrical  optics  (GO)  poles  near  the  saddle  points.  This  results  in  a 
uniform  solution  which  is  continuous  across  the  shadow  boundaries  of 
the  GO  fields  as  well  as  the  surface  wave  fields. 


I.  Introduction 

HE  SCATTERING  of  electromagnetic  and  acoustic 
waves  by  objects  that  are  not  perfectly  conducting  has 
many  practical  applications.  For  example,  radar  absorbing 
materials  are  used  to  cover  objects  to  reduce  their  scattering. 
To  study  the  scattering  properties  of  objects  that  are  not 
perfectly  conducting.  Leontovich  [1]  developed  a  boundaO' 
condition  known  as  the  impedance  or  Leontovich  boundary 
condition.  Although  the  impedance  boundary'  condition  is  an 
approximation  to  the  exact  boundary  conditions  satisfied  by 
the  fields  at  the  surface  of  the  scatter,  it  is  a  very  useful 
approximation  since  it  allows  the  solution  of  many  practical 
problems  which  otherwise  could  not  be  solved. 

Among  the  various  shapes  studied  in  the  past,  the  scattering 
by  wedge-shaped  objects  has  received  a  lot  of  attention  [2j- 
[26].  There  are  basically  two  methods  to  solve  for  the  fields 
scattered  by  wedge-shaped  objects,  namely,  the  Wiener-Hopf 
and  Maliuzhinets  methods.  Maliuzhinets  [2]  introduced  a 
method  to  solve  the  problem  of  the  scattering  of  a  normally 
incident  plane  wave  by  a  wedge  with  impedance  faces.  Note 
that  for  the  case  of  normal  incidence,  the  problem  can  be 
scalarized  by  separating  the  fields  into  TM,.  and  TE;  polarized 
components.  The  Maliuzhinets  method  basically  consists  of 
expressing  the  total  field  as  a  spectrum  of  plane  waves  which 
can  be  written  as  an  integral  with  an  unknown  spectral 
function.  The  unknown  spectral  function  is  then  determined 
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with  the  application  of  the  boundary,  radiation  and  edge 
conditions.  The  key  step  in  the  Maliuzhinets  method  is  the 
transformation  of  an  integral  equation  into  a  first -order 
functional  difference  equation  whose  solution  yields  the 
unknown  spectral  function.  Once  the  difference  equation  i.s 
solved,  the  integral  representation  of  the  fields  can  be 
asymptotically  evaluated.  The  problem  becomes  much  more 
complicated  for  the  case  of  oblique  incidence.  Several  authors 
have  studied  the  scattering  of  an  obliquely  incident  plane  wave 
by  a  wedge  [3],  [9J.  [13],  [24],  [25];  however,  each  of  the 
solutions  in  [3],  [9],  [13].  [24],  [25]  is  valid  for  only  a  single 
wedge  angle.  Moreover,  all  of  the  above  a.symptotic  solutions, 
except  for  [9],  do  not  take  into  account  the  presence  of  the 
surface  waves  excited  at  the  edge  of  the  impedance  wedge.  In 
other  words,  the  surface  wave  poles  near  the  saddle  point  were 
ignored.  In  [9],  the  integral  representation  of  the  fields 
scattered  by  a  half-plane  with  different  impedances  on  each 
face  is  given,  but  the  asymptotic  evaluation  of  the  integral  for 
the  case  of  oblique  incidence  is  not  performed.  The  present 
author  obtained  an  exact  solution  using  the  Wiener-Hopf 
method  for  the  the  field  scattered  from  a  planar  surface  with  an 
impedance  discontinuity  and  from  an  impedance  half-plane 
[19].  The  asymptotic  evaluation  of  the  exact  solution  in  [19], 
which  IS  expressed  in  terms  of  an  integral,  was  carried  out 
taking  into  account  the  presence  of  the  surface  wave  poles  near 
the  saddle  point.  It  is  noted  that  the  scattering  from  a  right- 
angled  wedge  can  also  be  solved  w'ith  the  traditional  separation 
of  variables  technique  by  making  a  change  of  variables  first 
suggested  by  Lewy  [27]  and  Stoker  [28],  This  method  was 
followed  by  Hwang  [22]  and  Karal  et  al.  [23]. 

This  paper  is  based  on  the  generalized  reflection  method 
(GRM)  which  is  more  general  than  the  Wiener-Hopf  method 
[19].  The  GRM.  which  is  a  generalization  of  the  Maliuzhinets 
method,  was  developed  by  Vaccaro  [12[.  [13]  to  study  the 
scattering  from  an  impedance  wedge  excited  by  an  obliquely 
incident  plane  wave  as  depicted  in  Fig.  1  where  the  c-axis 
coincides  with  the  wedge-axis.  Since  the  TM;  and  TE^ 
polarized  fields  are  coupled  for  the  case  of  oblique  incidence, 
a  two-element  column  vector  f..  who.se  elements  arc  the  2 
components  of  the  electric  and  magnetic  fields,  i.s  defined.  It  is 
then  sufficient  to  obtain  a  solution  for/;  since  all  the  other  field 
components  can  be  determined  from  f..  Next,  as  in  the 
Maliuzhinets  method,  the  vector  /  i.s  expressed  as  an  integral 
along  the  Sommerfield  contour  w  ith  an  miegrand  that  can  be 
written  as  the  product  of  an  unknown  spectral  function  F.  and 
a  known  exponential  function.  Since  the  integral  satisfies  the 
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scalar  Helmholtz  equation,  the  next  step  is  to  impose  the 
boundary  conditions  which  yield  an  integral  equation  for  the 
column  vector  A.  The  integral  equation  is  then  converted  into 
a  functional  difference  equation  which  is  referred  to  as  the 
generalized  reflection  equation  (GRE)  [12],  Unlike  the  case 
considered  by  .Maliuzhinets,  the  GRE  is  a  second-order 
difference  equation  which  is  much  more  difficult  to  solve  than 
a  first-order  one.  It  turns  out  that  the  GRE  can  be  solved  in 
terms  of  the  Maliuzhinets  functions  for  four  wedge  angles, 
namely,  the  half-plane  and  the  two-part  impedance  plane  with 
arbitrary  impedance  values  on  each  face  and  the  •ir/2-  and  3ir/ 
2-wedges  with  one  face  a  perfect  electric  conductor  (PEC)  or  a 
perfect  magnetic  conductor  (PMC).  Recently,  Senior  [26] 
described  a  procedure  similar  to  that  followed  by  Vaccaro 
[12];  however,  one  face  of  the  wedge  is  always  a  PEC  in  [26]. 
Funhermore,  the  spectral  function  for  the  3ir/2-wedge  in  [26] 
does  not  reduce  to  the  known  spectral  function  when  0  =  ir/l 
because  the  constant  C2  in  [26|  is  incorrectly  evaluated. 

The  purpose  of  this  paper  is  to  obtain  a  uniform  a.symptotic 
solution  for  the  four  special  cases  mentioned  above.  Tlie 
asymptotic  evaluation  is  performed  taking  into  account  the 
presence  of  the  geometrical  optics  (GO)  poles  as  well  as  the 
surface  wave  poles  (complex  poles).  This  results  in  a  uniform 
expression  across  the  shadow  boundaries  of  the  GO  and 
surface  wave  fields. 

The  expressions  for  /.  and  F.  are  given  in  a  very  compact 
matrix  notation.  This  is  especially  useful  when  the  unknown 
constants  appearing  in  the  spectral  function  F^  have  to  be 
determined.  Besides  being  compact,  the  matrix  notation  also 
helps  in  the  physical  interpretation  of  the  results,  and  it  is 
suitable  for  numerical  computations.  Several  numerical  exam¬ 
ples  are  presented  and  the  effect  of  the  impedance  values  on 
the  diffracted  and  surface  wave  fields  is  discussed.  Note  that 
all  the  fields  in  the  following  discussion  have  the  time 
dependence  which  is  suppressed.  Throughout  this  paper,  a  bar 
and  a  double  bar  on  top  of  a  function  name  denotes  a  two- 
element  column  vector  and  a  two-by-two  matrix,  respectively. 

II.  Statement  of  the  Proble.m 

The  problem  to  be  considered  here  is  the  electromagnetic 
(EM)  diffraction  by  a  wedge  with  impedance  faces  as  shown  in 
Fig.  I.  The  faces  of  the  wedge  are  labeled  0  and  n  and  the 
exterior  wedge  angle  is  zitt.  Let  p,  4>.  and  c  denote  the 
cylindrical  coordinates  with  the  c-axis  coinciding  with  the 
wedge  axis.  As  depicted  in  Fig.  1,  the  angles  rt)  and  0'  are 
measured  from  the  0  face.  The  impedance  of  face  0  is  Zi, 
while  the  impedance  of  face  n  is  Zj,  where  both  Z,  and  Zi  are 
scalar  constants.  In  other  words,  the  impedance  faces  are 
isotropic  and  homogeneous.  The  faces  of  the  wedge  satisfy  the 
Leontovich  boundary  condition,  namely 

■  E)=  ±i<HZ\ 

H  -  iii  ■  H )  ~  ^0  X  E  Yf 

2 

where  <t>  is  the  unit  vector  normal  to  the  plane  <l>  =  constant, 
I'l :  =  l/Z|  n  and  E  and  H  are  the  electric  and  magnetic 
vector  fields,  respectively. 

The  incident  field  is  assumed  to  be  a  plane  wave  of  arbitrary 
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polarization,  obliquely  incident  'o  the  axis  of  the  wedge  as 
depicted  in  Fig.  1.  As  shown  in  [17],  [29],  if  all  the  fields  have 
the  same  exponential  z-dependence  exp  {ikz  cos  0),  which  is 
the  case  here,  then  it  is  sufficient  to  find  the  solution  for  the  z 
components  of  the  electric  and  magnetic  fields.  Thus  let  /.  be 
defined  as  follows; 


/i(P.  <l><  Z) 


E.  ' 
~  _r,ok_ 


(2) 


where  E.  and  Hz  are  the  z  components  of  the  electric  and 
magnetic  fields,  respectively,  and  rjo  is  the  free-space  intrinsic 
impedance.  The  column  vector  /.  plays  the  role  of  a  vector 
potential  since  all  the  other  field  components  can  be  obtained 
in  terms  of It  follows  from  (2)  that  the  incident  field  can  be 
defined  in  terms  of/',,  i.e.. 

/' = r  1 

=  Fo:  exp  (  -  lA'p  cos  (0  -  (/>'))  exp  (/kz  cos  0) 

]’  O<0' <mr,  O<0<Tr 

(3) 


where  0^0$  mr,  K  =  ksin0  and  p  =  \Jx~  -F  y‘.  Note  that 
Eoz  and  Ho;  are  arbitrary  constants  and  k  is  the  free-space 
wavenumber.  To  obtain  a  unique  solution,  the  fields  have  to 
satisfy  two  more  conditions;  namely,  the  radiation  and  edge 
conditions. 


III.  Generalized  Reflection  Method 

Following  Maliuzhinets  approach,  the  total  field  /.  is 
expressed  in  terms  of  a  spectrum  of  plane  waves.  This 
spectrum  can  be  written  as  an  integral  along  the  so-called 
twofold  Sommerfeld  contour  7  depicted  in  Fig.  2.  i.e., 

g.kzcosl3  _ 

Z)=  -  .  Fz(a  + - 0) 

2-ki  2 

•  exp  ( -  iKp  cos  a)  da  (4) 

wh<»re  the  function  A  is  unknown  at  this  stage  of  the  analysis. 
However,  due  to  the  radiation  and  edge  conditions,  one  can 
deduce  that  A  is  an  analytic  function  for  |Im  a|  >  d.  where  d 
is  a  positive  real  constant.  Note  that  the  integral  in  (4) 
converges  uniformly,  and  satisfies  the  scalar  Helmholtz 
equation  and  the  radiation  condition  provided  that  the  contour 
7,  shown  in  Fig.  2,  lies  on  the  half-planes  defined  by  |Im  o|  > 
d.  It  also  follows  from  the  edge  conditions  that  the  asymptotic 
behavior  of  F-  is 

lim  A(a)  =  constant  vector.  (5) 

llm  (0i)|  -» 

Moreover,  the  presence  of  the  incident  field,  given  in  (3), 
implies  that  Afa)  must  have  one  first-order  pole  singularity  at 
a  =  nir/2  -  0'. 

After  applying  the  boundary  conditions,  (4)  becomes  an 
integral  equation  which  can  be  transformed  into  a  functional 
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Fig.  1 .  Impedance  wedge  with  obliquely  incident  plane  wave. 


Ima 


Fig.  2.  Sommerfeld  contour  y.  Shaded  area:  real  ( -  iKp  cos  a)  <  0. 


difference  equation  [2],  namely, 

(7 sin  a±sin  »'i)^(a)/’j  ^a±  — ^ 

=  (-7sin  a±sin  i'i)^(-a)/';  ^-a±  — ^  (6) 

where 

^ (a)  =  7 cos  a  +  7  sin  a  cos  0 

[o  ?]  [?  'o]  ■  <’> 

The  diagonal  matrix  sin  Pi  j,  sometimes  referred  to  as  the 
modified  Brewster  matrix,  is  given  by 


ivf  The  real  part  of  p  is  restricted  to  the  interval  [0,  t/2] 
because  it  is  assumed  that  Re  (Z|,2)  ^  0.  Equation  (6)  is  called 
the  generalized  reflection  equation  which  is  very  difficult  to 
solve  because  of  the  nondiagonal  matrix  C{a).  In  fact,  (6)  can 
be  reduced  to  two  scalar  second-order  functional  difference 
equations  for  the  fields  and  //,,  respectively.  Note  that  for 
the  case  of  normal  incidence,  i.e.,  0  =  ir/2,  C(a)  becomes 
diagonal  and  (6)  reduces  to  two  first-order  functional  differ¬ 
ence  equations  which  are  easier  to  solve.  This  special  case  was 
treated  by  Maliuzhinets  [2]  and  a  uniform  expression  has  been 
obtained  in  [16];  however,  the  presence  of  the  surface  wave 
poles  near  the  saddle  points  was  not  taken  into  account  in  [16], 
In  general,  if  one  finds  a  solution  for  (6),  another  solution 
is  given  by  Pj(a)ff(a),  where  d(a)  satisfies  the  difference 
equation 


sin  Pi, 2  = 


'sin  P' 

0 


0 

sin  P|  2 


Thus  the  most  general  solution  of  (6)  can  be  written  as  follows 

/•aa)  =  Fe(a)<T(a)  =  [/^,  ^2]<7(a)  (10) 

where  Fi  and  E2  are  solutions  of  (6).  It  can  be  shown  that  a 
solution  for  (6),  i.e.,  Pj(a),  can  be  found  in  terms  of  the 
Maliuzhinets  functions,  introduced  in  [2],  for  the  following 
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Fig.  3.  Geometries  for  which  generalized  reflection  equation  has  been 
solved  (a)  n  =  1.  (b)  n  =  2.  (c)  n  -  3/2.  (d)  n  =  1/2. 


^(a)  ®  1 


It  also  can  be  shown  that  ’i',.A(a)  can  be  expressed  in  terms  of 
another  function,  namely. 


,  ^  »  f  ... 

t/-,  or-  — +Pj-  --  + 


where  i/'„(o()  is  the  well-known  Maliuzhinets  function.  The 
function  4'n(ot)  and  its  properties  are  discussed  in  [2],  For  our 
purposes,  it  is  enough  to  mention  that 


r  /IlmorlN 
lim  \p„ia)  =  0  exp  (  —  ) 


y}j„(a-ic)  =  i„(a  +  ir) 


a  —  t/2 


a  +  ir/2 


.  (14) 


The  next  step  in  the  analysis  is  to  find  a  solution  for  (9).  It  is 
easy  to  verify  that  one  solution  of  (9)  is  the  function  a  sin  (a/ 
n)  where  d  is  an  arbitrary  constant.  Furthermore,  one  can  also 
show  that  d  sin'  (cr/n),  where  /  is  an  integer,  is  still  a  solution 
of  (9).  Thus  keeping  in  mind  that  d(a)  must  have  a  first-order 
pole  at  a  =  nr/2  -  ,  the  most  general  solution  of  (9)  can 

be  expressed  as  a  Laurent  series  around  the  point  sin  (nr/{2n) 
-  <^V/i)  =  cos  (<l>'/n).  By  enforcing  (5),  which  was  derived 
from  the  edge  conditions,  it  turns  out  that  for  the  cases  being 
considered  here  {n  =  1/2,  1,  2,  3/2),  the  series  for  d(a)  must 
stop  at  the  second  term,  i.e., 

d{a)  = - ^  ; - -  +  do-l-d,  sin  (  -  )  .  (15) 

.  /a\  \n/ 

sin  -  I  -  cos  —  I 
nJ  \  n  J 


four  cases  (see  Fig.  3)  when  0  ^  t/2; 

a)  two-part  impedance  plane,  n  =  1 

b)  half-plane,  n  =  2 

c)  T/2-wedge  where  Z|  =  0  or  2i  =  »,  /i  =  3/2 

d)  3T/2-wedge,  where  Z|  =  0  or  Z|  =  oo,  n  =  1/2. 

Thus,  the  solution  of  (6)  for  the  cases  described  above  can  be 
written  as  follows; 


Fi(a)  =  S  '(a)’^(a) 


for  /j  =  1 
for  n  =  2 
for  «  =  3/2,  1/2 


and  Z,  =0  or  Z|  =  00 


(11) 


Since  d_i,  do,  and  di  are  unknown  constants  in  (15),  the 
solution  for  is  not  unique.  To  obtain  a  unique  solution,  the 
unknown  coefficients  in  (15)  must  be  determined.  The  first 
coefficient  d_|  can  be  easily  evaluated  by  noting  that  the 
residue  of  at  the  pole  a  =  nr/2  —  '  must  be  equal  to 
the  incident  field.  Thus  d_  |  is  given  by 


sin  {<t>'/n)  ,  nr  \  m  / nr  \  . 


0<<i)' <nr.  (16) 


The  other  two  coefficients  are  determined  by  first  observing 
that  the  matrix  S' '(a)  introduces  complex  poles  whose 
residues  are  fields  which  have  no  physical  interpretation.  Thus 
the  unknown  coefficients  do  and  d|  are  adjusted  in  such  a  way 
that  the  complex  poles  of  S'  ‘(a)  are  removed.  This  is  done  by 
solving  for  do  and  d|  in  a  system  of  linear  simultaneous 
equations  (see  (38a)  in  the  Appendix).  When  Z|,2  =  0  or  Zi,2 
=  00,  some  of  these  equations  become  linearly  dependent  and 
thus  are  not  sufficient  to  solve  for  do  and  d,.  However,  the 
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edge  conditions  will  dictate  that  some  of  the  constant  must  be  Equati 
equal  to  zero.  Thus  once  the  constants  have  been  evaluated,  given 
the  solution  for  the  function  can  be  written  as  follows: 

F,(a  +  nT/2  —  (t>)  =  A^ia  +  mr/2~<t>)Foz,  0  <  /it  M(a) 


where 


Azicc  + nv/2  —  <i>)  =  §  '  (a  +  nir/2  —  <t>) 


hn(o‘)  =  - 


/  a  —  w\  (  a  +  ir 
cos  -  cos  - 

V  6  /  V  6 


cos^  -  cos  I  - 

V6/  V6 


Equation  (20a)  is  obtained  by  a  repeated  use  of  the  identity 
given  in  (14).  The  diagonal  matrix  iW'(a)  is  given  by 


^  r 
L  0 


A/^a)] 

A/'’*(a)  =  //i(a,  p^'*)//n(  — a,  v\'') 


^  (a  +  n-tr/2  -  <t>)  sin  (  — 

\  « 


/a-0\  /  ((>' 

cos  I  -  I  -  cos  I  — 

\  n  J  \  n 


■8.+Dn 


■  ^  ~'(mr/2  —  <t>')S(mr/2  —  <l>') 

(17b) 

and  the  constant  (two-by-two)  matrices  B„  and  5„  are  given  in 
the  Appendix.  Thus  a  formal  solution  for  F.  has  been  found  for 
four  wedge  angles  in  terms  of  an  integral  along  the  Sommer- 
feld  contour.  For  the  cases  being  considered  here,  ^„(a)  is 
given  by 

.  C  I  fa  2«-t  sin  «  ') 

i/'i(a)  =  exp  J  —  - du  \  (18a) 

(^4t  Jo  cos  u  j 

C -\  fa  T  sin  u-2  V2t  sin  (u/2)-t-2u  ') 

\('2(a)--cxp  j  —  1  - —du[ 

Sir  -^0  cos  u  J 


where 


/n(a.  p)  = 


a-t-/iT/2  —  p 


)/  a-ir  +  nir/2  +  v\ 

V  IJi  ^ ) 


/a-t- T-H  nT/2  — p\  /<x  +  mr/2  +  v 

V  2n  )  V  2rt 


For  the  ir/2-  and  3T/2-wedges  (n  =  3/2,  1/2),  where  Z\  is 
equal  to  0  or  oo,  the  functions  'i'e./iM  and  -Af*  *(a)  have  to  be 
carefully  examined.  Table  I  summarizes  these  special  cases. 

Note  that  spectral  function  F,(a  -I-  /it/2  —  <i>)  is  equal  to 
zero  when  <^'  =  0,  /it  (grazing  incidence)  as  long  as  '5(/it/2 
-  <A')  does  not  have  any  zeros  at  =0,  /it.  However,  for 
the  right-angled  wedge  problem  where  Z|  =  OorZi  =  oo.the 
function  ^(nir/2  -  <t>')  does  have  a  zero  at  0 '  =  0.  Thus  for 
n  =  1/2,  3/2,  and  with  the  help  of  Table  I,  '5" '(/it/2  -  <t>') 
sin  (0 ' /n)/n  can  be  evaluated  at  0 '  =  0  by  talcing  the  limit  as 
0'  goes  to  zero,  namely, 


lim  'Jf  ■ '  (  —  -  0 
*■-0  \  2 


”)/"  =  "  ft  ®  1  (21a) 
n  /I  /I  L  ® 


where 


gA  =  0  for  Z,=0, /i  =  ^  ,  i  (21b) 


ge=0  5/.=  l/Un  +  ^ 


'/'i/2(a)=cos  (a/2).  (18c) 


for  Z|  =  oo, /i  =  i  ,  1  .  (21c) 


When  /3  =  t/2  (normal  incidence),  (17b)  becomes 
/I.  (a  +  /it/2  —  <t>)  =  ^(a  +  mr/2  —  0)^' '  '(/it/2  —  0') 


sin  (0 '//!)//! 


(19) 


Unlike  (17),  the  expression  in  (19)  is  valid  for  any  wedge 
angle. 

An  important  identity  that  will  be  very  useful  when  the 
diffracted  field  is  developed  is  the  following: 

’^(a  -  t)  = (a -(- T)jld'(a).  (20a) 


Note  that  when  0'  =  0  the  pole  a  =  0  (see  (17b)),  which 
appears  to  be  a  double  pole,  is  still  a  simple  pole.  Further¬ 
more,  it  also  follows  from  (17b)-(21)  that  for  0'  =  0  and  Zi 
=  0,  only  a  TE.-polarized  incident  plane  wave  (Eoz  =  0,  Hm 
^  0)  will  excite  a  nonzero  scattered  field.  This  agrees  with  the 
boundary  conditions  satisfied  by  the  fields  on  face  0  of  the 
wedge.  On  the  other  hand,  if  Zi  =  »,  the  incident  plane  wave 
has  to  be  TMj-polarized,  i.e.,  Eqz  ^  0,  Hqz  =  0  (which  also 
agrees  with  the  boundary  conditions),  to  have  a  nonzero 
spectral  function  Fz  when  0'  =  0.  It  is  important  to  keep  in 
mind  that  since  (21)  was  derived  by  taking  the  limit  of  0' 
going  to  zero,  the  constant  Fqz  in  (17a)  must  be  divided  by  2 
for  the  case  of  grazing  incidence. 
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TABLE  1 
fl  =  3/2.  1/2 


Zi  =0,  Zi^O,  finite 


♦.(a)  =  cos 

♦*(«)  =  (!:.  +  >1'k  “'2^ 


Af*(ii)=  l//n(-i/,  >>*) 

Af'(i/)=cos 


(u  — ir  +  nT/2  \ 

y 


/m(-ii,  vp/cos 


u  +  T  +  nT/2 
2/1 


Zi  =  00,  Zi^O,  finite 


.  /  /nr  /IT  T  \ 

Aoi)  =  i,  la — ^''■‘'2~2  J  \  / 

Sn)  (“ 


'l'„(a)  =  cos 


nir  t  T  \  .  /  rtT  .  T 


M"(i/)  =  cos  — r  +  nr/2  ^  j/p/cos 


1/  +  T  +  /IT/2  \ 

2^i  y 


<V/'(u)=  l//n(-u,  i/p 


As  mentioned  before.  Senior  [26 J  obtained  an  expression 
for  the  spectral  function  iPjfa)  for  n  =  1/2,  i.e.,  Si(a)  and 
Szfa)  in  (57)  and  (58),  respectively,  of  [26].  However,  Si(o() 
does  not  reduce  to  the  known  result  when  0  =  ir/2.  The  reason 
for  the  error  is  that  the  constant  Cz,  given  in  [26],  is  incorrectly 
calculated  since  it  should  be  equal  to  zero  as  dictated  by  the 
edge  conditions.  In  other  words,  with  Cz  as  computed  in  [26], 
the  spectral  functions  S|(a)  and  52(a)  do  not  satisfy  (5)  (in  this 
paper),  which  all  valid  functions  must  satisfy.  Although  the 
constant  cz  is  incorrect,  the  field  obtained  in  (59)  of  [26]  for 
the  3T/2-wedge  is  correct  because  it  turns  out  that  C|  and  C2  do 
not  contribute  to  the  fields  and  when  n  =  1/2.  This 
important  point  will  be  explained  in  more  detail  in  Section  IV. 

IV.  Asymptotic  Analysis 

In  general,  the  integral  in  (4)  cannot  be  evaluated  in  closed 
form  due  to  the  complicated  nature  of  the  integrand.  However, 
as  is  the  case  in  most  diffraction  problems,  one  can  apply 
asymptotic  integration  techniques  to  obtain  useful  solutions. 
Here  the  method  of  steepest  descents  will  be  used  to  obtain  the 
leading  term  of  for  large  Kp. 

The  exponential  function  in  (4)  has  two  isolated  simple 
saddle  points  at  a  =  t  and  a  =  —  t.  Furthermore,  Pt(a  + 
nT/2  -  (/>)  is  an  analytic  function,  except  for  some  real  and 
complex  simple  poles.  The  real  poles  are  located  at 

a*=«±<ji'  +  2/7TyV,  N=0,  ±1,  ±2,  (22) 

For  /I  =  1/2,  all  the  pole  singularities  of  E^ia  +  nir/l  -  <t>) 
are  given  in  (22),  i.e.,  +  t/4  -  <l>)  does  not  have 

complex  poles.  Moreover,  as  shown  later,  the  integral  in  (4) 
can  be  evaluated  in  closed  form  when  n  =  1/2.  Thus  the 
asymptotic  evaluation  of  (4)  for  n  =  1,  3/2,  and  2  will  be 


discussed  first.  At  the  end  of  this  section,  a  closed-form 
expression  of  (4)  will  be  obtained  for  n  =  1/2. 

In  addition  to  the  real  poles  in  (22),  Fi(a  +  nic/2  -  <f>)  also 
has  complex  poles  when  n  =  1,  3/2,  2.  Actually,  these 
complex  poles  are  the  poles  of  the  function  (a  +  nr/2  -  <i>) 
and  the  ones  closest  to  the  saddle  points  a  =  ±  t  are 

=  +  a^l= T  +  ifi-nT.  (23) 

The  pole  O),*  is  closest  to  the  saddle  point  a  =  x  and,  if 
captured,  its  residue  contribution  can  be  interpreted  as  a 
surface  wave  traveling  away  from  the  edge  on  face  0. 
Likewise,  a25w  is  the  pole  closest  to  the  saddle  point  a  =  -  x 
and,  if  captured,  its  residue  contribution  is  a  surface  wave 
traveling  away  from  the  edge  on  face  n  of  the  wedge.  The 
poles  listed  in  (22)  and  (23)  are  depicted  in  Fig.  4.  It  is  noted 
that  since  sin  f*  ^-sin  =  I/sin^  j3,  only  two  surface  wave 
poles  can  be  captured  for  given  values  of  Z|  and  Zz. 

The  first  step  in  the  asymptotic  evaluation  of  (4)  is  to 
introduce  two  steepest  descent  paths  SDP(  ±  x)  passing 
through  the  saddle  points  a  =  ±  x  as  shown  in  Fig.  4.  After 
deforming  the  original  integration  contour  into  SDP(x)  and 
SDP(  -  x),  /j  becomes 

/i(p.  0,  z)=/i(p,  «f>.z)+/j,(p.  </>,  z) 

+/j2(P.  z)+/”(p.  <t>,  z)+/”(p,  <t>,  z) 

+/>.  <^.z),  /i=l,  3/2, 2.  (24) 

The  functions /j./j|.7j2',^iT»  are  the  residues  of  F; 

evaluated  at  the  poles  that  are  captured  when  the  integration 
contour  is  deformed.  Thus is  the  incident  field, /j,  and /jj 
are  the  fields  reflected  from  the  0  and  n  faces  of  the  wedge. 
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Fig.  4.  Steepest  descent  paths  and  pole  singularities  of  function  -t- 
nr/Z  -  <i). 


respectively.  Likewise, /j*  and are  the  surface  wave  fields  given,  respectively,  by 
traveling  away  form  the  edge  on  the  0  and  n  faces  of  the 

wedge,  respectively.  These  fields  are  given  by  (n  =  1 , 3/2,  2)  a,  =  ^  ^ =  </>  +  <<> ' 


exp  ( -  iKp  cos  /Sg- ) 

•  exp  iikz  cos  )3)[  U(0-  +  ir)  -  C/(/3  '  -  tt)]  (25a) 


=  +  —2mr  04,5  =  (^  +  ir  + 

a6,T-(i>-nr~Tt-v‘;'' 


J\  I  =  exp  ( -  iKp  cos  0* ) 

•  exp  {ikz  cos  0)  U(ir  - 0; )  (25b)  0  T,*  =  -  p +  arccos  (I/cosh  p  J,*) 

/;2  =  exp  ( -  iKp  cos  {0*  -  2nic))  ,  ^ 


•  exp  {ikz  cos  0)  U{0*  -  2nv  +  ir)  (25c) 

exp  {-iKp  cos  04)  exp  {ikz  cos  0) 

■  U{<t>‘-<t>),  ifIm(Z,)>0 

.  (25d) 

fipQz  exp  {-iKp  cos  05)  exp  {ikz  cos  0) 

•(/(</.*,-<<.),  ifIm(Z,)<0 

exp  ( -  iKp  cos  a«)  exp  {ikz  cos  0) 

■  U{<t>-4>'2),  ifIm(Z2)>0 

^  (25e) 

FtFoz  exp  ( -  iKp  cos  07)  exp  {ikz  cos  0) 

■  U{<t>-4>12),  ifIm(Z2)<0 


where  U  is  the  unit  step  function,  0^  =  <^  ±  <^ ' ,  and  it  is  not 
to  be  confused  with  0.  The  residues  {fi}  are  computed  as 
follows: 

A=hm  (ci(-a,)/lj  (^ci(  +  — -0^  ,  /=I,2,  •••,7  (26) 


<t>  ,'i  =  nx  +  p  -  arccos  ( 1/cosh  p  'i*).  (27b) 


Evaluating  (26)  yields 


e-'(x  +  «')A(<>',  v,)C{z-4>'), 
n=l,  2 

«  =  3/2, 


C  ‘(x  +  (/)')A(nT-0',  vi)C:{ir-<t>'), 
n=l,  2 

n  =  3/2, 


where  the  poles  {o/}/.,,  and  the  angles  and  are 


(28c) 
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written  as  follows: 


T.  .  r/?(a,  p')  0  1  ,  sino-sinp  b  a,  o] 

A(a,  p)=  -  R(a,v)  =  - - ^ n  n 

L  0  /?(«,  p'')J  sina  +  sinp  L 


'=[i: 


for  Zi  =  0 
for  Zi  =  00 


-?] 


Note  that  ^i,  Fn,  and  are  the  residues  of  y^,(a  +  nic/2  -  <l>) 
evaluated  at  the  GO  poles.  The  residues  corresponding  to  the 
complex  surface  wave  poles  are  given  by  («  =  1,2) 


^-[o'o]  :]  • 

The  constants  a,.*  and  6,  *  can  be  expressed  in  terms  of  the 
Maliuzhinets  function  tJ/„,  namely. 


'I'ni— +  r,  =  l,2  (30b) 


i/'n  (  -nT---2p^-M,  n=l,2  (30c) 


bf=4'n  {-m(-^-2v^  cos 


bi,  =  \l/„  {  -  nv---2i>i  ,for«  =  -,Z|=0  (30d) 


It  is  obvious  that  for  the  ir/2-wedge  (n  =  3/2),  F^  ^  =  5.  In 
other  words,  no  surface  wave  can  exist  on  the  0  face  of  the 
(29a)  wedge  when  Zi  =  0  or  Zi  =  oo. 

The  last  term  that  needs  to  be  defined  in  (24)  is  ,  which  is 
referred  to  as  the  diffracted  field,  and  it  can  be  expressed  as 
follows: 


/f(p,  <>,  z)  = 


exp  (ikz  cos  0) 
2vi 


■Po.  exp  ( -  iKp  cos  a)  da 


(29b) 

where  the  matrices  and  Pi,  introduced  in  (29)  can  be 


exp  (ikz  cos  0) 

+ - 

2wi 


■  Foz  exp  ( -  iKp  cos  a)  da  (31) 

where  SDP(±ir)  are  the  steepest  descent  paths  depicted  in 
Fig.  4.  The  asymptotic  evaluation  of  (31)  is  based  on  the  work 
of  Gennarelli  and  Palumbo  [30).  Actually,  the  simplified 
expressions  given  in  [31|  are  used  here. 

Without  going  over  the  details,  the  asymptotic  evaluation  of 
(31),  taking  into  account  the  presence  of  alt  the  poles  of  F. 
near  the  saddle  points  a  =  ±r,  and  keeping  only  the  leading 
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terms  of  order  yields 


/j(p.  <t>,  Z)~3z(<t>,  <l>',  L,  Pi,  vi) 

giK0 

•  f‘(x=0,  y  =  0,  z)  sin  0  (32a) 

vp  sin  0 

where 


to  the  observation  point,  and  L  =  s  sin^  0.  The  diffraction 
coefficient  3^  is  given  by 

3ei<t>,  0',  0,  L,  Vu  V2)=  -C3c(<t>,  0',  0,  L,  Vi,  v-^L 


(35b) 

where  3  was  defined  in  (28e). 


_  e‘^'*  sin  (0'/rt)  _  ,  _ 

5j(0,  0',  L,  v\,  V2)  = - - - - 5  '(/it/2  — 0)’J(ir  +  /iT/2-0) 

n^lrk  sin  0 


. 


cos 


- ^ - +B„+3„  cos  ( - — 

/t-0\  /0'\  \  n  J 


-A/(  y-0 


COS 


- - - +B„+3„cos  f — 

/t  +  0\  /0'\  \  n  J 


•  ’f-'(/IT/2-0')5(/IT/2-0')-— J - 

V4tA:  sin  0  ui 


(32b) 


and  Z.  =  p  sin  (3.  The  matrix  A/(a)  was  defined  in  (20b),  and 
the  constants  B„  and  3„  are  given  in  the  Appendix.  The 
function  S/  is  given  by 

5/=  -exp  (/t/4)>/2  cos  •  /=  1,  2,  •  •  •,  7.  (33a) 

where 

[of/i  if  I  Re  (a/)|  ^  2t 

2t  +  Jim  (a,),  if  Re  (a/) > 2t  (33b) 

-  2t  +  /Tm  (a/),  if  Re  (a/)  <  -  2t 

and  the  poles  {a/}  were  defined  in  (27a). 

For  practical  applications,  it  is  convenient  to  express  the 
diffracted  field  in  the  ray-fixed  coordinate  system  [32).  Thus 
the  unit  vectors  0',  0,  /f',  and  §  depicted  in  Fig.  1  and  the 
column  vectors  and  are  defined  as  follows: 

s'  xe  .  sxe 
e  =  z;  =  <t>=--r7—:r 

\exs'\  lexj| 

0'=rxs'  0=$X5 

(34, 

The  diffracted  field  can  then  be  easily  obtained  from  (32), 
namely, 

^iks 

/^(j,  0,  0)~3m,  <t>',0,L,  Vi,  V2)P^{QE)  —  (35a) 

\s 

where  QE  is  the  point  of  diffraction,  s  is  the  distance  from  QE 


The  diffracted  field  given  in  (32)  and  (35)  is  valid  as  long  as 
all  the  poles  {«/}  are  simple.  However,  when  there  is  the 
possibility  of  double  or  higher  order  poles;  i.e.,  when  0 '  =  0, 
/IT,  0  =  0,  /IT  and/or  Z,,:  =  0,  oo,  the  integral  in  (4)  can  be 
evaluated  in  a  manner  suggested  in  [30].  Note  that  for  the  case 
of  grazing  incidence,  the  spectral  function  in  (17)  is  equal  to 

zero,  except  when  Zi  or  Zj  is  zero  or  infinity.  It  can  be  shown 
for  /I  =  1  and  2,  as  was  done  in  (21)  for  n  =  1/2  and  3/2,  that 
still  has  simple  poles  when  Z,  =  0,  oo  and  0 '  =  0  or  when 
Zz  =  0,  00  and  0 '  =  /it. 

The  function  J(x)  introduced  in  (32b)  is  the  well-known 
[19],  [32]  transition  function 

JF(x)  =  li'fxe'*  f  e~''^  dt  -  ^  <  arg  (x)  <  -  (36) 

where  x  is  allowed  to  be  complex  due  to  the  presence  of 
complex  surface  wave  poles.  However,  because  of  the  square- 
root  function  it  is  necessary  to  introduce  a  branch  cut  on 
the  X  plane  so  that  5F(x)  will  be  a  single-valued  function. 
Furthermore,  to  assure  the  convergence  of  (F(x)  as  |x|  -*  oo, 
the  branch  cut  that  is  chosen  runs  from  the  branch  point  x  =  0 
to  infinity  along  the  positive  imaginary  axis  on  the  complex  x 
plane.  Thus  the  argument  of  x  is  restricted  to  the  interval 
-3t/2  <  arg  (x)  <  t/2. 

The  evaluation  of  (4)  for  n  =  1/2  proceeds  in  the  same 
fashion  followed  for  /i  =  1,  3/2,  and  2.  That  is,  the  original 
integral  in  (4)  can  be  expressed  as  the  sum  of  the  residues 
corresponding  to  the  poles  enclosed  by  the  integration  paths 
depicted  in  Fig.  4  plus  the  two  integrals  given  in  (31).  In 
addition  to  the  poles  a  =  0-  0',a  =  0  +  0',a  =  0  +  0' 
-  T,  one  of  the  poles  a  =  <(>  -  <t>'  ±  t  will  also  be  captured, 
depending  on  the  angles  of  incidence  and  observation. 
Furthermore,  it  is  easy  to  show  that  the  periodic  spectral 
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function  A(a)  has  a  period  of  2x  for  n  =  1/2,  which  means 
that  the  two  integrals  in  (31)  cancel  each  other.  Thus  the  field 
/j  can  be  expressed  as  the  sum  of  four  residues,  namely, 

^  _  r/ exp  ( - iKp  cos  /3g  )  +  X|  exp  ( - iKp  cos  0* )') 

~  ^  (exp  {iKp  cos  ^^)±L  exp  {iKp  cos  0q))  j 

■  Foz  exp  {ikz  cos  /J)  (37a) 

where 

r=C-'{<i>' -v/2)K{T/2-<t>',  i>2)^{ir/2-<t>')  (37b) 

and  L,  Ai,  and  A  were  already  defined.  The  minus  and  plus 
signs  in  (37a)  correspond  to  the  case  when  Zi  =  0  and  Z|  = 
00,  respectively.  Since  the  field  /;  in  (37a)  is  made  up  of 
residues  corresponding  to  the  GO  poles,  the  constant  matrix  S„ 
in  (17b)  does  not  contribute  to/j  {3„  is  zero  for  n  =  1/2). 
This  is  why  the  field  E;  in  [26]  is  correct  even  though  the 
constant  Ci  (in  [26])  is  incorrectly  evaluated. 

V.  Numerical  Results 

To  obtain  numerical  results,  an  efficient  algorithm  was 
developed  to  compute  the  Maliuzhinets  functions.  A  16-point 
Gaussian  integration  algorithm  was  used  to  compute  the 
Maliuzhinets  functions  for  the  half-plane  and  the  two-part, 
impedance  plane. 

In  Fig.  5,  the  field  scattered  by  the  two-part  planar  surface 
is  depicted.  The  scattered  field  was  computed  for  various 
values  of  Zi  while  Zj  was  kept  constant.  As  expected,  when  Z\ 
=  Zi,  the  diffracted  field  is  zero  and  the  scattered  field  is 
equal  to  the  reflected  field.  When  Zi  is  twice  the  value  of  Zi, 
the  diffracted  field  starts  to  contribute  to  the  scattered  field. 
Thus,  due  to  the  interaction  of  the  reflected  and  diffracted 
fields,  the  magnitude  of  the  scattered  field  starts  to  fluctuate. 
The  fluctuations  become  larger  when  Z^  is  equal  to  the 
complex  conjugate  of  Z\,  which  means  that  the  diffracted  field 
is  larger.  Besides  the  diffracted  field,  surface  waves  are  also 
excited  along  the  z  axis  where  the  impedance  discontinuity 
occurs.  One  surface  wave  travels  on  the  Z|-impedance  half¬ 
plane,  while  the  other  travels  on  the  Zj-impedance  half  plane. 
The  effect  of  the  surface  waves  is  stronger  near  the  surface  of 
the  two-part  impedance  plane.  Thus  in  Fig.  5  the  surface  wave 
effects  can  be  observed  from  0  to  about  10°  and  from  170  to 
180°.  It  is  important  to  mention  that  in  addition  to  the 
copolarized  scattered  field,  i.e.,  reflected,  diffracted  and 
surface  wave  fields,  there  is  also  a  cross-polarized  component 
when  the  incident  field  is  obliquely  incident. 

The  second  geometry  considered  here  is  the  half-plane  with 
different  impedances  on  both  sides.  An  important  result  for 
practical  applications  is  the  study  of  the  fields  excited  by  the 
edge  of  the  half-plane,  i.e.,  the  diffracted  and  surface  wave 
fields.  In  Fi^.  6.  the  edge  excited  fields  (diffracted  and  surface 
wave)  are  plotted  for  two  different  values  of  Z|,  while  Zi  is 
kept  constant.  For  reference,  the  diffracted  field  for  a  perfectly 
conducting  half-plane  (Z|  =  Z2  =  0)  is  also  depicted.  Note 
that  for  the  perfectly  conducting  half-plane,  the  diffracted  field 
(of  order  {Kp)~'^^  has  the  same  polarization  as  the  incident 
field.  However,  for  the  impedance  half-plane,  the  diffracted 
(of  order  (ATp)*'''^)  and  surface  wave  fields  have  a  cross- 


» 


(a) 

Zl*0.0t-I0.8  K«>is 

♦'•SO* 

....  Zj-Zi  -  Zj-ZZi 

Z2m0.0^*l0.B 


xn 


Fig.  3.  Field  scanered  by  two-part  impedance  plane  for  obliquely  incident 
plane  wave,  (a)  TM,  polarization:  =  I,  Ho,  =  0.  (b)  TE,  polarization: 

£()«  =  0,  tioHo,  =  1. 

polarized  component  in  addition  to  the  copolarized  fields  when 
/3  ^  t/2.  Note  that  when  the  direction  of  propagation  of  the 
incident  field  is  normal  to  the  wedge  axis,  the  cross-polarized 
fields  vanish.  Another  important  difference  between  the  PEC 
and  impedance  half-planes  is  the  presence  of  the  surface  wave 
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RNGLE  PH  iDECPEESi 


(a) 

Z2-0.01  «<o.5  »Ce*io 
«-135* 

_  Zl*0.01-10.8 

-  2l-Q. 01-10. 15 

•  ••.  Zj'ZpO 


<0 


RNG._E  PH  iDEGREESl 

(b) 

Fig.  6.  Edge  excited  fields  (diffracted  plus  surface  wave  fields)  for 
impedance  half-plane,  (a)  TM.  polarization:  £0,  =  1,  /foz  =  0-  (b)  TEz 
polanzation:  £oz  =  0,  ijo^oz  =  1- 

fields.  Since  the  diffracted  field  (of  order  tends  to 

zero  as  the  observation  angle  approaches  the  surface  of  the 
half-plane,  the  surface  wave  becomes  important  in  this  region. 
In  Fig.  6.  the  effect  of  the  surface  waves  can  clearly  be  seen 
from  0“  to  20°  and  from  340*  to  360°. 

In  Fig.  7.  the  effect  of  increasing  the  reactance  of  Zj  on  the 
surface  wave  traveling  on  the  Zz-surface  is  studied.  When  Zz 
=  0.05  -I-  i0.5,  the  surface  wave  traveling  on  the  Zz-surface 


0.  >45.  90.  195.  IBO.  225.  270.  3)5.  360. 


RNGLE  PH  (OEGREESl 
(a) 

Zl*0.0U10.6  X»«10 

♦’•120*  8-135* 

_  22-0.05*12.$ 

- —  Z^-O.OSMO.S 

....  z,.z,.o 


RNGLE  PH  [DEGREES) 
(b) 


Fig.  7.  Total  field  excited  by  plane  wave  obliquely  incident  on  impedance 
half-plane,  (a)  TM,  polarization;  £oi  =  1 ,  //oz  =  0-  (b)  TE;  polarization: 
foz  —  0.  Tloffoz  =  I  • 

is  small.  However,  when  the  imaginary  part  of  Zz  is  increased 
to  2.5,  the  surface  wave  becomes  much  stronger,  especially 
the  copolarized  component.  Although  not  shown  here,  note 
that  the  agreement  between  the  solutions  presented  here  for  n 
=  1  and  n  =  2(Zi  =  Zz)  and  the  solutions  presented  in  [19], 
which  are  based  on  the  Wiener-Hopf  technique  is  very  good. 

The  last  geometry  considered  is  the  7r/2- wedge.  In  Fig.  8, 
the  incident  field  illuminates  the  PEC-face  of  the  wedge  and 
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(a) 

♦'•JO*  (-ISO* 

<^•10 

— ■  Zj»0.0S*)0.7 
....  Zi'C.OSHO.Ol 


Fig.  8.  Total  field  excited  by  plane  wave  obliquely  incident  on  90'  wedge, 
(a)  TMi  polarization:  £o,  =  I.  /fo,  =  0.  (b)  TE,  polarization;  for  “  0, 
iloNo,  =  1. 

plots  for  three  values  of  Z2  are  shown.  The  effect  of  Zz  on  the 
scattered  field  is  not  very  significant  when  the  incident  field 
illuminates  the  PEC  face,  except  on  the  region  from  260  to 
270*  where  the  surface  wave  effects  are  important.  In  other 
words,  Z2  does  not  play  an  important  role  on  the  diffracted 
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(a) 

♦  '■ZM*  ••ISO* 

KflO 

_  Z2«o.oi-io.a 

-  t2*0.01-<0.l» 


Fig.  9.  Total  field  excited  by  plane  wave  obliquely  inddent  on  90"  wedge 
with  one  PMC  wall,  (a)  TMj  polarization:  £o,  *  1,  Ho,  *  0.  (b)  TE, 
polarization:  £0,  =  0,  ijoHo,  =  1. 

field  (for  the  case  considered  in  Fig.  8);  however,  as 
expected,  it  still  plays  an  important  role  on  the  surface  wave 
field.  The  last  example  is  shown  in  Fig.  9,  where  the  incident 
field  illuminates  the  Zz-surface  and  the  other  face  of  the  wedge 
is  a  PMC.  The  total  field  for  two  values  of  Z2  is  depicted,  and 
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it  can  be  seen  that  the  effect  of  Zi  is  very  significant.  When  the 
reactance  of  Z;  is  increased  (in  magnitude)  from  -0.05  to  - 
0.8.  the  cross-polarized  component  becomes  much  more 
important.  This  makes  sense,  because  if  Zi  were  set  equal  to 
zero  (PEC),  the  cross-polarized  components  of  the  reflected 
and  diffracted  (order  (A'p) ' '  -)  fields  would  be  zero. 


diffraction  [32].  Thus  the  representation  of  the  fields  in  terms 
of  is  the  most  appropriate  in  diffraction  problems. 

Appendix 

The  constants  B„  and  are  obtained  by  solving  the 
following  equation: 


VI.  Conclusion 

A  uniform  asymptotic  solution  for  the  fields  scattered  by 
four  special  cases  of  an  impedance  wedge  was  presented.  The 
incident  field  was  assumed  to  be  a  plane  wave  of  arbitrary 
polarization,  obliquely  incident  to  the  axis  of  the  wedge.  The 
uniform  solution,  which  is  valid  for  large  Kp,  was  obtained  by 
means  of  the  method  of  steepest  descents.  The  asymptotic 
evaluation  of  the  integral  was  carried  out  by  taking  into 
account  the  presence  of  the  geometrical  optic  poles  (real  poles) 
as  well  as  the  surface  wave  poles  (complex  poles).  This 
resulted  in  an  expression  which  is  continuous  across  the 
shadow  boundanes  of  the  GO  and  surface  wave  fields. 

The  diffracted  field  developed  here  is  of  order  (A'p)'*'^ 
with  respect  to  the  incident  field.  Thus,  for  nonzero  finite 
values  of  Z|  and  when  Kp  is  large,  the  diffracted  field  is  zero 
on  the  surfaces  of  the  wedge.  To  obtain  a  more  accurate 
diffracted  field  on  the  surface  the  wedge,  it  is  necessary  to 
include  the  next  term  of  order  (Kp)~^'-  as  suggested  in  [15|, 
[16].  The  diffracted  field  presented  here  is  valid  for  any 
combination  of  incidence  and  observation  angles,  except  that 
special  care  must  be  taken  for  the  cases  of  grazing  incidence 
and/or  when  Z,,;  is  zero  or  infinity. 

The  expressions  for  the  reflected,  diffracted,  and  surface 
wave  fields  were  written  in  a  very  compact  matrix  notation. 
Besides  being  compact,  the  matrix  notation  is  suitable  for 
numencal  computations,  and  it  helps  in  the  physical  interpre¬ 
tation  of  the  results.  For  example,  each  field  component  of /j 
(see  (24)),  not  including  the  incident  field,  was  written  as  the 
product  of  three  matrices  and  the  incident  field  f'^{z  =  0,  >*  = 
0,  z)  =  Fo-  exp  (ikz  cos  (3),  namely. 


I 

o„(a)-a„  [  —-<t> 


-  +  B„  +  3„ 


sin 


•  5  (y-0')  F„,  =  0  (38a) 

where  ct^  are  the  poles  of  5" '(a)  and 

/  ct\ 

(38b) 


u*  =  [±1,  I]  (T„(a)  =  sin  - 

n 


Note  that  y*  is  a  one-by-two  row  vector.  The  details  of  the 
solution  of  (38a)  are  given  in  [12],  [13],  and  they  will  not  be 
repeated  here.  Only  the  final  results  for  the  cases  considered  in 
the  previous  sections,  i.e.,  n  =  1,2,  3/2,  and  1/2,  are  given 
here. 

It  is  convenient  first  to  introduce  the  following  functions: 


(39) 

where  L  and  a„(a)  were  defined  in  (28e)  and  (38b), 
respectively,  and  7  is  the  identity  matrix. 

Case  J,  n  =  I: 

A=  [o  o] 

(40) 


5 


reflection, 
diffraction,  eu.. 
coefficients 


Bf\(z  =  Q,  y  =  z). 


Thus  one  stans  with /'.{x  =  0,  y  =  0,  z)  and  after  multiplying 
f'Ax  =  0,  y  =  0,  .:)  times  the  transformation  matrix  one 
obtains  an  expression  which  is  proportional  to  the  field 
components  normal  to  the  wedge  walls.  Next,  multiplying 
B/'Ax  =  0.  y  =  0,  z)  times  the  reflection,  diffraction,  or 
surface  wave  launching  coefficient,  one  gets  the  “normal” 
components  of  the  reflected,  diffracted  or  surface  wave  fields, 
respectively.  The  last  step  is  to  multiply  these  “normal” 
components  times  the  inverse  of  the  transformation  matrix  S  to 
obtain  the  tangential  field  components,  i.e.,  z-components. 

It  is  important  to  keep  in  mind  that  for  the  case  of  oblique 
incidence  with  respect  to  the  axis  of  the  wedge,  the  fields 
scattered  by  the  impedance  wedge  will  have  TMj  and  TEj 
polarized  components  regardless  of  the  polarization  (TMj  or 
TE.)  of  the  incident  plane  wave  field.  Finally,  note  that  the 
elements  of  the  column  vector  are  proportional  to  the  ray- 
fixed  coordinate  system  used  in  the  geometrical  theory  of 


where  =  ±i|  and  $  =  In  ((1  -  cos  /3)/sin  H). 
Case  2,  n  =  2: 


B,= 


2  sin  )37-l-r(aJ')r'‘(-ao**)  +  f(-ao**)r  '(ao*  ) 


(2  sin  0  +  K(,ao))a2  [—-<(>' 


nir 


(41a) 


A  =  2  sin  0 


2s'm0  +  K(ao) 


(41b) 


where  a*  =  7r/2  ±  i|,  and  =  ctj" . 

The  matrices  3(a)  and  f(a)  are  given  by  the  following 
expressions 

3(a)  =  J^-'(a)22(a)J^2(oi) 

P(a)  =  J^{'(a)B22(a)J^2(a)-  (42) 

Finally,  Kiaq)  can  be  written  in  terms  of  the  functions  M(a) 
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and  D(a,  -a*),  namely. 


Case  4,  n  =  1/2: 


K{.cxo)^2  + 


,  -oio*)D(-aQ  ,  a^*) 


(43a) 


where 


D(a,  -a*)  =  ^/,(o)^,(-a*)-if,(o)^A(-a*)  (43b) 
M(a)  =  ^,(Q()'i'A(  -  a)  +  ♦*(«)♦,(  -  a).  (43c) 


Note  that  a*  is  the  complex  conjugate  of  a. 
Case  3,  n  =  3/2: 


B-3/2——Q  'T  ^3/2  = 


UC 


where 

f 


=  ’-^1  0=\^-:]  u=\^r 

LrJ  L?  J  (,  “*• 


The  column  vectors  u,  and  li*  are  given  by 

"[;]  “W 


(44a) 


for  Z|  =  00 
for  Zi  =  0  ■ 

(44b) 


(44c) 


and  the  row  vectors  <7*  and  f*  can  be  written  as  follows: 
f  (af  )<r,(ao*  )’J'»(ao*)' 


9* 


=  y*  l^'^(ao-)-- 


if  Z,=0 

if  Z|  =  00 


(45a) 


r 

f*  =u*  - 

(,<r„(ag-)- 


^(ao*) 


g,  a„inir/2-<t>') 


[a,  (a  f )  -  a,  (n  ir/2  -  4» '  )J<r,  (a ,  )^x(« , 


(45b) 


where  Bg*  =  -ir/4  ±  /|anda*  =  3t/4  ±  /{.  Finally,  the 
row  vector  c  is  given  by 

u~i'(a\  )y\  m  ,  ,  v*^’(a*)>'2  «  ,  _ 

c  =  -^ - Li£L_  (46a) 

a„(a|  )'F;t(«,  )  <T,(a*)'i'^(a‘) 


where 


W*  =  U*  ^(Og  ) 


<^n(a3) 


-.("i-r) 


a,(a*)-a. 


T-)] 


(46b) 


and 


y,  =^2=  1  if  Z|  =0  or  =  -yi  =  i  if  Zi  =  00. 


By2--Ud  A/2-[o  0] 

where 


(47a) 


_ v^^(ar  )y2 _ 

♦i(a;"){<rn(o(,")-ff„(n7r/2-0')) 


a 


(47b) 

and  the  subscript  x  is  defined  in  (45a).  The  column  vector  u 
and  the  row  vector  v*  are  given  in  (44b)  and  (38b), 
respectively.' 
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GENERALISED  IMPEDANCE  BOUNDARY 
CONDITIONS  FOR  EM  SCATTERING 
PROBLEMS 


Weinstein'  only  kept  terms  of  0(/)  in  his  expansion,  and  thus, 
his  boundary  conditions  are  valid  for  a  very  thin  slab. 
Bernard^  generalised  the  Weinstein  procedure  for  the  special 
case  when  the  fields  have  no  z-dependence  {djcz  =  0)  and 
obtained  a  boundary  condition  for  the  field  at  the  plane 
>•  =  t.  The  purpose  of  this  paper  is  to  obtain  GIBC  at  the 
plane  y  =  0  for  the  general  case  where  the  fields  also  depend 
on  Note  that  it  is  convenient  for  analysis  purposes  to  obtain 
GIBC  at  the  y  =  0  plane  rather  than  the  y  =  r  plane.  The 
GIBC  developed  here  are  accurate  to  0(r“)  where  M  is  arbi¬ 
trarily  large.  Actually,  the  results  obtained  here  are  valid  for 
M  —  cc  because  the  GIBC  are  expressed  in  terms  of  infinite 
order  linear  diflferential  operators. 

Generalised  impedance  boundary  conditions  (GIBC):  The  first 
step  in  finding  the  GIBC  for  the  geometry  shown  in  Fig.  1 
(x  >  0.  y  =  0)  is  to  expand  the  fields  £,  and  E.  in  a  Taylor 
series  centred  at  y  =  ( ' ,  namely 

£-<''!  =  I  I  --  0<v<f  (ll 

,t-o  [cy  ■  -  =  n\ 


indexing  terms:  EM  field  theory,  £.Vf  wares.  Scattering, 
Mathematical  techniques 

Generalised  impedance  boundary  conditions  (GIBC)  are 
denved  for  a  planar,  homogeneous,  magnetic  dielectric  slab 
grounded  by  a  perfect  eleclnc  conducting  plane.  These 
boundary  conditions,  which  are  expressed  in  terms  of  linear 
differential  operators  of  infinite  order,  reduce  to  the  Wein¬ 
stein  boundary  conditions  in  the  limiting  case  of  small  thick¬ 
ness  of  the  dielectric  slab 


Evaluating  eqn.  1  at  y  =  0.  where  £,  =  £.  =  0,  and  with  the 
help  of  Helmholtz  and  Maxwell  equations  one  obtains  two 
very  complicated  expressions  in  terms  of  the  tangential  com¬ 
ponents  t\,  £.,  H,  ana  H,.  Following  the  Weinstein  method, 
these  two  equations  are  transferred  to  the  y  =  t~  plane  (by 
applying  the  boundary  conditions  satisfied  by  the  fields  at 
y  =  ()  and  eventually  to  the  y  =  0  plane  by  means  of  another 
Taylor  series  expansion.  It  turns  out  that  by  appropriately 
combining  the  two  expressions,  two  decoupled  boundary  con¬ 
ditions  can  be  obtained  in  terms  of  £,.  and  H^,  namely 


Introduction:  The  motivation  of  this  work  arose  when  an 
attempt  was  made  to  solve  the  problem  of  diffraction  of  a 
plane  wave  by  a  magnetic  dielectric  half-plane  of  thickness  t 
backed  by  a  perfect  electric  conducting  plane  (PEC)  as  shown 
in  Fig.  1.  Without  loss  of  generality,  the  medium  outside  the 


Z'(iV,J -I- i/ct,f;oL'liV,.)[H  =  0  y  =  0  x>0  (2d) 
cy  3 

and 


Fig.  1  Grounded  magnetic  dielectric  half-plane 


matenal  is  assumed  to  be  free  space.  The  exact  solution  to  this 
problem  r  quires  finding  expressions  for  the  fields  inside  and 
outside  the  material  and  then  matching  these  two  solutions  at 
the  boundary  of  the  slab  by  means  of  the  boundary  conditions 
satisfied  by  the  electric  and  magnetic  fields.  Since  in  scattering 
problems  one  is  interested  in  solving  for  the  fields  outside  the 
matenal,  it  is  convenient  to  replace  the  grounded  slab  by  a  set 
of  equivalent  boundary  conditions.  That  is,  the  original  con¬ 
figuration  in  Fig.  1  can  be  replaced  by  the  two-part  configu¬ 
ration  depicted  in  Fig.  1,  where  the  boundary  conditions  for 


y 


X  >  0,  y  =  0  can  be  expressed  in  terms  of  linear  differential 
operators.  Weinstein'  appears  to  be  the  first  to  obtain  a  set  of 
boundary  conditions  for  the  configuration  illustrated  in  Fig.  I 
(x  >  0.  y  =  0).  Basically.  Weinstein’s  procedure  involves  the 
transfer  of  the  boundary  conditions  from  the  plane  y  =  0, 
where  £,  =  £.  =  0.  to  the  plane  y  =  t’' ,  just  outside  the 
material,  by  means  of  a  Taylor  series  expansion  in  powers  of  t. 
Next,  the  new  boundary  conditions  are  transferred  back  to  the 
y  =  0  plane  by  means  of  another  Taylor  series  expansion 
assuming  that  the  medium  in  0  <  y  <  (,  x  >  0  is  free  space. 


L‘(r 

[cy 


no 


'(iV,J -hi  ^Z*(iV  J|►£,  =  0  y  =  0  x>0  (2fa) 


where 


Z'( . )  = 


£'(.)  = 


sin  lfio(.)t)cos  (^i(.)f) 
l^rPoi-) 

_  sin  (Pfi.)t)  cos  (^o(.)t) 

Pi() 

I  fcos  (^,(.)t)  cos  (Pof  .lt) 


1*0 'lo 


l^r 


^o(.)  sin  (P,(.)t)  sin  (^, 


o(.)0j 


PA) 

£'(  .)  =  cos  (/?,(  .)!)  cos  {Po(  )t) 

ffi(.)  sin  (p,(.)t)  sin  (Pplfit) 
trPoi) 

._nn_  jPA  l  '/o(  •  )ri  sin  (/i,( .  )t) 


ik„ 


Er 


-^„(.)sin  (Po(.)t)  cos  (/f,(.)t) 

^o.,(.)  =  (fco,i  -(■)')■'' 

=  -  JT  -  — 
ox'  oz' 


(3a) 


(36) 


(3c) 


(3ff) 


k,  =  Nko  (3c) 


Note  that  k„  and  Po  are  the  free-space  wavenumber  and 
intrinsic  impedance,  respectively,  and  iV  =  is  the  index 

of  refraction.  Also,  r...  and  which  are  assumed  to  be  complex 
constants,  are  the  relative  permittivity  and  permeability  of  the 
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slab,  respectively.  Furthermore,  the  notation  cos  (.)  and  sin 
( . )  should  be  interpreted  as  follows 


»  ,  )2ii 

X  f  V 

sin(.)=  Z(-l)’  '  - 

,‘To  (2n  +  1)! 


(4) 


Note  that  for  the  special  case  when  the  fields  have  no  z- 
dependence  {d/dz  =  0),  the  GIBC  in  eqns,  2a  and  b  can  be 
expressed  in  terms  of  E.  and  H,,  respectively. 

From  eqn.  2,  it  is  possible  to  obtain  boundary  conditions  of 
Oft*'),  where  M  >  I.  This  is  done  by  keeping  only  terms  of 
Oft")  in  the  series  representation  of  C  *  and  Z*'*.  That  is,  eqn. 
2a  can  be  z  pproximated  by 


=  n  ( —  + '*0 'fo W  =  0  (5a) 

«=  1 y  1 


and  eqn.  2b  by 


-"n  (|:+l7«MlV,-0  (5W 

\^y  io  j 


where  the  coefficients  a,  and  h,  are  obtained  from  eqns.  2-3. 
When  M  =  1,  eqns.  5a  and  b  reduce  to  the  boundary  condi¬ 
tions  obtained  by  Weinstein,  i.e.. 


—  +  ikotloA'd)  ]Hy  =  0 
cy  ' 


/.t(l)  = 


-1 


-  1) 


«=  1  \<^>  bo  J 


2  2 


I  + 


4(/Vt  _  1)  Y'2 

■  -  1), 


(6a) 


(66) 


where  fC*  =  (i/C(,t(l  —  l/e,))"‘.  Finally,  when  £,-*1  eqn,  66 
also  reduces  to  the  Leontovich  boundary  condition  where 
2^(1)=  1/;.'(1). 


Conclusion:  GIBC  are  obtained  for  a  planar  magnetic  dielec¬ 
tric  slab  backed  by  a  PEC  plane.  These  boundary  conditions 
are  written  in  terms  of  linear  differential  operators  of  infinite 
order.  It  turns  out  that  the  GIBC  can  be  decoupled  into  two 
equations  in  terms  of  £,  and  //,  only.  This  result  is  not  sur¬ 
prising  since  it  is  shown  in  Reference  3  that  the  exact  Fresnel 
reflection  coefficient  for  the  PEC-backed  slab  depicted  in 
Fig,  I  can  be  expressed  in  terms  of  £,  and  only.  Note  that 
boundary  conditions  of  0(r")  can  be  obtained  from  the  GIBC 
by  keeping  terms  of  Oft")  in  the  series  expansion  of  the  linear 
differential  operators  ff  *  and  Z'  *.  These  boundary  conditions 
are  very  useful  because  they  simplify  the  analysis  of  canonical 
diffraction  problems  as  the  one  illustrated  in  Fig.  1.  Finally,  it 
should  be  emphasised  that  the  GIBC  developed  here  recovers 
the  exact  Fresnel  reflection  coefficient  for  the  grounded  slab 
depicted  in  Fig.  1. 
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GaInP/AIGalnP 

DOUBLE-HETEROSTRUCTURE  LASER 
GROWN  ON  A  (111)B-ORIENTED  GaAs 
SUBSTRATE  BY  METALORGANIC 
CHEMICAL  VAPOUR  DEPOSITION 


Indexing  terms:  Semiconductor  lasers.  Semiconductor  growth. 
Vapour  deposition 


Room  temperature  continuous-wave  operation  of  a 
Gao.jIn^.jP.'IAlo  jGaQ.jlo  jln^  ,P  double-heterostruclure 
laser  grown  on  a  II  ll)B-oriented  GaAs  substrate  by  meial- 
organic  chemical  vapour  deposition  was  obtained  for  the  first 
time.  The  threshold  current  was  99  mA.  The  emission  wave¬ 
length  was  around  650  nm.  which  was  about  30  nm  shorter 
than  that  of  a  similar  laser  grown  on  a  (lOOl-onented  GaAs 
substrate. 


Although  the  stable  operation  of  a  680nm-band  GalnP 
AIGalnP  dcuble-heterostructure  (DH)  laser  grown  by  metal- 
organic  chemical  vapour  deposition  (MOCVD)  for  more  than 
20(X)  hours  at  SOX  has  been  reported,'  the  684 nm  emission 
wavelength  of  the  laser  was  about  30  nm  longer  than  the 
650  nm  wavelength  emitted  by  lasers  grown  by  other  methods. 
It  has  been  shown  that  the  difference  between  the  two  wave¬ 
lengths  can  be  attributed  to  ordering  of  the  elements  on  the 
column  III  sublattice.^  Several  groups  have  investigated  the 
order  of  the  elements  and  verified  that  1/2  (111)  ordering 
occurs  in  GalnP  layers  grown  on  (100)  GaAs  by  MOCVD. 
Because  the  formation  of  an  ordered  structure  is  accompanied 
by  a  decrease  in  bandgap  energy  of  up  to  70meV,  the  emis¬ 
sion  wavelength  of  a  laser  with  an  ordered  crystal  is  longer 
than  that  of  a  laser  with  a  disordered  crystal.  If  the  ordering  in 
the  crystal  can  be  suppressed,  the  emission  wavelength  can  be 
shortened  to  about  650  nm.  This  shortening  of  wavelength 
(A2  ~  30  nm)  corresponds  to  the  extent  the  wavelength  can  be 
shortened  by  substituting  an  (Alo.isGao.i^lo.jIno.sP  active 
layer  for  a  Gao.jluo  active  layer.  However,  because  the 
threshold  current  tends  to  increase  with  increasing  AlP 
content  in  the  active  layer,®  shortening  the  emission  wave¬ 
length  by  suppressing  the  ordering,  not  by  adding  AlP  in  the 
active  layer,  is  a  promising  method  for  growing  lasers  with 
low  threshold  current. 

Recently,  we  have  established  by  transmission  electron 
microscopy  and  photoluminescence  measurements  that 
GalnP  and  AlGalnP  grown  on  (lll)B  GaAs  by  MOCVD 
show  no  trace  of  ordering.  Therefore,  a  disordered  crystal  can 
be  obtained  simply  by  growing  it  on  a  (Ill)B  GaAs  substrate 
by  MOCVD. 

In  this  letter,  we  report  on  the  first  GaInP/AIGalnP  DH 
laser  which  was  grown  on  a  (lll)B  GaAs  substrate  by 
MOCVD 

The  epitaxial  layers  were  grown  on  a  Si-doped  (1 1 1)B  GaAs 
substrate  tilted  2°  towards  the  <110)  direction  by  atmospheric 
pressure  MOCVD  using  ethyl-organometallics,  phosphine, 
and  arsine  as  source  materials.  The  growth  temperature  of 
680"'C  and  the  V/III  ratio  of  340  were  the  same  as  those  for 
the  DH  lasers  grown  on  (1(X))  GaAs  substrates.  The  p-type 
dopant  was  dimethylzinc  and  the  n-type  dopant  H^Se,  but  the 
amount  of  HjSe  was  reduced  by  a  factor  of  seven  compared 
with  that  used  in  growth  on  (100)  substrates,  because  the 
dopi.tg  efficiency  of  Se-doped  .AIGalnP  on  the  2°  off  (III)B 
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Simple  Examples  of  the  Method  of  Moments  in 

Electromagnetics 

EDWARD  H.  NEWMAN,  senior  member,  ieee 


AMfrocf— The  purpose  of  this  paper  is  to  present  three  simple  ex¬ 
amples  of  the  method  of  moments  in  electromagnetics.  The  examples 
shown  are  the  input  impedance  of  a  short  dipole,  plane  wave  scattering 
from  a  short  dipole,  and  two  coupled  short  dipoles.  The  relative  sim¬ 
plicity  of  the  examples  is  a  direct  result  of  obtaining  simple  expressions 
for  the  elements  in  the  method  of  moments  impedance  matrix. 

1.  Introduction 

HE  METHOD  of  moments  (MM)  is  a  numerical  pro¬ 
cedure  for  solving  a  linear  operator  equation  by  trans¬ 
forming  it  to  a  system  of  simultaneous  linear  algebraic 
equations,  commonly  referred  to  as  a  matrix  equation. 
Since  Harrington’s  classic  paper  [1]  and  book  [2]  there 
has  been  a  virtual  explosion  of  research  and  engineering 
involving  the  application  of  the  MM  to  electromagnetic 
radiation  and  scattering  problems.  It  is  safe  to  say  that 
most  universities  with  a  strong  graduate  program  in  elec¬ 
tromagnetics  include  the  MM  in  their  curriculum. 

In  introducing  a  new  subject  to  a  student,  there  is  noth¬ 
ing  as  valuable  as  a  simple  and  yet  meaningful  example 
which  can  be  solved  in  a  short  period  of  time.  The  pur¬ 
pose  of  this  paper  is  to  present  such  an  example  for  the 
MM  in  time  harmonic  electromagnetics.  The  example 
chosen  is  the  radiation  and  scattering  from  an  electrically 
short,  perfectly  conducting  dipiole  antenna.  This  example 
is  chosen  because  the  short  dipole  io  probably  the  simplest 
of  all  antennas,  and  thus  the  student  is  most  likely  to  have 
a  feel  for  its  characteristics.  The  MM  solution  employs 
the  piecewise  sinusoidal  expansion  and  weighting  func¬ 
tions.  This  choice  was  made  for  two  reasons.  First,  the 
piecewise  sinusoids  constitute  a  rapidly  converging  basis 
set  for  the  currents  on  a  thin  wire.  Thus,  reasonable  re¬ 
sults  can  be  obtained  with  only  three  modes  on  the  wire. 
Due  to  the  symmetry  of  the  dipole  current,  one  unknown 
can  be  eliminated  and  we  will  need  to  deal  with  matrices 
of  size  2x2.  Second,  for  the  short  dipole  the  elements 
in  the  MM  matrix  equation  can  be  approximated  in  terms 
of  simple  functions  typically  found  on  a  scientific  calcu¬ 
lator. 

Section  II  outlines  the  MM  solution  for  the  current  on 
a  dipole  antenna.  The  presentation  is  brief,  and  the  reader 
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is  referred  to  several  books  l2]-[6]  as  well  as  hundreds  of 
articles  in  such  journals  as  the  IEEE  Transactions  on 
Antennas  and  Propagation  for  the  details  and  limita¬ 
tions  of  the  method.  Of  the  many  papers,  the  author  rec¬ 
ommends  Harrington’s  description  of  the  MM  [1],  Rich¬ 
mond’s  description  of  the  solution  of  scattering  problems 
using  a  system  of  linear  equations  [7],  and  Tsai  and 
Smith’s  particularly  simple  explanation  of  the  MM  [8]. 
Section  II  also  presents  simple  expressions  for  the  ele¬ 
ments  in  the  MM  matrix  equation.  Based  upon  these 
equations.  Section  III  presents  three  simple  examples 
which  can  be  worked  in  about  one  hour.  These  include 
the  input  impedance  of  a  short  dipole,  plane  wave  scat¬ 
tering  from  a  short  dipole,  and  two  coupled  short  dipoles. 

II.  Theory 

A.  The  Integral  Equation 

Fig.  1(a)  shows  the  basic  problem  to  be  solved.  Here 
we  have  a  perfectly  conducting  dipole  of  length  L  and 
radius  a  in  free  space  with  constitutive  parameters  ( 

The  dipole  is  illuminated  by  the  fields  of  the  known  im¬ 
pressed  electric  and  magnetic  currents  (/',  M‘).  In  this 
paper,  all  fields  and  currents  are  considered  to  be  time 
harmonic  with  the  time  dependence  suppressed.  X  will 
denote  the  free  space  wavelength.  In  the  absence  of  the 
dipole,  the  impressed  currents  radiate  the  assumed  known 
incident  electric  and  magnetic  fields  (£',  H‘).  In  the  pres¬ 
ence  of  the  dipole,  the  impressed  currents  radiate  the  un¬ 
known  total  fields  (£',  W). 

As  illustrated  in  Fig.  1(b),  the  first  step  in  obtaining  an 
integral  equation  for  the  currents  on  the  dipole  is  to  use 
the  surface  equivalence  principle  [9]  to  replace  the  dipole 
by  free  space  and  by  the  electric  surface  current  density 

J  =  A  X  H'.  ( 1 ) 

y  exists  on  the  entire  surface  S  which  encloses  the  dipole 
and  has  outward  normal  A.  The  use  of  the  equivalence 
principle  is  central  to  the  development  of  the  integral 
equation  for  J  since  it  allows  us  to  deal  strictly  with  the 
fields  of  sources  in  free  space.  In  the  equivalent  problem 
of  Fig.  1(b),  the  total  fields  are  produced  by  (/',  M' )  and 
y  radiating  in  free  space.  In  free  space,  J  radiates  the  so- 
called  scattered  fiel^  defined  by 

r  =  £'-£'  (2) 

W  ^  H'  -  H‘.  (3) 


m 
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Fig.  I .  (a)  The  geometry  for  a  (terfectly  conducting  dipole  illuminated  by 
the  impressed  currents,  (b)  The  equivalent  problem  in  which  the  dipole 
is  replaced  by  free  space  and  by  equivalent  electric  currents  flowing  on 
its  surface. 


An  equation  for  J  is  obtained  by  enforcing  the  boundary 
condition  that  the  total  electric  field  tangential  to  the  sur¬ 
face  5  must  vanish,  i.e., 

n  X  (£*  +  E')  =  0  on  5.  (4) 

Equation  (4)  is  an  integral  equation  for  J  written  in  sym¬ 
bolic  form  since  the  scattered  electric  field  E'  can  be  writ¬ 
ten  as  an  integral  over  5  of  the  dot  product  of  /  and  the 
dyadic  free  space  Green's  function  [10]. 

For  a  thin-wire  dipole,  whose  radius  a  «  X,  the  fol¬ 
lowing  simplifications  are  made: 

1)  The  current  on  the  endcaps  of  the  wire  is  ignored. 

2)  The  longitudinal  component  of  current  is  much 
greater  than  the  circumferential  component  J^.  Thus,  we 
ignore  J^.  As  a  consequence,  (4)  is  applied  only  to  the  t 
components  of  the  electric  fields. 

3)  Instead  of  enforcing  (4)  on  the  surface  5,  we  will 
enforce  it  on  the  center  line  of  the  dipole.  This  is  reason¬ 
able  since  the  center  line  is  electrically  so  close  to  the 
surface;  however,  we  note  that  this  approximation  can  re¬ 
sult  in  the  numerical  problem  of  relative  convergence  [II]. 

With  these  approximations,  we  are  solely  interested  in 
the  t  component  of  all  electric  fields  and  currents.  Thus, 
the  vector  notation  will  now  be  dropped  and  the  t  com¬ 
ponent  is  understood.  For  example,  the  vector  (4)  now 
reduces  to  the  scalar  equation 

-E'  =  E‘  on  the  dipole  center-line.  (5) 
In  the  next  section,  (5)  will  be  solved  using  the  MM. 


Fig.  2.  An  example  showing  three  piecewise  sinusoidal  dipole  modes  on 
a  dipole  which  has  been  split  into  four  equal  segments. 


B.  MM  Solution  of  the  Integral  Equation 

Instead  of  solving  (S)  for  the  surface  current  density  J, 
it  is  more  convenient  to  solve  for  the  total  current 


/(z)  =  IraJiz).  (6) 


The  first  step  in  the  MM  solution  is  to  expand  the  un¬ 
known  current  in  terms  of  some  basis  set.  Thus,  we  write 

I{Z)  *  S  /,E,  (7) 


where  the  /,  are  a  sequence  of  N  unknown  complex  coef¬ 
ficients,  and  the  F„  are  a  sequence  of  N  known  modes  or 
basis  functions.  In  our  case,  we  choose  the  F„  as  the 
piecewise  sinusoidal  dipole  modes  used  by  Richmond 
[12].  For  example.  Fig.  2  shows  a  dipole  of  length  L  split 
into  four  equal  segments  of  length  d  =  £,/4.  In  Fig.  2, 
the  segment  numbers  are  shown  circled.  Segment  n  goes 
from  Zh  to  z„  +  \-  The  piecewise  sinusoidal  modes  are 
placed  on  the  dipole  in  an  overlapping  fashion  with  mode 
n  existing  on  segment  n  and  n  -l-  1 .  Mode  n  has  endpoints 
and  Zn+2,  and  center  or  terminals  at  a  fila¬ 

ment  of  electric  current,  located  at  radius  a  from  the  wire 
center  line  (i.e.,  on  the  surface  of  the  wire)  and  with  cur¬ 
rent 


sin  -  |z  -  Zn^■||) 
sin  kd 


amps 


(8) 


in  which  k  =  2r/\  is  the  free-space  wavenumber.  F„(z) 
is  zero  at  its  endpoints  and  rises  sinusoidally  to  a  maxi¬ 
mum  at  its  center  with  terminal  current  of  F^  = 
F„(z„^i)  =  1  A.  Note  that  the  piecewise  sinusoidal  modes 
produce  a  current  which  is  continuous  on  the  wire  and 
also  zero  at  the  dipole  endpoints  [3] .  Since  the  expansion 
modes  have  unit  terminal  current,  the  dipole  current  at 
Zn4.|  is  /„  amps  (except  at  the  dipole  endpoints  where  the 
current  is  always  zero).  Equation  (8)  pr^uces  a  sinuso- 
idallnterpolation  of  the  current  values  at  the  N  +  2  points 
on  the  dipole. 

Substituting  (7)  into  (S)  yields 

—  ^  /„E‘  »  E'  on  the  dipole  center-line  (9) 
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where  is  the  free-space  i  component  of  the  electric 
field  of  F„  and  is  available  in  terms  of  simple  functions 
[13],  [14]. 

The  weighting  functions  in  the  MM  solution  will  be 
chosen  identical  to  the  expansion  functions,  except  that 
they  are  located  along  the  center  line  of  the  dipole.  This 
is  because  we  chose  to  enforce  (5)  on  the  center  line.  The 
next  step  in  the  MM  solution  requires  an  inner  product. 
We  will  define  the  inner  product  between  the  functions 
/(z)  and  giz)  as 

</(z).  «(2)>  =  (  /(z)  «(z)  dz 

Jo 

where  i-.e  integration  is  over  the  length  of  the  dipole.  Now 
taking  the  inner  product  of  both  sides  of  (9)  with  the  se¬ 
quence  of  N  weighting  functions  F„  (m  =  1,2,  •  •  •  , 
N  ),  (9)  becomes  &n  N  x  N  system  of  simultaneous  linear 
algebraic  equations  which  can  written  compactly  in  ma¬ 
trix  form  as 

[Z]I=V.  (10) 

Here  I  is  the  current  column  vector  whose  N  components 
hold  the  l„  of  (7).  [Z]  is  the  N  X  impedance  matrix 
whose  typical  term  is 

E‘„F„dz.  (11) 

vm 

For  the  dipole,  the  [Z]  matrix  is  symmetric  and  also 
toeplitz  since  Z„„  is  only  dependent  upon  |m  -  «[.  In 
general,  [Z  ]  is  dependent  upon  the  geometry  and  material 
composition  of  the  scatterer,  but  not  on  the  incident  fields. 
A  typical  element  of  the  right-hand  side  or  voltage  vector 
y  is  given  by 

y„  =  (  E-F„dz.  (12) 

Jm 

The  integrations  in  (11),  (12)  are  on  the  dipole  center 
line,  and  over  the  extent  of  F„,  i.e.,  from  z  =  z„  to 
Zm  +  2-  The  dimensions  of  the  elements  of  [Z]  and  V  are 
volt-amps  (VA),  while  the  elements  of  /  are  dimension¬ 
less.  If  the  Z„„  were  divided  by  £mo£«0.  then  the  Z„„  would 
have  dimensions  of  ohms.  Since  in  our  case  the  modal 
terminal  currents  are  F„o  =  I  A,  our  Z„„  can  be  con¬ 
sidered  to  have  the  dimensions  of  ohms.  In  any  case,  the 
[  Z  ]  matrix  is  usually  referred  to  as  an  impedance  matrix 
and  k'  as  a  voltage  vector  since  the  matrix  (10)  resembles 
an  N  port  generalization  of  Ohm’s  law. 

As  N  =  the  number  of  terms  retained  in  the  expansion 
for  the  current  increases,  the  MM  solution  should  ap¬ 
proach  the  exact  result.  In  order  to  obtain  results  suitable 
for  engineering  accuracy,  typically  N  =  4-10  piecewise 
sinusoidal  modes  per  wavelength  of  wire  are  required.  As 
the  electrical  length  of  the  wire  increases,  N  must  increase 
and  thus  so  does  the  computer  CPU  time  and  storage 
needed  to  set  up  and  solve  the  matrix  equation  (10).  For 
this  reason,  MM  solutions  are  often  referred  to  as  low- 


frequency  solutions,  which  are  applicable  when  the  an¬ 
tenna  or  scatterer  is  not  too  large  in  terms  of  a  wave¬ 
length. 

C.  Simple  Expressions  for  Z^  and  y„ 

Simple  Expressions  for  Z^:  The  major  problem  in  an 
MM  solution  is  usually  the  evaluation  of  the  elements  in 
the  impedance  matrix.  Usually  this  involves  numerical  in¬ 
tegrations  and/or  the  evaluation  of  special  functions.  As 
a  result,  most  MM  solutions  are  done  on  a  digital  com¬ 
puter  and  require  a  great  deal  of  programming  time  and 
effort.  For  this  reason,  most  MM  solutions  are  not  suita¬ 
ble  as  a  simple  example  problem  which  can  be  accom¬ 
plished  in  about  an  hour  using  only  a  scientific  calculator. 
Below  we  will  present  relatively  simple  expression  for  the 
elements  in  the  dipole  MM  impedance  matrix,  thus  elim¬ 
inating  the  need  for  a  digital  computer  to  carry  out  the 
MM  solution  to  the  examples  given  in  the  next  section. 

For  the  dipole  antenna,  the  elements  in  the  impedance 
matrix,  as  given  by  (11),  are  the  mutual  impedance  be¬ 
tween  parallel  piecewise  sinusoidal  dipole  modes.  Fig.  3 
shows  two  parallel  piecewise  sinusoidal  dipole  modes  of 
length  2d.  The  bottom  of  weighting  mode  m  is  located  a 
distance  h  above  the  center  of  expansion  mode  n,  and  the 
modes  are  staggered  by  the  distance  r.  For  convenience, 
the  expansion  mode  has  its  center  at  z  =  0.  Exact  expres¬ 
sions  for  the  mutual  impedance  between  these  modes  has 
been  given  by  King  [14].  Unfortunately,  King’s  expres¬ 
sions  are  very  lengthy  and  also  require  the  evaluation  of 
sine  and  cosine  integrals.  In  order  to  simplify  King’s 
expressions,  we  will  assume  that  the  modes  are  electri¬ 
cally  small  and  electrically  close.  This  will  always  be  the 
case  for  modes  on  an  electrically  short  dipole.  Specifi¬ 
cally,  if  we  assume  that  kd,  kh,  and  kr  are  all  «  1,  then 
in  the  Appendix  we  show  that  King’s  expressions  for  the 
mutual  impedance  between  modes  m  and  n  reduce  to 

Z^  =  R^+jX^  (13) 

where  the  real  and  imaginary  parts  of  Z„„  are  given  by 
R^  =  20{kdf  (14) 

-~[-4A  +  6B  -  4C  +  D 

E  +  4h\n  {2A  -f-  2h) 

-  6(d  +  h)  In  (2B  +  2h  +  2d) 

+  4{2d  A  h)  In  (2C  +  2h  +  4d) 

+  (d  -  h)  In  (2D  +  2h  -  2d) 

-  (3d  +  k)ln(2E  +  2h  +  6d)]  (15) 

where 

B  =  +  (d  +  hf 

C  =  yjr^  +  (2d  +  hf 
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Fig.  3.  Geomeiiy  for  the  mutual  impedance  between  two  parallel  piece¬ 
wise  sinusoidal  dipoles. 


D  =  +  {d  -  hf 


E  =  Vr^  +  {-id  +  hf. 

Equations  (14)  and  (IS)  can  be  said  to  be  suitable  for  a 
scientific  calculator  since  they  involve  no  operations  more 
complicated  than  the  natural  log  and  square  root.  Note 
that  is  the  well  known  formula  for  the  radiation  resis¬ 
tance  of  a  short  dipole  and  is  independent  of  mode  sepa¬ 
ration.  Equation  (IS)  will  further  simplify  if  we  assume  r 
=  a  «  d  (the  wire  radius  is  much  less  than  the  segment 
length)  and  also  consider  certain  special  values  of  h.  For 
self-impedance  terms  m  =  n  and 

30 

X^{h  =  -d)=  --[-4  +  4lnid/a)].  (16) 

For  adjacent  modes  with  one  overlapping  segment  |  m  — 
nj  =  1  and 

30 

=0)  =  --[1  -l-2  1n(l.S4d/d)].  (17) 

If  I  m  -  n  I  =2,  then  the  modes  share  a  single  point  and 

30 

X™(h  =d)  =  -^[-0.68].  (18) 


If  )m  -  «)  a  3, 
X„{h  2  2d)  = 


then  the  modes  are  not  touching  and 


kd 


h\2d  +  h)* 


r 

d  {d  +  h)\h  -  d){3d  -F  h) 


id  +  h)i3d 


-d)' 

7*7/ 


(19) 


Voltage  Generators:  Now  consider  the  evaluation  of 
the  right-hand  side  vector  V.  As  seen  in  (12),  V  is  depen¬ 
dent  upon  the  t  component  of  the  incident  electric  field. 

First,  consider  the  case  where  the  dipole  is  excited  by 
a  voltage  generator.  The  simplest  and  probably  the  most 
commonly  used  model  for  a  voltage  generator  is  the  so- 


called  delta-gap  model  [3J.  A  delta-gap  generator  is  one 
which  creates  an  extremely  large,  but  highly  localized 
electric  field  polarized  parallel  to  the  wire  center-line.  A 
i/  volt  delta-gap  generator  located  at  z  =  z'  has  the  inci¬ 
dent  field 

£'  =  vS(z  -  z')  (20) 

where  5(z)  is  the  unit  area  Dirac  delta  function.  Nor¬ 
mally,  the  generators  ate  placed  at  the  center  or  terminals 
of  the  piecewise  sinusoidal  modes.  Thus,  referring  to  Fig. 
2  for  a  dipole  with  N  =  3  modes,  the  generator  could  be 
placed  at  points  2,  3,  or  4  which  would  be  at  the  terminals 
of  modes  1,  2,  or  3,  respectively.  Inserting  the  incident 
field  from  (20)  into  (12)  shows  that  if  a  delta-gap  gener¬ 
ator  of  volts  is  placed  at  the  terminals  of  mode  m,  then 

K  =  (21) 

Element  m  of  K  is  nonzero  only  if  a  nonzero  generator  is 
placed  at  the  terminals  of  mode  m. 

Lumped  Loads:  Now  consider  the  effect  of  placing  a 
lumped  load  in  the  wire.  A  lumped  load  of  ohms, 
placed  at  the  terminals  of  mode  m,  will  produce  a  voltage 
of  volts  at  these  terminals.  If  we  treat  this  voluge 

as  a  dependent  delta-gap  generator,  then  according  to  (21) 
we  should  add  —l„Zi„  to  V„.  However,  this  is  an  un¬ 
known  voltage  since  initially  I„  is  unknown.  Since  it  is 
conventional  to  write  all  unknowns  on  the  left-hand  side 
of  the  matrix  equation,  we  add  I^Zi^  to  both  sides  of  row 
m  of  the  matrix  equation.  Thus,  it  can  be  seen  that  a 
lumped  load  of  Z^,  ohms  placed  at  the  terminals  of  mode 
m  simply  results  in  Z^  being  replaced  by  Z^ 

There  is  no  physical  break  or  gap  in  ^e  wire  where  a 
generator  or  lo^  is  placed.  Thus,  the  current  is  continu¬ 
ous  through  generators  and  loads.  There  is  a  slope  dis¬ 
continuity,  or  jump  in  the  derivative  of  the  current,  at  the 
generator  or  load.  Note  that  the  piecewise  sinusoidal 
modes  account  for  this  behavior  by  enforcing  continuity 
of  current  on  the  wire  and  by  allowing  a  slope  disconti¬ 
nuity  at  their  terminals. 

Plane  Wave  Excitation:  Next  consider  the  situation 
where  the  wire  is  excited  by  a  normally  incident  plane 
wave.  If  a  2  polarized  plane  wave  is  incident  from  the  -Fx 
axis  with  magnitude  then 

E‘  =  Eoe^.  (22) 

Inserting  (22)  into  (12)  and  integrating  yields 

yp 

=  -^tan(iW/2).  (23) 

m.  Numerical  Examples 
A.  Example  1— Dipole  Input  Impedance 

In  Example  1,  we  compute  the  current  distribution  and 
input  impedance  of  a  center  fed  dipole  antenna.  Referring 
to  Fig.  1(a),  we  will  consider  a  dipole  of  length  £  =  0.1 
m,  radius  a  »  0.0001  m,  and  at  a  frequency  of  300  MHz 
or  X  =  1  m.  As  illustrated  in  Fig.  2,  we  will  use  N  =  3 
piecewise  sinusoidal  modes  on  the  dipole,  and  segment 
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the  dipole  into  ^+1=4  equal  segments  of  length  d  = 
L/4  =  0.025  m.  In  this  case  the  3  x  3  MM  matrix  (10) 
can  be  explicitly  written  as 


TABLE  I 

Example  1  Elements  of  The  [Z]  Matrix  (VA) 


Element 

Approximation 

Exact 

Zn 

0.4935  -73454 

0.4944  -  73426 

^13 

0.4935  +  71753 

0.4945  +  71576 

2|3 

0.4935  +  7129.9 

0.4885  +  7132.2 

Since  the  current  on  the  center  fed  dipole  will  be  sym¬ 
metric,  /|  =  h-  In  this  case,  we  can  add  column  3  of  the 
matrix  equation  to  column  1  and  reduce  the  order  3  matrix 
equation  to  the  order  2  matrix  equation 


(Z||  +  Z13)  Z12  /|  ^  Vi 

(Z21  +  Z23)  Z22.  _/2. 


(25) 


Reducing  the  order  of  the  matrix  equation  from  3  to  2 
greatly  reduces  the  effort  in  the  hand  calculations  required 
to  solve  the  matrix  equation. 

Although  [Z]  in  (24)  and  (25)  contain  nine  elements, 
only  three  are  distinct  since  from  the  symmetry  of  the  di¬ 
pole 


Zii  —  Ztj  —  Z-i 


^13  -  231. 

The  real  part  of  each  Z„„  is  given  by  (14)  as 
=  0.4935  VA. 

The  imaginary  part  of  the  Z„„  can  be  computed  from 
(15);  however,  here  we  choose  to  use  the  simpler  (16)- 
(18).  Table  I  shows  the  elements  in  the  first  row  of  the 
[Z]  matrix  of  (24)  computed  by  (13),  (16)-(18)  and  by 
King’s  exact  expressions  (14],  [15].  Note  that  the  approx¬ 
imate  values  of  [Z]  are  within  11  percent  of  the  exact 
values. 

If  the  approximate  values  of  [Z]  from  Table  I  are  sub¬ 
stituted  into  (25)  we  obtain 


merically  equal  to  the  current  in  amps  at  the  center  of 
mode  m.  Thus,  the  dipole  input  or  terminal  current  is  I2 

A.  The  input  impedance  is  given  by  the  ratio  of  the  input 
voltage  to  the  input  current,  i.e., 

=  I//2  =  2.083  -  jT605  0. 

By  contrast,  if  we  were  to  use  the  exact  values  of  (Z] 
from  Table  I,  then  the  results  for  the  current  distribution 
and  input  impedance  would  be 

/,  =  /j  =  0.0002498  z  90.0° 

I2  =  0.0005219  z89.9° 

Zi„  =  1.892  -  jT916  n. 

B.  Example  2— Scattering  from  a  Dipole 

In  Example  2,  we  will  compute  the  broadside  plane 
wave  scattering  from  the  same  dipole  considered  in  the 
above  example,  except  that  it  is  terminated  in  a  conjugate 
matched  load.  To  terminate  the  dipole  in  its  conjugate 
matched  load,  we  place  a  lumped  load  of  Z^  at  the  center 
of  the  dipole,  i.e.,  at  the  terminals  of  mode  2.  Using  the 
value  of  Zj„  computed  above, 

Z,2  =  Z*  =  2.083  +  7T605  n. 

As  discussed  in  Section  II,  the  impedance  matrix  for 
the  loaded  dipole  is  identical  to  that  of  the  unloaded  di¬ 
pole  except  that  we  add  Z/2  to  the  self-impedance  of  mode 
2  to  obtain 

Z22  =  (0.4935  -  73454)  +  (2.083  -I-  7I6O5) 


0.9869  -73324  0.4935  -I-  7l753]r/,1  _  Fo' 
0.9869  -h  73506  0.4935  -  73454 JL/2J  ~  Ll. 

(26) 

where  we  have  set  ^2  =  1  VA  since  there  is  a  1  V  gen¬ 
erator  at  the  terminals  of  mode  2.  Equation  (26)  can  be 
easily  solved  using  Cramer's  rule.  The  results  for  the  ele¬ 
ments  in  the  dimensionless  current  vector  are 

/,  =  (3  =  0.0003286  z  89.892° 

/2  =  0.0006230  z  89.926°. 

The  dipole  current  can  now  be  obtained  by  inserting 
these  coefficients  into  (7)  with  N  =  3.  The  dipole  current 
will  have  dimensions  of  amps,  since  the  expansion  modes 
F„  have  dimensions  of  amps.  Also,  since  the  current  ex¬ 
pansion  modes  have  a  terminal  current  of  1  A,  is  nu¬ 


=  2.576  -  71849  VA. 

If  the  incident  electric  field  is  a  unit  amplitude,  i  po¬ 
larized  plane  wave  incident  from  the  -l-jc  axis,  then  the 
elements  of  the  right-hand  side  vector  are  identical  and 
given  by  (23)  with  £0  =  1 , 

y„  =  0.02505  VA  m  =  1,  2,  3. 

Since  the  excitation  and  loading  of  the  antenna  are  sym¬ 
metric  with  respect  to  the  center  of  the  dipole,  the  current 
on  the  dipole  remains  symmetric.  Thus,  the  current  vector 
can  still  be  computed  from  the  order  2  matrix  (25), 

0.9869.-  73324  0.4935  -H  717531 T /, ' 

.0.9869  -t-  73506  2.576  -71849  JL/z. 

0.025051  ,  , 

27) 

0.02505 
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Equation  (27)  can  be  solved  using  Cramer’s  nile.  The  re¬ 
sults  for  the  elements  in  the  dimensionless  current  vector 
are 

/,  =  /j  =  0.006515^0.581® 
n  f 

I2  =  0.01235^  0.548°. 

The  scattered  field  is  given  by 

N 

E’  =  Z  I„E\  (28) 

n  a*  I 

where  as  in  (9),  E\  is  the  free-space  electric  field  of  ex¬ 
pansion  mode  F„.  For  a  field  point  on  the  +x  axis  (i.e., 
in  the  backscatter  direction)  and  in  the  far-zone  of  the  di¬ 
pole,  will  be  f  polarized  and  given  by 

E‘„  =  j60  tan  (kd/l)  —  V/m.  (29) 

Using  (29)  and  the  above  values  for  the  l„,  the  far-zone 
backscattered  electric  field  is 

g-jia 

£’  =  0. 1 199  z  90.6° - V/m. 

X 

The  radar-cross-section  of  the  dipole  is 

l£*P 

a  =  4irx^\ — ^  =  0.1806  m^  (30) 

l^ol 

By  contrast,  if  we  were  to  repeat  this  example  with  the 
exact  values  of  [Z  ]  from  Table  1,  the  results  would  be 

/,  =  /j  =  0.006199^0.0° 

I2  =  0.01295 -c  0.0° 
a  =  0.1801  m^ 

C.  Example  3— Coupled  Dipoles 
In  Example  3,  we  analyze  the  mutual  coupling  between 
two  short  dipoles.  As  illustrated  in  Fig.  4,  the  dipoles  are 
identical  to  that  considered  in  the  Example  1  above  ( L  = 
0.1  m,  a  =  0.0001  m,  and /  =  300  MHz),  and  are  sep¬ 
arated  by  a  distance  5  =  0.01  m.  Here  we  wish  to  compute 
the  input  impedance  of  dipole  1  in  the  presence  of  dipole 
2.  To  minimize  the  computations,  we  will  place  only  one 
piecewise  sinusoidal  mode  on  each  dipole.  Thus,  the  or¬ 
der  N  =  2  matrix  equation  for  this  problem  is 


Only  Z||  and  Z12  need  be  computed  since  from  the  sym¬ 
metry  of  the  dipoles  Zn  =  Z22  and  Z12  =  Z2|.  Zn  is  eval¬ 
uated  from  (14)  and  (16)  with  d  =  -h  =  L/2  =  0.05  m 
and  r  =  a  =  0.0001  m.  Z12  is  evaluated  from  (14)  and 
(16)  with  a  replaced  by  j  =  0.01  m  since  h  *  —d.  The 
results  for  Z,t  and  Z12  are  shown  in  Table  II  where  they 
are  compared  with  the  exact  values  [14],  [15]. 

Inserting  the  approximate  values  from  Table  II  into  (31) 


oim.sMo. 

I  t 


a  •  0.0001  m 

Fig.  4.  Geometry  for  the  two  coupled  dipoles  in  Example  3. 


TABLE  II 

Example  III  Elements  of  The  [Z]  Matrix  (VA) 


Element 

Approximation 

Exact 

z.. 

1.9739  -yi992 

2.0000  -  >1921 

2,^ 

1.9739  - 

1.9971  -  >325.1 

we  obtain 

'1.9739  -  yT992  1.9739  -  >232.8]  T/,]  _  IT 

.1.9739  -  ;232.8  1.9739  -  >1992  Jl./:]  ~  Lo.  ’ 

(32) 

In  (32)  we  have  set  V,  =  1  since  to  compute  the  input 
impedance  of  dipole  1  we  place  a  1  V  generator  at  the 
terminals  of  mode  1 .  Equation  (32)  has  the  solution 

/,=  0.0005090  89.955°  and 

I2  =  0.00005949  iL  -  89.616°. 

The  input  impedance  is 

Z^„  =  1//,  =  1.539  -  >1964  n. 

In  the  absence  of  dipole  2,  the  V  =  1  mode  solution  for 
the  input  impedance  of  dipole  1  is  numerically  equal  to 
Z||.  Thus,  in  the  absence  of  dipole  2,  the  input  impedance 
of  dipole  1  would  be  1.9739  -  >1992  0. 

If  the  exact  values  of  [Z]  in  Table  II  were  used,  then 
the  input  impedance  of  dipole  1  in  the  presence  of  dipole 
2  would  be  1.382  -  >1866  0. 

IV.  Summary 

The  purpose  of  this  paper  has  been  to  present  simple 
examples  of  the  method  of  moments  (MM)  in  time  har¬ 
monic  electromagnetics.  By  simple  it  is  meant  an  example 
which  can  be  worked  in  about  an  hour  with  a  scientific 
calculator.  Such  examples  ate  not  common  because  typi¬ 
cally  MM  solutions  require  dealing  with  relatively  large 
systems  of  simultaneous  equations.  Also,  the  evaluation 
of  the  elements  in  the  MM  matrix  equation  usually  require 
eidier  numerical  integrations  or  the  evaluation  of  special 
ftinctions.  By  contrast,  the  examples  shown  here  required 
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dealing  with  matrix  equations  of  size  2x2,  required  no 
numerical  integrations,  and  involved  no  special  functions 
not  commonly  found  on  a  scientific  calculator.  It  is  hoped 
that  these  examples  will  be  of  value  in  a  graduate  or  senior 
level  course  in  applied  electromagnetics. 

The  examples  chosen  involved  the  radiation  and  scat¬ 
tering  by  an  electrically  short  thin-wire  dipole  or  pair  of 
dipoles.  These  examples  were  chosen  because  of  the  geo¬ 
metric  simplicity  of  the  dipole,  and  also  because  there  is 
a  reasonable  chance  of  the  student  being  familar  with  the 
basic  characteristics  of  the  short  dipole.  The  MM  solution 
used  the  piecewise  sinusoidal  modes.  This  choice  was 
made  for  two  reasons.  First,  approximate  expressions 
were  obtained  which  allowed  the  elements  of  the  MM 
impedance  matrix  to  be  evaluated  from  simple  expres¬ 
sions  involving  only  the  log  and  square  root  functions. 
Second,  on  a  dipole,  this  choice  results  in  a  very  rapidly 
converging  MM  solution.  This  permitted  reasonably  ac¬ 
curate  results  to  be  obtained  with  only  three  unknowns, 
and  using  the  symmetry  of  the  dipole  current  2x2  ma¬ 
trices. 


Appendix 


Derivation  ofZ„„  in  (14)  and  (15) 

The  main  factor  which  allowed  the  examples  in  Section 
III  to  be  easily  evaluated  was  that  the  elements  of  the 
impedance  matrix  were  expressed  in  (14)  and  (15)  in  rel¬ 
atively  simple  form.  In  this  Appendix  we  will  outline  the 
derivation  of  (14)  and  (15).  Z„„  is  defined  by  (11). 

Fig.  3  shows  modes  m  and  n  staggered  by  the  distance 
r  and  with  the  bottom  of  mode  /n  at  a  height  h  above  the 
center  of  mode  n.  For  convenience,  the  center  of  mode  n 
is  at  z  =  0.  The  two  modes  have  identical  segment  length 
d  and  piecewise  sinusoidal  current  given  by  (8).  The  exact 
t  component  of  the  electric  field  of  F„  at  a  point  on  F„  is 
given  by  [13],  [14] 


= 

4-'  rt 


30 


sin  kd 


-J 


+  j2  cos  kd 


-  ] 


(33) 


where  as  seen  in  Fig.  3 

r„= 

(34) 

r,  =  Vr'  +  id-  zf 

(35) 

r2  =  y/ +  (d  F  zf. 

(36) 

Note  that  the  electric  field  of  a  sinusoidal  dipole  appears 
to  be  three  spherical  waves  emanating  from  its  endpoints 
and  terminals.  Equation  (11)  forZ„„  now  becomes 

•  A 


=  - 


1 


sin  kd 


h*ld 


E‘„  sin  k(z  -  h)  dz 


in  * 

#1  + 


E‘„  sin  k{2d  F  h  -  z)  dz 


(37) 


with  Ei  given  by  (33).  King  [14]  showed  that  (37)  can  be 
integrated  exactly.  Unfortunately,  the  result  is  a  very 
lengthy  expression  which  requires  the  evaluation  of  many 
sine  and  cosine  integrals.  Thus,  although  King’s  expres¬ 
sion  are  well  suited  to  programming  on  a  digital  computer 
[15],  they  are  not  as  suitable  for  calculations  with  a  hand 
calculator. 

In  order  to  obtain  a  relatively  simple  result  from  (37) 
we  assume  kd,  kr,  and  kh  are  all  «  1 .  In  this  case,  the 
following  small  argument  approximations  are  valid: 

sin  k(z  -  A)  »  k{z  -  A) 
sin  k(2d  +  h  -  z)  =  k(2d  +  h  -  z) 
sin  kd  ^  kd 

*  1  -  jkr,  ^  }{kr,f/ 6 
i  =  0,  1,  2. 

Using  these  approximations,  (37)  can  be  integrated  [16] 
to  yield  (14)  and  (15).  Although  (15)  is  still  rather  lengthy, 
it  can  be  further  simplified  to  (16)-(18)  for  the  examples 
in  Section  III. 
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